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Linear Transformations and Matrices

Definition (Matrix representation of a linear transformation)

Let L: V — W be a linear transformation and consider the ordered basis

S={vi,va,...,vp} and T = {w, wa, ..., wp, } for the vector spaces V' and
W, respectively. The matrix representation of the linear transformation L

with respect to the basis S and T is defined by

A=[[L(v)]s[L(v)]f-.. [L(Vn)]T]an-

Also for v € V, we have

Elif Tan (Ankara University) Lecture 9 2/11



Linear Transformations and Matrices

Example

X1
. R3 2 | x1+2x +3x3
et L:R3 - R2 L[| % _[2X1+X2_3X3

X3
transformation and consider the standard basis

} be a linear

1 0 0
S=<vi=]10 ]|, w=|1]|, =10
1

r={u-[o] -]}

for the vector spaces R® and IR?, respectively.
Find the matrix representation of the linear transformation L with respect
to the basis S and T.

o
o

and
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Linear Transformations and Matrices

Solution:
L(vi) = aiOwi®aoOw = [L(v1)]y [31}:[ ]
Lvw) = bhOw @b Ow =|[L :[ ;}:[
L) = caOmdaaow =|[L [Cl]:[ ]

A= (Ll Lol Lol s = [ 5 3 5]
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Linear Transformations and Matrices

Theorem

Let L : IR" — R™ be a linear transformation and consider the standard
basis {e1, e, ....,ep} for R". Let A= [L(e1) L(e)...L(en)] The
matrix A is the only matrix satisfiying the property;

mxn -

L(x) = Ax, forx € R".

It is called the standard matrix representation of the linear transformation
L.
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Linear Transformations and Matrices

Note that there is a one-to-one correspondence between the linear
transformation L and the matrix A, that is;

e if Aiis m X n matrix, then there is a corresponding linear
transformation L : R” — R which is defined by L (x) = Ax, for
x € R".
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Linear Transformations and Matrices

Note that there is a one-to-one correspondence between the linear
transformation L and the matrix A, that is;

e if Aiis m X n matrix, then there is a corresponding linear
transformation L : R” — R which is defined by L (x) = Ax, for
x € R".

o Conversely, if L : IR" — IR™ is a linear transformation, then there is a
corresponding m X n matrix A which is defined by

A=[L(er)L(e).. L(en)lpsn-
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Linear Transformations and Matrices

Find the linear transformation which corresponds to the matrix

1 2 3
a-| |-
2 1T 3 |,

Solution: The corresponding linear transformation is defined by

L:R3 - R?
X1 X1
L X2 = A X2
X3 X3
12 3 o
~ |21 -3 2

X3

X1+ 2x0 + 3x3
2x1 +x0 —3x3 |
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Linear Transformations and Matrices

@ To find the rank of the linear transformation L : R” — IR™, it is
enough to check the rank of the matrix A. The rank of an m X n
matrix A is the number of nonzero rows in the reduced row echelon
form of the matrix A.

dimR" = dim KerL +dim L (R")
n = nullity A+ rank A
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Linear Transformations and Matrices

@ To find the rank of the linear transformation L : R” — IR™, it is
enough to check the rank of the matrix A. The rank of an m X n
matrix A is the number of nonzero rows in the reduced row echelon
form of the matrix A.

dimR" = dim KerL +dim L (R")
n = nullity A+ rank A

o If Ais an n X n matrix, then we have

rank A= n < nullity A=0 < detA #0< A~ exists.
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Linear Transformations and Matrices

Find the rank and nullity of the matrix A = [ ; i _33 ] .

Solution: If we transform the matrix A to the reduced row echelon form,

A |12 3] J[10 -3
121 3|7 T]1o01 3

rankA = number of nonzero rows of the matrix A in the reduced ref.

= 2

we have

nullityA=n—rankA=3-2=1.
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Linear Transformations and Matrices

Theorem

Let L : V — W be a linear transformation and consider the ordered basis
S={vi,v, ..., vy} and S = {v{,V},...,v}} for the vector space V, and
T={wi,wa,...,wn} and T" = {wj, w}, ..., w], } for the vector space W.
Let , the transition matrix from basis S' to S is P, and the transition
matrix from basis T' to T is Q. If A is the matrix representation for the
linear transformation L with respect to the basis S and T, then Q 1AP is
the matrix representation for the linear transformation L with respect to
the basis S’ and T'.
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Linear Transformations and Matrices

Definition

Let A and B are n X n matrices, if there exist nonsingular matrix P such
that B = P~LAP, then it is called B is similar to A.

If A and B are similar n X n matrices, then rankA = rankB. \
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