
Least-Squares Regression, General linear least Squares, Nonlinear Regression [1-6] 

 𝑦 = 𝛼𝑒𝛽𝑥  Take the natural logarithm of both sides. 

ln 𝑦 = ln𝛼 + 𝛽𝑥 

This equation is in the form of 𝑌 = 𝑎1𝑋 + 𝑎0 with ln α corresponds to a0 and β corresponds to a1.  

𝑙𝑛𝑦 = 𝑌 

𝑙𝑛𝛼 = 𝑎0 

𝛽 = 𝑎1 

𝑥 = 𝑋 

X (x)  1300 1500 1600 1700 1800 1900 

Y (ln y) 4.0943 4.3820 4.6540 5.0752 5.7038 6.1738 

 



     

The following quantities can be computed. 

Σ 𝑋𝑖𝑌𝑖 = 1300 ∗ 4.0943 + 1500 ∗ 4.382 + 1600 ∗ 4.654 + 1700 ∗ 5.0752 + 1800 ∗ 5.7038 + 1900
∗ 6.1738 = 49966.89 

Σ 𝑋𝑖
2 = 13002 + 15002 + 16002 + 17002 + 18002 + 19002 = 16240000 

Σ 𝑋𝑖 = 1300 + 1500 + 1600 + 1700 + 1800 + 1900 = 9800 

Σ 𝑌𝑖 = 4.0943 + 4.382 + 4.654 + 5.0752 + 5.7038 + 6.1738 = 30.0831 

𝑋 =
Σ 𝑋𝑖

𝑛
=

9800

6
= 1633.3333 

𝑌 =
Σ 𝑌𝑖
𝑛

=
30.0831

6
= 5.0139 

Using equations for a1 and a0; 

𝑎1 =
𝑛Σ𝑋𝑖𝑌𝑖 − Σ𝑋𝑖Σ𝑌𝑖

𝑛Σ𝑋𝑖
2 − (Σ𝑋𝑖)2

=
6 ∗ 49966.89 − 9800 ∗ 30.0831

6 ∗ 16240000 − 98002
= 0.0036 

𝑎0 = 𝑌 − 𝑎1𝑋 = 5.0139 − 0.0036 ∗ 1633.3333 = −0.8661 

Thus, the linear least-squares regression yields 𝑌 = 0.0036𝑋 − 0.8661 

Substituting 𝑌 = ln 𝑦 gives ln 𝑦 = 0.0036𝑥 − 0.8661 

Thus, the intercept, ln 𝛼, equals -0.8661 and therefore by taking the antilogarithm 

ln 𝛼 = −0.8661      →       𝛼 = 0.4206 

𝛽 = 𝑎1 = 0.0036 

Consequently, the exponential equation is 𝑦 = 0.4206𝑒0.0036𝑥  



linear least-squares regression  𝑦 = 𝑎1𝑥 + 𝑎0  

xi -6 -4 -1 0 3 5 8 

yi 15 12 8 4 1 -5 -14 

 

Σ 𝑥𝑖 =  −6 +  −4 +  −1 + 0 + 3 + 5 + 8 = 5 

Σ 𝑦𝑖 = 15 + 12 + 8 + 4 + 1 +  −5 +  −14 = 21 

Σ 𝑥𝑖
2 =  −6 2 +  −4 2 +  −1 2 + 32 + 52 + 82 = 151 

Σ 𝑥𝑖𝑦𝑖 =  −6 ∗ 15 +  −4 ∗ 12 +  −1 ∗ 8 + 0 ∗ 4 + 3 ∗ 1 + 5 ∗  −5 + 8 ∗  −14 = −280 

𝑥 =
Σ 𝑥𝑖
𝑛

=
21

7
= 3 

𝑦 =
Σ 𝑦𝑖
𝑛

=
5

7
= 0.7143 

Using equations for a1 and a0; 

𝑎1 =
𝑛Σ𝑥𝑖𝑦𝑖 − Σ𝑥𝑖Σ𝑦𝑖
𝑛Σ𝑥𝑖 2 − (Σ𝑥𝑖)2

=
7 ∗  −280 − 5 ∗ 21

7 ∗ 151 − 52
= −2.0010 

𝑎0 = 𝑦 − 𝑎1𝑥 = 3 −  −2.0010 ∗ 0.7143 = 4.4293 

Therefore the least squares fit is 𝑦 = −2.0010𝑥 + 4.4293 



     𝑆𝑡 = Σ(𝑦𝑖 − 𝑦 )2 
𝑦𝑖  (𝑦𝑖 − 𝑦 )2 

15 (15 − 0.7143)2 = 204.0812 

12 (12 − 0.7143)2 = 127.3670 

8 (8 − 0.7143)2 = 53.0814 

4 (4 − 0.7143)2 = 10.7958 

1 (1 − 0.7143)2 = 0.0816 

-5 (−5 − 0.7143)2 = 32.6532 

-14 (−14 − 0.7143)2 = 216.5106 

 

𝑆𝑡 = Σ 𝑦𝑖 − 𝑦  2 = 644.5708 

linear least-squares regression  
the coefficients α and β in the function 𝑦 =  

1

𝛼𝑥2+𝛽
 

2

  

xi -1.0 -0.3 0.2 1.0 2.0 

yi 2.8 4.4 4.6 2.7 1.2 

 



   

The function is linearized by inverting to give  

𝑦 =  
1

𝛼𝑥2 + 𝛽
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 𝑦 =
1

𝛼𝑥2 + 𝛽
     →      

1

 𝑦
= 𝛼𝑥2 + 𝛽     𝑜𝑟     𝑌 = 𝑎1𝑋 + 𝑎0 

where   

1

 𝑦
= 𝑌 

𝛼 = 𝑎1 

𝑥2 = 𝑋 

𝛽 = 𝑎0 

X (x2)  1 0.09 0.04 1 4 

Y (
1

 𝑦
) 0.5976 0.4767 0.4663 0.6086 0.9129 

 

The following quantities can be computed. 

Σ 𝑋𝑖𝑌𝑖 = 1 ∗ 0.5976 + 0.09 ∗ 0.4767 + 0.04 ∗ 0.4663 + 1 ∗ 0.6086 + 4 ∗ 0.9129 = 4.9194 

Σ 𝑋𝑖
2 = 12 + 0.092 + 0.042 + 12 + 42 = 18.0097 

Σ 𝑋𝑖 = 1 + 0.09 + 0.04 + 1 + 4 = 6.13 

Σ 𝑌𝑖 = 0.5976 + 0.4767 + 0.4663 + 0.6086 + 0.9129 = 3.0621 



𝑋 =
Σ 𝑋𝑖

𝑛
=

6.13

5
= 1.226 

𝑌 =
Σ 𝑌𝑖
𝑛

=
3.0621

5
= 0.6124 

Using equations for a1 and a0; 

𝑎1 =
𝑛Σ𝑋𝑖𝑌𝑖 − Σ𝑋𝑖Σ𝑌𝑖

𝑛Σ𝑋𝑖
2 − (Σ𝑋𝑖)2

=
5 ∗ 4.9194 − 6.13 ∗ 3.0621

5 ∗ 18.0097 − 6.132
= 0.1110 

𝑎0 = 𝑌 − 𝑎1𝑋 = 0.6124 − 0.1110 ∗ 1.226 = 0.4763 

Thus, the linear least-squares regression yields  

𝑦 =  
1

0.1110𝑥2 + 0.4763
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least-squares regression 



    



    


