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Up to now, definite integrals have been required to have
two properties.
1. The domain of the integration [𝑎, 𝑏] finite,
2. The range of the integrand does not have an infinite

discontinuity.
In this section we extend the concept of a definite integral
to the case where the interval is infinite and also to the
case where 𝑓 (intergrand) has an infinite discontinuity in
[𝑎,𝑏] . In either case the
integral is called an improper integral.
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Consider the infinite region 𝑆 that lies under the curve 𝑦 = 1/𝑥2, above the 𝑥 −
𝑎𝑥𝑖𝑠, and to the right of the line 𝑥 = 1. You might think that, since 𝑆 is infinite in
extent, its area must be infinite, but let’s take a closer look. The area of the part of
that lies to the left of the line 𝑥 = 𝑡 (shaded in Figure 1) is

𝐴 𝑡 = න
1

𝑡 1

𝑥2
𝑑𝑥 = ቤ

−1

𝑥
1

𝑡

= 1 −
1

𝑡

Notice that 𝐴 𝑡 < 1 no matter how large t is chosen.
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We also observe that

lim
𝑡→∞

𝐴 𝑡 = lim
𝑡→∞

1 −
1

𝑡
= 1

The area of the shaded region approaches 1 as 𝑡 → ∞(see Figure 2), so we say 
that the area of the infinite region 𝑆 is equal to 1 and we write

න
1

∞ 1

𝑥2
𝑑𝑥 = lim

𝑡→∞
න

1

𝑡 1

𝑥2
𝑑𝑥 = 1



Using this example as a guide, we define the integral of 𝑓 (not necessarily a 
positive function) over an infinite interval as the limit of integrals over finite 
intervals.
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Now let’s solve some examples!!!
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Suppose that 𝑓 is a positive continuous function defined on a finite interval [𝑎, 𝑏)
but has a vertical asymptote at 𝑏. Let 𝑆 be the unbounded region under the graph
of 𝑓 and above the 𝑥 − 𝑎𝑥𝑖𝑠 between 𝑎 and 𝑏. (For Type 1 integrals, the regions
extended indefinitely in a horizontal direction. Here the region is infinite in a
vertical direction.) The area of the part of S between 𝑎 and 𝑡(the shaded region
in Figure ) is

𝐴 = න
𝑎

𝑡

𝑓 𝑥 𝑑𝑥

If it happens that 𝐴(𝑡) approaches a definite number A as 𝑡 → 𝑏− , then we say
that the area of the region S is A and we write

න
𝑎

𝑏

𝑓 𝑥 𝑑𝑥 = lim
𝑡→𝑏−

න
𝑎

𝑡

𝑓 𝑥 𝑑𝑥
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These figures illustrates the
definition



Now let’s solve some examples!!!
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Definition of an Improper Integral of Type 3
If an integral has the properties of both Type 1 and 2, then it is said
that the integral is improper integral of Type 3.
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