Infinite Sequences
A sequence can be thought of as a list of numbers written in a
definite order:
A1, Ap, A3, ony Qg oo
The number a, is called the first term, a, is the second term, and in

general a,, is the nth term. We will deal exclusively with infinite
sequences and so each term a,, will have a successor a, ;1.

Notice that for every positive integer n there is a corresponding
number a,, and so a sequence can be defined as a function whose
domain is the set of positive integers. But we usually write a,
instead of the function notation f (n) for the value of the function
at the number n. The sequence {a4, a,, as, ...} is also denoted by
(an ), {ay}or{ay}n=;.




Examples

Some sequences can be defined by giving a formula for the nth term. In the
following examples we give three descriptions of the sequence: one by using the
preceding notation, another by using the defining formula, and a third by writing
out the terms of the sequence. Notice that n doesn’t have to start at 1.
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1| Definition A sequence {a,} has the limit L and we write

ima, =L o a,—Lan—x

n—sn

if we can make the terms a, as close to L as we like by taking n sufficiently large.
If lim, . &, exists, we say the sequence converges (or 15 convergent). Otherwise,
we say the sequence diverges (or is divergent).
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The following figure illustrates Definition 1 by showing the graphs
of two sequences that have the limit L.
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A more precise version of Definition 1 is as follows.

2| Definition A sequence {a,} has the limit L and we write

lima,= L or a,— [ as n— >

n—*ig

if for every & > 0 there is a corresponding integer /V such that

if n>N then |a,—L|<e

If lim a,, = oo, then the sequence is divergent but in a special

n—>00

way. We say that {a,,} diverges to oo.




If {a,} and {b,} are convergent sequences and cis a constant, then

lim (a, + b,) = lim a, + lim b,

n—sm n—sm n—s

lim (a, — b,) = lim a, — lim b,

n—sm n—xm n—* o0

lim ca, = ¢ lim a, limc=rc¢

—= 0 n—sm n—sg

lim (a,b,) = lim a, + lim b,

1— 0 1—= 0 f1—= 0
A lim a,
" N — 00 " '
lim — = — if lim b, # 0
n—» b,  lim b, n—s
n—=m

lim af = llim anr if p>0anda,>0

—= 0 n—sm
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The Squeeze Theorem can also be adapted for sequences as
follows

fashschrnzpmilng=lnc=Llaln=]

i i d

6| Theorem f lim | a,| = 0, then lim &, = 0.

n—+% N+
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Definition A sequence {a,} is called increasing if a, < a,4; forall 1= 1.

thatis, a < & < & < ---.Itis called decreasing if a, > a4, forall n= 1.
A sequence 13 monotonic if it 15 either increasing or decreasing.

1

Definition A sequence {a,} is bounded above if there is a number M such that

a,=M foralln=1

It is bounded below if there is a number m such that

m= a, foralln=1

If it is bounded above and below, then {a,} is a bounded sequence.
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