Solution 223 It is usefull to pass spherical coordinates.
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Exercise 224 fol I Jy =ity Mdzdydm (Answer =

0 r2+y2 422 12

Exercise 225 f Jo Vize? \/szfy Va2 + 42 + 22dzdydzx. (Answer (1 — g))
y

8.10.5 Applications of Triple Integrals

Volume We can use cyldrical and spherical coordinates to find the volume of

the solid.
= //Q/dV = //Zrdzdrd&
_ // v = ///p2 sin ¢dpdfde
Q Q

Example 226 Find the volume of the sphere of radius a, by using triple inte-
gral.

Solution 227 To evaluate the volume we will use spherical coordinates.

Vv = // / dV:/Ozﬂ/OW/Oap%in(bdpde(b

$2+y2+22 Sa’z

27 T p3 2 ™ a3
= / —sin¢ |§ dod¢ = / / — sin ¢dfdg
o Jo 3 o Jo 3

a® " " 2a3 5. 4a
= 3/0 —COS¢‘0d¢:7¢‘g: 3

Example 228 Find the volume of solid bounded by the paraboloids z = 5—x% —
y? and z = 422 + 49/

88



Solution 229
5—a?—y? = da? 497
22+ y2 - 1

z=5—x2—y?

vV = / / / dzdydr = / / [5 —5z? — 5y2] dxdy

22+4+y2<1 z=4x2+4y2 r2+4+9y2<1
2 1

= 5// (1 — r2) rdrdf = gw units®
00

Example 230 Find the volume of solid bounded by the cylinder 4y = 16—z2and
the planesy =0, z=0, z = 3.
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Solution 231

2=3 ped y=10522
vV = ///dzdydxzi% / / dydx
R 2=0 r=—4 y=0
16— 22 3 3\*
—x T

= 64 un®

Example 232 Find the volume of solid that lies inside the sphere x> +y>+2% =
4 and outside the cone x2 + y* = 322
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Solution 233 We will use spherical coordinates.

3p%cos’f = p?sin?fcos? ¢ + p*sin® fsin? ¢
p%sin’ 0
2
0
3 = 70— tan0=+V3
cos? 0
2727/3 a 2727/3 3
Vo= / / / p? sin 0dpdfde = / / %sin@dﬁdqﬁ
0 7/3 0 0 w/3

27
a? 27/3 a’ op 2ma® 4
= E/(_COSG)”/?’ d¢:§¢|0 =—3 units
0

The Mass As we know the mass of an object in space is equal to the multi-
plication of the density and volume of this object.

M = ///0’ (x,y, 2) dedydz
Q

where o (z,y, z) is density at the point (z,y, 2) .
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Example 234 Suppose that an object is placed between the upper hemisphere
224y?+22 = a® and the plane z = 0. If the density of this object at its each point
changes propartionally with the distance of this point from the origin. Fvaluate
the mass os this object.

Solution 235

o (z,y,2) = a/z? +y? 4 22

277/2 a 277 /2
M = ///app sm@dpd@d(b—a//—slnﬁded(b
= a4/(—cos0)”/2 — dd)* —4
= ay 0 —a4 =aoT

0

Center of The Mass Similar to double integrals it can be easily find that
the coordinates of the center of mass.

1
z = M///xo (z,y, z) dedydz
Q
;o= dxdyd
Yy = M yo (z,y, z) dzdydz
Q
7 = = dxdyd
2 = o zo (z,y, z) dedydz
Q

Example 236 Let suppose the solid QQ bounded below by xy—plane above by
paraboloid x* + y? = z and on the side by the cylinder x4+ y? = 4. If an home-
geneous object with constant density isplaced in Q) then find the its coordinates
of the center of mass.

Solution 237 Since the object is homogeneous and since it is symetric with
respect to z, its coordinates of center of mass on z. SoT =7 =0. o (z,y,2) =c

27r2T+y

/ / /cdzdxdyf// / crdzdrdf
2 4y2<4
= 8mec
27 2 2 4y?
z = / / /zcdmdydzfi// / zerdzdrdf
8me 8
224y2<4 00 0
4
3
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