r=1
= //(T—Tg)drdez/[——Z] dezgunits3
r=0

00 0

8.9.3 MASS

We were able to use single integrals to compute moments and the center of mass
of a thin plate or lamina with constant density. But now, equipped with the
double integral, we can consider a lamina with variable density. Suppose the
lamina occupies a region R and its density (in units of mass per unit area) at a
point (x,y) in R given by p (z,y) where p s a continuous function on R.

Let P is a partition of R

P:{BlvB2"" 7Bn}

and A Ay is the area of By, for k =1,,2,- -, n. If we choose a point (zx, yx) € Bk,
then the mass of the part of the lamina that occupies By is approximately
o (g, yr) AAg. If we add all such masses, we get an approximation to the total
mass:

n
M= p(an,ye) Ay
k=1
If we now increase the number of subrectangles, we obtain the total mass M of
the lamina as the limiting value of the approximations:

n

M= lim Zp(xk,yk)AAkZ//P(f&y)dA
R

P
I1Pll—0 £~
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Example 202 Let R is an unit circle with a radius r = 3. Suppose that the
density of this plate at eachpoint changes proportionally with the distance from
the center point ofthe circle. If the density of boundary of circle is 6 then evaluate
the mass of this plate.

p(r,y) = ayv/z? +y?,

Xo L

0P| = 17
For /22 4+ y2 =9 p(x,y) = 6 then 6 = a3 = o = 2 and so
p(z,y) =2/2% +y2.

M = // z,y dmdy—/ / 2v/x? 4+ y2dady
r24y2<9
Forz =rcosf,y=rsinfand|J|=r, R={(r,0):0<r <3, 0<60<2r}

27 3

M = //Q\Frdrﬂ = /—\ Sd6 = 180|5=2" = 367 units?

8.9.4 CENTER OF MASS

The center of mass or centroid of a region is the point in which the region will
be perfectly balanced horizontally if suspended from that point. Let suppose a
plate in a region R and this plate has density p (z,y) at the point (z,y). Let P
is apartition of R and ARy, is an area of Ry (k=1,,2,--- ,n). If the partition
for P is thin enough then it can be considered that the mass accumulateson the
point (zk,yx). These points are called mass point and the coordinates of the

7



center of mass can be given,

/ / zp (v, y) drdy / / yp (z,y) dzdy
R = R
//p(w,y)dwdy - //p(af,y) drdy
R R

1
z = M//xp(w,y)dwdy
R

1
7 o= M//yp(x,y)dwdy
R

If the density of this plate is constant, since M = pA, then

1
T = Z//xdxdy
R
o= < dxd
?/—A yazray
R

Example 203 Let suppose that R is a region bounded by the curve \/x+,/y = 1
and the coordinate axis and suppose a plate in R. Then find the coordinates of the

center of mass of this plate (The plate is homogeneous, the density is constant
on each point).

xr =

or

Solution 204 First we will find the area of R.

1 (1-va)? X
/ dxdy = / / dydx = 5
0

R 0

1

r = T//:dedy:6
6 %

i 1

y o= T//ydxdyz(i
677

The coordinates of the center of mass is (%, é)

S
I

vz)?

/ dyde = 1
rdydr = —
Y 5

0

o _

(1-
(1-v&)’

d d:v—1
yayar = 5

B

o
o
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Example 205 Find the center of mass of a thin, uniform plate whose shape is
the region between y = cosx and the x—axis between x = —7/2 and © = w/2.
Since the density is constant, we may take p(x,y) = 1.

Solution 206 It is clear that T = 0, but for practice let’s compute it anyway.
First we compute the mass:

/2

cos T /2
M==A= / 1dydm:/ COS$d$:Sinx|i/ﬁ2/2:2
—7/2J0 —m/2

/2 cosx /2 1 p-
My:/ / ydyd:c:/ —cos?xdr =~
—m/2J0 —7/2 2 4

w/2 cos w/2
Mx:/ / xdydzz/ xcosxdr =0
—m/2J0 —m/2

M us
Z=0andg=—-2 = =T

=4 =
M 2 8

Exercise 207 Find the center of mass of a two-dimensional plate that occupies
the square [0,1] x [0,1] and has density function xy.

Exercise 208 Find the center of mass of a two-dimensional plate that occupies
the triangle 0 < x < 1,0 <y < x, and has density function xy.

Exercise 209 Find the center of mass of a two-dimensional plate that occupies

the triangle formed by x = 0,y = z, and 2x +y = 6 and has density function
2
x”.
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