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Functions as Relations
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VAW
domain codomain

R(A) : the image of R, R(4) = {y € B|(x,y) € R,3x € A}

Function is a relation that satisfies two conditions :

« for every element x of the domain, there is an element y in the range
such that (x,y) is an element of the relation

Let R € A x B be the relation, Vx[(x € A) > (Ay € B s.t.(x,y) € R)]

* for every element x of the domain, there is only one element y of the
range such that (x,y) is an element of the relation
Let R € A X B be the relation, Vx[((x,y;) E R A (x,y,) ER) = (y; = y,)]



Definition

domain codomain

« f assigns every element of A to exactly one element of B

if (a,b) € f, then f(a) = b

/

preimage Image
of b of a



Definition

How many functions can be defined from a set A to a set B where
|Al=n and IBl=m ?

° ASSleeA — {al ..... an} Clnd B = {bl ..... bm}

cannot be (al, bl) Clnd (al, b3)

d

f= {(al) )) (az, ),...,(an, )}
(R f

m m m

m™ = |B|'4l functions



Definition

One-10-One

« Let f: A —B. A function is called one-to-one (or injective) if
and only if f(a) = f(b) impliesa=b.

vavb|f(a) = f(b) = a = b]

or Vavbla # b - f(a) # f(b)]

A B

| ]

e



Definition

One-10-One

« Let f: A —B. A function is called one-to-one (or injective) if
and only if f(a) = f(b) impliesa=b.

« Determine whether the function f(x) =3x+ 1 (f:R>R)is a
one-to-one function or not.
Vxy,x, ER, f(x) =f(xy) »3x;+1=3x,+1
= X1 = X2
e Determine whether the function f(x) = x* —x? (f:R-> R) isa
one-to-one function or not.

Vxi,x; ER, x1 # x5 = f(x1) # f(x2)

fOr' X1 = 1 and Xo = _1, X1 F Xy but f(xl) — f(Xz)



Definition

Onto

« Letf: A —B. A function is called onto (or surjective) if f(A)=B,
i.e. for all b € B, there is at least one a € A such that f(a) = b

vb3alf(a) = b]



Definition

Onto

« Letf: A —B. A function is called onto (or surjective) if f(A)=B,
i.e. for all b € B, there is at least one a € A such that f(a) = b

« Determine whether the function f(x) =3x+1(f:Q > Q)isa
onto function or not.

VbeEQ, f(a)=b<3a+1=b

b-1
oq=—
3

. b—1 .
Since a = - €Q, f is onto

« Determine whether the function f(x) =3x+1(f:Z—->7Z)isa
onto function or not.

for 5 € Z, there is no integer x € Z such that f(x) = 5.



Definition

Bijection

« If a function both one-to-one and onto, it is called bijection.
 the identity function f(x) = x (f: A —» A) is a bijection
Vxy,x, €A, f(x) = f(x2) 2 x1 =,

Va € A, f(a) = a, the preimage of a is itself



Inverse

A
f B
f:A-B
f(a)="»b
f_l:B - A
Fi0) =a
f—l
B A
f B
X f_l
Y
f—l
f)=f)=a

f(A):/:B f_l(a) =X Gnd f_l(a) =Yy



Inverse

A B
f f:A-B
f(a)=>b
f_l:B - A
f7'(b) =a
f—l
; B A B
f—l
X
Y
f—l

If f is a bijection, then f~! can be defined,
i.e. f is invertible =y




Inverse

« If a function both one-to-one and onto, it is called bijection.

If f is a bijection, then f~! can be defined, i.e. f is invertible
 f:Z—> 7,6 definedas f(x) =x+ 1, f is invertible ?

Vxi,%; €EZ, f(x1) =f(x) 2+ 1=x,+1
— x; = x, (one-to-one)

Vy€eZ, fx)=yeox+1=y
& x =y —1€7Z(onto)

f7lx) =x—1



Inverse

« If a function both one-to-one and onto, it is called bijection.

If f is a bijection, then f~! can be defined, i.e. f is invertible
 f:Z -7, defined as f(x) = 2x + 1, f is invertible ?

Vxy,x, EZ, f(x1) =f(x,) »2x;+1=2x,+1
— x; = x, (one-to-one)

Vy€eEZ,AxEZ f(x) =y 2x+1=y

-1

but for some y € Z, x = y7—1 ¢ Z (not onto)



Inverse

« If afunction both one-to-one and onto, it is called bijection.
If f is a bijection, then f~! can be defined, i.e. f is invertible

2x—1 if x>0

- 1
_2x  if x<0’ f is invertible °

 f:Z — N, defined as f(x) ={

Vxi1,x €EZ, f(x1) =f(xy) > 2x;—1=2x,—1
= X = Xy
Vxy,x, €Z, f(x1) = f(x2) > —2x= —2x,
— x; = x, (one-to-one)

Vy€Z,Ax€Z,ify=2k,Ik €Z,then f(x) =y —2x =y
<—>x=—§=—k€Z
VyeZ,IxeZ,ify=2k+ 1,3k €Z,
thenf(x) =y 2x—1=y

<—>x:y7+1=k+1€Z

(onto)



Composition

f - g ¢

geof
f:A->Band g:B - C
gof:A-C

f(a) =band g(b) = ¢
geof(a)=g(f(@)=gb) =c



Composition

* [ L1,
f(x)=3x+1 and g(x) =2x—-1
gof()=g(f(x))=9gBx+1)=2@x+1)—-1=6x+1
fog(x)=f(9(x)=fCx—1)=3RQx—1)+1=6x—2

e ftA—-B
fof7' M =fF7M=f)=y, fof =1
flof@ =) =0 =x, flef=1I

« If f and g are one-to-one, then f o g is also one-to-one.

Vxy,x, EA, fog(xy) =foglxy) — f(g(x1)) = f(g(x2))
- g(x;) = g(x,) (f is one-to-one)
- x; =X, (g is one-to-one)



Floor and Ceiling Functions

floor function of a real number x : is the largest integer that is less
than or equal to x, denoted by |x]|

11/5] =0, |-1/5] = —1, |3,56] = 3, |-3,56] = —4

x| =n if n<x<n+1 or |Ix]l=nif x—1<n<x

ceiling function of a real number x : is the smallest integer that is
greater than or equal to x, denoted by [x]

[1/5]=1, [-1/5] =0, [3,56] = 4, [-3,56] = —3

[x]=n if n—1<x<n or [x]=nif x<n<x+1



Floor and Ceiling Functions

show that if x is a real number, then |2x]| = [x] + [x + 1/2]

assume x =n+¢ wherenisintegerand 0 <e <1

T

OS€<% %Se<1
12n+ 2el=|n+e]l+|n+e+1/2] 12Zn+2¢l =|n+¢e]+|n+e+1/2]
2Zn=n+n 2n+l=n+n+1

« determine whether [x + y| = [x] + [y] for all x,y € R.

assume 0 < x,y <-, then x +y < 1.

[x +yl = [x] + [y]
1#1+1



Sequences

Definition : A sequence is a function from N (or Z*) to a set S,
denoted by {a,} where a,, is the general term of the sequence.

1,4,7,610, 13, ... {3n + 1}
0,13,7,15,... 2" -1}

. _1 -1 _1 _1
an—n a, = ,az—z,ag—S,...
. __1 _ 1= =1
n T ogngg 0 =3 t1=73, G2= 77,



Sequences

Geometric Sequence :

a,ar,ar?,... ar®, ...

/N

initial  common general
term ratio Term
a, = (—1)" a, = 2.3"
1,-1,1,-1,... 2,2.3,2.9,2.27,...

a, =3.(1/2)"
3,3/2,3/4,3/8,...



Sequences

Arithmetic Sequence :

a,a+d,a+2d,...,a+n.d,...

/N &

initial common general
term difference term
a,=1+n a, =2 —4n a, =—1+8n

1,2,3,4,... 2,—2,—6,—10,... -1,7,15,23,...



Summations

n —
° Zl:m al - am + am+1+ " +Cln_1 + an

¥2oa; =0y +a;+...+a,+ ...
¥3 (i2-1)=4—-1+9—-1+16—1+25—1=50

« §=1{2,3,4}, Ypiesx’=2°4+33+4°=99

* cf(x) =cxf(x)

LX) +g(x)) =Xfx) + X gx)
fem f () = Zism f(D) + Eieperr f (D)
. Z’{‘zli:1+2+...+§+(§+1)+...+(n—1)+n

=(m+D+0m+D+...+(n+1)
=%(n+1)



Summations

a,a+d,a+2d,... a+n.d
tola+id)=Yoa+ X, id
toat+dYt,i
—(n+1)a+dn(n+1)
a,ar,ar?, ... ar®
Sp=Yroart >rS, =rYt art =Y artt?
rS, =Yttart =Y jart +ar

rSp, =Yroart+ar™t —aqa

rS, =S, +ar*™t—a - S, =

n+1

ClT'n+1 _

r—1



Recurrence Relations

- sometimes the elements of the sequence are defined
recursively in ferms of previous and the initial elements of

the sequence
a,=1,a, =5,a, =13,a3; =29, a, =7

a; =2ay+3 =5
a, =2a4 +3 =13
az = 2a, + 3 =29
a, = 2az +3 =61

Definition : an equation that express the general term of the
sequence in tferms of previous terms. A sequence is called a
solution of a recurrence relation if its terms satisfy the

recurrence relation.



Recurrence Relations

* QApy1 =3ay, Ao =5

a, = 15=35
a, = 225 = 3.(3.(3.5))

a, = 3"5 ; the unique solution of the given recurrence relation

* a,4+1 =d.a,, ag = A where dis constant

the solution of the recurrence relation will be a,, = A.d"

« solve the recurrence relation a1 = 7.a,, wheren > 1 and a, = 98
a, =A.7° 598 =4.49 > A4 =2

the solutionis a,, = 2.7"



Recurrence Relations

« 3 can be written as a sum of positive integers in 4 different ways:

142 T 2
2+1 . — 1+1
1+1+1

* Inhow many different w;v/s can\»\lloe written as a sum of positive
Integers ?

4 3+1
1+3 1+2+1
2+ 2 2+1+1

1+1+2 1+1+1+1

 a,=2.a3,a3 =2.a,,and a, =2
An+1 =2.a,,01 =1
create a new sequence b, = a,;q
b, = 2b,,_1, by = 1; the solution will be b,, = 2™ ; thus a,, = 2""1



Recurrence Relations

« 3 can be written as a sum of positive integers in 4 different ways:

142 T 2
2+1 . — 1+1
1+1+1

* Inhow many different w;v/s can\»\l::e written as a sum of positive
Integers ?

4 3+1
1+3 1+2+1
2+ 2 2+1+1
1+1+2 1+1+1+1
 a,=2.a3,a3 =2.a,,and a, =2
Qi =2.a,, a, =1 first order linear homogeneous

recurrence relation

create a hew sequence b,

b, = 2b,_4, by = 1; the SO|U1‘IOH wull be b, =2";thusa, =2"1



Recurrence Relations

* apy1—d.a, =0, ap = A where d is constant.

- first order since a,,, only depends on a, (the previous term)

- linear since each variable appears in the first power and there is
no product such as a,,¢.a,

- homogeneous since the right hand side is O
« The second order linear homogeneous recurrence relation :
Codpy1 +Cia, +Cray_1=0,a9=4,a, =B, n=2
« The Fibonacci sequence:

Fovi=F+Fq, Fo=1, F, =1, nz=2



Recurrence Relations

« The second order linear homogeneous recurrence relation :

Codny1 + Crap +C2ap1=0,a0=4,a; =B, n=2
an+1 —d.a, =0, ag = A. the solution was in the form of a,, = A.d"™

 Similarly, we look for a solution in the form of a,, = c.7"
If we place it in the equation:

Coc.T™1 + Cic.t™ + Cre.r™ 1 =0
Cor*+ C;v + C, =0 (characteristic equation)

The solutions for the characteristic equation are called
characteristic roots; r; and r,



Recurrence Relations

* auy1t+a,—6a,.1=0,ap=-1,a, =8, n=2

r“+r —6 = 0 (characteristic equation)

r, = 2,1, = —3 (characteristic roots)

the solution will be in the form of a,, = ¢;2™ + ¢, (—3)™.
ao — C120 + Cz(_3)0 - —1 == C]_ + Cz
a1 — C121 + Cz(_3)1 - 8 — 2C1 - 3C2

C1 + Cyr = —1
2C1 - 3C2 — 8 > an — 27’1 _ 2 (_3)71

C1=1,C2=—2



Recurrence Relations

« Suppose we have a 2xn chessboard and we wish to cover it
using 2x1 and 1x2 dominoes. In how many different ways can
we cover it ?




Recurrence Relations

« Suppose we have a 2xn chessboard and we wish to cover it
using 2x1 and 1x2 dominoes. In how many different ways can
we cover it ?

b, =b,_1+h,_5,n =3

b1=1andb2=2




Recurrence Relations

« Suppose we have a 2xn chessboard and we wish to cover it
using 2x1 and 1x2 dominoes. In how many different ways can
we cover it ?

° bn = bn_1+bn_2, n= 3, bl = 1 and b2 =2

ré—r —1 =20 (characteristic equation)

r = 1+2\/§, ry = \F (characteristic roots)
the solution will be in the form of b,, = (1“/_)” 2(_7\/?)"
bo = 120 46,550 1= 40,
b = (546D 2= (28) 6 + 5
¢; =1/V5,¢c, ==1/V5 > by = \/1§< (1 -I_Z\/g)n—(l _2\/5)">



Recurrence Relations

« 3 can be written as a sum of positive integers in 4 different ways:

3 «— :
142 palindrome
they are read
2+1 the same from
1+1+1 left to right,
right to left

« How many different palindromes can be found for a givenn € Z* ?

bn = an_z,nz 3,b1 — 1Gndb2 =2
r4 —2 =0 (characteristic equation)

r =v2,1r, = —/2 (characteristic roots)
the solution will be in the form of b,, = ¢;(V2)" +c,(—V2)"

by = cl(\/f)°+cz(—\/7)°—> 1=c,+cy
by = c;(V2)1+c (—V2)1> 2 = (V2)cy + (—V2)c,

1 1 1 1 n
by = (5 + ﬁ)(ﬁ) +G - ﬁ)(_ﬁ)



