DIRECTIONAL DERIVATIVES

To this point we’ve only looked at the two partial derivatives f,(z,y) and
fy(z,y). Recall that these derivatives represent the rate of change of f as we
vary z(holding y fixed) and as we vary y (holding x fixed) respectively. We now
need to discuss how to find the rate of change of f if we allow both z and y to
change simultaneously. The problem here is that there are many ways to allow
both  and y to change. For instance, one could be changing faster than the
other and then there is also the issue of whether or not each is increasing or
decreasing. So, before we get into finding the rate of change we need to get a
couple of preliminary ideas taken care of first. The main idea that we need to
look at is just how are we going to define the changing of « and/or y.

Let f be defined in a neighborhood of a point Py = (z,y0) [Po = (%0, Yo, 20)]

and let [ be the directed line through P, with direction vector u = (u1,ug) or

u = (u1, ug, U3)} (lﬂ) . Then [ has the parametric equations in R#I”

cl:x=x+ tuy

y=yo + tuo#I#I

or in R3
l: x=ux9+tu;
Y = Yo + tug
z = 2o+ tug
where t is a parameter. By a directional derivative of a function f (z,y) (or f (z,y, 2))

—

at Py = (xo,y0) [or Py = (z0, Yo, 20)] in the direction of the unit vector u =
(u1,ug) |or u = (u1,us2,us)| on the line I, denoted by

(Po) = D;;f(xmyo) or

D-f (P
D.f(P) = Dgf($07yo,20)-

2] g}

We mean the limit

I (zo + tur, yo + tuz) — f (w0, Yo, 20)
t

D f(Po) = lim

or
f (o + tuy, yo + tug, 2o + tus) — f (o, yo)
t

D f (w0, Y0, 20) = lim
proved that this exists and is finite.
Definition 127 (Gradient Vector ) The gradient (or gradient vector) of f (x,y, z)
at a point Py = (9, Yo, 20) is the vector
(Vf)p, = VI(R)

= fw(PO)i+fy(P0)j+fz(P0)k

0 0 0
= a—;(Po)i-l-af;(Po)j—i-afi(Po)k
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Theorem 128 (Directional Derivative in terms of Partial Derivatives)
If f(x,y,2) is differentiable at Py = (20, y0,20) and @ = (u1,us,us) is aunit
vector, then the directional derivative of f at Py in the direction of u is given
by
D-f(Py) = fo(Po)ur+ fy (Po)uz+ fz(FPo)us
= (fa (Po), fy (Po), f2 (o)) (u1, uz, us)
= (Vf)PO u

Example 129 Find the directional derivative of f (x,y) = x%y+xy*+3 at the
point P (1,2) in the direction of the unit vector u = (%, \%) )

Solution 130

fo = 2zy+y°
fy = z? 4 2zy
(V) = (Qay+y°)i+ (2®+2zy)j

= (2zy+ v?) % + (xQ + 2zy) %

D.f(1,2) = (Vf)pu
_ 2y L 4 g2 L
= (2'1'2+2)¢§+(1 +2.1.2)\/§
_ B
V2

Example 131 Find the directional derivative of the function given by f (x,y, z) =
22z + xyz + y> + 3 in the direction of the line associated the point P (2,—2,1)
to the point Q (3,2,—2). Then find the value of this derivative at the point P.

Solution 132 PHQ =(3,2,-2)—(2,-2,1) = (1,4, —3) This is not a unit vector.

L PQ (1,43 (1 4 3)
TPQI T VI+16+9  \WV26 V267 V26

Now u 1s aunit vector which is parallet tu PQ.

= 1 4 3
= \/% (2zz 4+ yz) + \;% (zz+3y%) — i% (2% + zy)



1 4 3
T 21 - e

58
V26

Theorem 133 The mazimum value of D f (and hence then the mazimum
rate of change of the function f(x) ) is given by || V f(x) || and will occur in the
direction given by V f(z).

D f(2.-2,1)

Proof. This is a really simple proof. First, if we start with the dot product
form D— f and use a nice fact about dot products as well as the fact that u is
a unit vector we get,

Do f=Vf-u=[ V]l ull cosd =[ V[ cost

where 6 is the angle between the gradient and v . Now the largest possible
value of cosf is 1 which occurs at § = 0 . Therefore the maximum value of
D f(z) is || Vf(x) || Also, the maximum value occurs when the angle between
the gradient and w is zero, or in other words when w is pointing in the same
direction as the gradient, Vf(z). m

Remark 134 Let assume an unit vector u in a three dimensional space and
suppose that «, B and v are the angels between coordinate axises and u re-
spectively. Then the components of u are given cosa, cosf and cos~y respec-
tively. These components are called directriz cosinuses. So the directional deriv-
ative of w = f (z,y,z) in the direction of the vector u can be written by

D, f = fzcosa+ f,cos B+ f.cosv.

If the function w = f(x,y) is a two variables function then, the directional
derivative in the direction of the vector u can be written by

Dy, f = fzcosa+ f,cosf
where « is the angle between u and x—axis and similarly B is the angle between
u and y—axis. So § = (g — a) and we get
D,f = fycosa+ f,cos (g —a)
= frcosa+ fysina

Example 135 Find the directional derivative of f (x,y) = x%y+ zy? +3 in the
direction of o = /3.

Solution 136
D,f = fecosa+ fysina
= (2zy+y?)cos g + (2% + 2zy) sin g

= %(2my+y2)+?( 2+2xy)
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Example 137 Find the largest and smallest value of the directional derivative
of the function f (z,y,z) = 2% +y? — 2% at the point P (1,2,3).

Solution 138 Vf (z,y,2) = (2z,2y,—22) and Vf(1,2,3) = (2,4,—6). The
mazximum value of directional derivative is

IVf(1,2,3)] = /22 + 42+ (—6)” = V56 = 2V14

in the direction of Vf(1,2,3) = (2,4,—6). And minimum value is —2v/14 in
the direction of =V f (1,2,3) = (2,4, —6)
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