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Transform Analysis of LTI Systems
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𝑦 𝑛 = 𝑥 𝑛 ∗ ℎ 𝑛 = 

𝑘=−∞

∞

𝑥 𝑘 ℎ[𝑛 − 𝑘]

𝑌 𝑧 = 𝐻 𝑧 𝑋(𝑧)

𝒵



The Frequency Response of LTI Systems
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𝑌 𝑒𝑗𝜔 = 𝐻 𝑒𝑗𝜔 𝑋 𝑒𝑗𝜔

|𝑌 𝑒𝑗𝜔 | = |𝐻 𝑒𝑗𝜔 ||𝑋 𝑒𝑗𝜔 |

∢𝑌 𝑒𝑗𝜔 = ∢𝐻 𝑒𝑗𝜔 + ∢𝑋 𝑒𝑗𝜔



Phase Distortion and Delay
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ℎ𝑖𝑑 𝑛 = 𝛿 𝑛 − 𝑛𝑑 Ideal Delay System

𝐻𝑖𝑑 𝑛 = 𝑒−𝑗𝜔𝑛𝑑

∢𝐻 𝑒𝑗𝜔 = −𝜔𝑛𝑑 , 𝜔 < 𝜋

𝐻𝑖𝑑 𝑒𝑗𝜔 = 1



System Functions for Systems Characterized by Linear
Constant-Coefficient Difference Equations
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𝑘=0

𝑁

𝑎𝑘𝑦 𝑛 − 𝑘 =

𝑘=0

𝑀

𝑏𝑘𝑥 𝑛 − 𝑘



𝑘=0

𝑁

𝑎𝑘𝑧
−𝑘𝑌(𝑧) =

𝑘=0

𝑀

𝑏𝑘𝑧
−𝑘𝑌(𝑧)

𝒵



System Functions for Systems Characterized by Linear
Constant-Coefficient Difference Equations
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𝐻 𝑧 =
𝑌(𝑧)

𝑋(𝑧)
=
σ𝑘=0
𝑀 𝑏𝑘𝑧

−𝑘

σ𝑘=0
𝑁 𝑎𝑘𝑧

−𝑘

𝐻 𝑧 =
𝑏0
𝑎0

ς𝑘=1
𝑀 (1 − 𝑐𝑘𝑧

−1)

ς𝑘=1
𝑁 (1 − 𝑑𝑘𝑧

−1)



System Functions for Systems Characterized by Linear
Constant-Coefficient Difference Equations
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𝑘=−∞

∞

ℎ 𝑛 < ∞



𝑘=−∞

∞

ℎ 𝑛 𝑧−𝑛 < ∞

Stability



System Functions for Systems Characterized by Linear
Constant-Coefficient Difference Equations
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𝐺 𝑧 = 𝐻 𝑧 𝐻𝑖 𝑧 = 1

Inverse Systems

𝐻𝑖 𝑧 =
1

𝐻(𝑧)

𝑔 𝑛 = ℎ 𝑛 ∗ ℎ𝑖 𝑛 = 𝛿[𝑛]

𝐻𝑖 𝑒
𝑗𝜔 =

1

𝐻(𝑒𝑗𝜔)



System Functions for Systems Characterized by Linear
Constant-Coefficient Difference Equations
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Inverse Systems

𝐻 𝑧 =
𝑏0
𝑎0

ς𝑘=1
𝑀 (1 − 𝑐𝑘𝑧

−1)

ς𝑘=1
𝑁 (1 − 𝑑𝑘𝑧

−1)

𝐻𝑖 𝑧 =
𝑎0
𝑏0

ς𝑘=1
𝑀 (1 − 𝑑𝑘𝑧

−1)

ς𝑘=1
𝑁 (1 − 𝑐𝑘𝑧

−1)

If 𝐻 𝑧 is causal, its ROC:  𝑧 > max
𝑘

|𝑑𝑘|



System Functions for Systems Characterized by Linear
Constant-Coefficient Difference Equations
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A First-Order Ifinite Impulse
Response (IIR) System

𝑦 𝑛 − 𝑎𝑦 𝑛 − 1 = 𝑥[𝑛]

𝐻 𝑧 =
1

1 − 𝑎𝑧−1 xo

Im

Re

ROC: 𝑧 > |𝑎|

z-plane

𝑎

Pole-zero plot

Unit circle

ℎ 𝑛 = 𝑎𝑛𝑢[𝑛]

System Function

Impulse Response

Condition for Stability: 𝑎 < 1
ROC



System Functions for Systems Characterized by Linear
Constant-Coefficient Difference Equations
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A Simple Finite Impulse Response
(FIR) System

ℎ 𝑛 = ቊ
𝑎𝑛, 0 ≤ 𝑛 ≤ 𝑀
0, otherwise

𝐻 𝑧 = 

𝑛=0

𝑀

𝑎𝑛𝑧−𝑛 =
1 − 𝑎𝑀+1𝑧−𝑀−1

1 − 𝑎𝑧−1
x

o

Im

Re

ROC: 𝑧 > |𝑎|

z-plane

𝑎

Pole-zero plot

Zeros: 𝑧𝑘 = 𝑎𝑒−𝑗2𝜋𝑘/(𝑀+1), 𝑘 = 0,1, … ,𝑀

o
o

o
o

o

o

𝑎: Real and positive

M=7

7th-order pole

The pole at 𝑧 = 𝑎 is cancelled by a zero.



Relationship Between Magnitude and Phase
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|𝐻 𝑒𝑗𝜔 |2 = 𝐻 𝑒𝑗𝜔 𝐻∗ 𝑒𝑗𝜔 = 𝐻(𝑧)𝐻∗ 1/𝑧∗ |𝑧=𝑒𝑗𝜔

𝐻 𝑧 =
𝑏0
𝑎0

ς𝑘=1
𝑀 (1 − 𝑐𝑘𝑧

−1)

ς𝑘=1
𝑁 (1 − 𝑑𝑘𝑧

−1)

𝐻∗ 1/𝑧∗ =
𝑏0
𝑎0

ς𝑘=1
𝑀 (1 − 𝑐𝑘

∗𝑧)

ς𝑘=1
𝑁 (1 − 𝑑𝑘

∗𝑧)

𝐶 𝑧 = 𝐻 𝑧 𝐻∗ 1/𝑧∗ =
𝑏0
𝑎0

ς𝑘=1
𝑀 (1 − 𝑐𝑘𝑧

−1)(1 − 𝑐𝑘
∗𝑧)

ς𝑘=1
𝑁 (1 − 𝑑𝑘𝑧

−1)(1 − 𝑑𝑘
∗𝑧)



All-Pass Systems
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𝐻𝑎𝑝 𝑧 =
𝑧−1 − 𝑎∗

1 − 𝑎𝑧−1

𝐻𝑎𝑝 𝑒𝑗𝜔 =
𝑒−𝑗𝜔 − 𝑎∗

1 − 𝑎𝑒−𝑗𝜔
= 𝑒−𝑗𝜔

1 − 𝑎∗𝑒𝑗𝜔

1 − 𝑎𝑒−𝑗𝜔

𝐻𝑎𝑝 𝑧 = 𝐴ෑ

𝑘=1

𝑀𝑟
𝑧−1 − 𝑑𝑘
1 − 𝑑𝑘𝑧

−1ෑ

𝑘=1

𝑀𝑐
(𝑧−1 − 𝑒𝑘

∗)(𝑧−1−𝑒𝑘)

(1 − 𝑒𝑘𝑧
−1)(1 − 𝑒𝑘

∗𝑧−1)



Minimum-Phase and All-Pass Decomposition
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𝐻 𝑧 = 𝐻𝑚𝑖𝑛(𝑧)𝐻𝑎𝑝(𝑧)

𝐻 𝑧 = 𝐻1(𝑧)(𝑧
−1 − 𝑐∗)

𝐻 𝑧 = 𝐻1(𝑧)(1 − 𝑐𝑧−1)
𝑧−1 − 𝑐∗

1 − 𝑐𝑧−1
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