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Linear Time-Invariant (LTI) Discrete-Time Systems
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𝑌 𝑒𝑗𝜔 = 𝐻 𝑒𝑗𝜔 𝑋 𝑒𝑗𝜔

𝑌𝑟 𝑗Ω = 𝐻𝑟 𝑗Ω 𝐻 𝑒𝑗Ω𝑇 𝑋 𝑒𝑗Ω𝑇

ω = Ω𝑇

𝑌𝑟 𝑗Ω = 𝐻𝑟 𝑗Ω 𝐻 𝑒𝑗Ω𝑇
1

𝑇
෍

𝑘=−∞

∞

𝑋𝑐(𝑗( Ω −
2𝜋𝑘

𝑇
))

If 𝑋𝑐 𝑗Ω = 0 for |Ω| ≥ 𝜋/𝑇, then the ideal low-pass reconstruction filter 𝐻𝑟 𝑗Ω cancels the factor
1/T and selects only the term in above equation for k=0, i.e.;  

𝑌𝑟 𝑗Ω = ൝
𝐻 𝑒𝑗Ω𝑇 𝑋𝑐 𝑗Ω , Ω < 𝜋/𝑇

0, Ω ≥ 𝜋/𝑇



Linear Time-Invariant (LTI) Discrete-Time Systems
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Thus if 𝑋𝑐 𝑗Ω = 0 for |Ω| ≥ 𝜋/𝑇 is bandlimited and the sampling rate is above the Nyquist rate, the
output is related to the input through an equation of the form

𝑌𝑟 𝑗Ω = 𝐻𝑒𝑓𝑓 𝑗Ω 𝑋𝑐(𝑗Ω) 𝐻𝑒𝑓𝑓 𝑗Ω = ൝
𝐻 𝑒𝑗Ω𝑇 , Ω < 𝜋/𝑇

0, Ω ≥ 𝜋/𝑇



Impulse Invariance
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Continuous-Time LTI 
System

ℎ𝑐 𝑡 , 𝐻𝑐(𝑗Ω)𝑥𝑐(𝑡) 𝑦𝑐(𝑡)

𝑥[𝑛] 𝑦𝑟 𝑡 = 𝑦𝑐(𝑡)
C/D

Discrete-Time 
System

ℎ[𝑛], 𝐻 𝑒𝑗𝜔
D/C

𝑇 𝑇

𝑥𝑐(𝑡) 𝑦[𝑛]

Continuous-Time LTI System

Equivalent system for band-limited inputs

𝐻𝑒𝑓𝑓 𝑗Ω = 𝐻𝑐(𝑗Ω)



Impulse Invariance
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𝐻 𝑒𝑗𝜔 = 𝐻𝑐 𝑗𝜔/𝑇 , ω < 𝜋

𝐻𝑐 𝑗Ω = 0, Ω ≥ 𝜋/𝑇

ℎ 𝑛 = 𝑇ℎ𝑐 𝑛𝑇



Continuous-Time Processing of Discrete-Time Signals
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𝑥𝑐 𝑡 = ෍

𝑛=−∞

∞

𝑥[𝑛]
sin(

𝜋(𝑡 − 𝑛𝑇)
𝑇 )

𝜋(𝑡 − 𝑛𝑇)/𝑇

𝑦𝑐 𝑡 = ෍

𝑛=−∞

∞

𝑦[𝑛]
sin(

𝜋(𝑡 − 𝑛𝑇)
𝑇 )

𝜋(𝑡 − 𝑛𝑇)/𝑇

𝑋𝑐 𝑗Ω = 𝑇𝑋 𝑒𝑗Ω𝑇 , Ω < 𝜋/𝑇

𝑌𝑐 𝑗Ω = 𝐻𝑐 𝑗Ω 𝑋𝑐 𝑗Ω , Ω < 𝜋/𝑇 𝑌 𝑒𝑗𝜔 =
1

𝑇
𝑌𝑐 𝑗𝜔/𝑇 , ω < 𝜋
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𝑥[𝑛] 𝑦𝑐(𝑡)
D/C

Continuous-Time 
System

ℎ𝑐 𝑡 , 𝐻𝑐(𝑗Ω)
C/D

𝑥𝑐(𝑡) 𝑦[𝑛]

ℎ[𝑛], 𝐻 𝑒𝑗𝜔

𝐻 𝑒𝑗𝜔 =
1

𝑇
𝐻𝑐 𝑗𝜔/𝑇 , ω < 𝜋

𝐻𝑐 𝑗Ω = 𝐻 𝑒𝑗Ω𝑇 , Ω < 𝜋/𝑇
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