9 LINE INTEGRALS

We have so far integrated "over” intervals, areas, and volumes with single,
double, and triple integrals. We now investigate integration over or "along” a
curve—"line integrals” are really "curve integrals” .First we are going to inves-
tigate line integrals of scalar fields and then line integrals of vector fields.

9.1 Line Integrals of Scalar Fields

Let assume that D C R3, f: D — Ru = f (z,y, 2) is a continuous function and
C' is a smooth curve in D with the following parametrization form as avector
function.

C: TW)=aW)i+yt)] +z(t)k; a<t<b
So the function f is continuous on the grapg of C i.e.,
P={Ap, Ay, -, A} and Al : Aklek (Arc lenght of the curve)
The norm of the partition P defined by
IP]| = max {Aly, Alg, -+, Al,}.

Let us take a point My (2, yk, 2x) on Al (k=1,2,---,n) and consider Rie-
mann sum

> F @k, gk 2i) Al
k=1

if the limit
Z f mka Yk Zk) Alk

HPH—>0

exists we define

lim Zf Ty Yk 2k Alk—/f .Y,z

I1PlI—0 2

and it is called first type line integral of f on the curve C. Now we will give how
it can be avaluated. Since the point (z,y, z) is on the curve C' we can write

i.e., it satisfies the parametric equation of C.
The arc differential is given by

dl = Hr (t)H dt
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so we write
b
[favaa= [1eo.y0.:0] ©f @
C t=a

Example 238 Let we consider a curve C.r (t) = costi+sintj+tk, 0 <t <27
and the function f (z,y,z) = xyz. Then evaluate the following line integral of f

/f (z,y,2)dl.
c

Solution 239

’

r (t) = —sinti 4+ costj + k

and
‘ r (t)H = \/(— sint)? + (cost)? + 12 = V2
d = V2dt
By using integratation by parts, if t = u and costsintdt = dv then dt = du and
in?
v = = t,
27
/f (r,y,2)dl = /xyzdl = /(sin t) (cost) (t) v2dt
c C 0
2
= /t costsintdt
0
2 o
sin“¢ sin“¢
= V2{t— |27 - dt
V2 2 10 / 2
0
\/§ 2m 1
_ V2 —cos 2t gt
2 2
0
_ V2

Example 240 Fvaluate /(Sx + 2y + z) dl where C is the line segment from
c

(0,0,0) to (9,3,5).

Solution 241 Lets first find the parametric equation of C. A?c = AA%, 0<t<

1.
(x —ai,y —ag,z—az) =t (b — ai,by — az, bz — az)

95



"E:a1+t(blfa1)
y=az+t(by—ay)
z:a3+t(b3—a1)

=9t
C: y=3t,0<t<1
z =5t
r(t) = 9t7+3t7+5t;, 0<t<1
P (t) = 97 +3] +5k
7"(t)H = V81+9+25=+115
dl = +V115dt

1
/(3x+2y+z)dl = /(27t+6t+5t)\/115dt
C 0
= 19V115

Remark 242 If the curve is given on plane we write it as

—

C:r(t)==x(t)1 —I—y(t);), a<t<b

b
/ f () dl = / Fa ),y @)Vl OF + ' (0Pt
C a

Example 243 Compute /ye””ds where C is the line segment from (1,2) to

C
(4,7).

Solution 244 We write the line segment as a vector function: v = (1,2) +
t(3,5), 0 <t <1, orin parametric form x =1+ 3t, y = 2+ 5t. Then

1
1 1
/ye"’”ds - /(2 + 5t)elt3\/32 4 52dt = 36\/37164 - §\/SZe.
C 0

Remark 245 If the curve C is given by polar coordinates, i.e., v =1 (0), a <

0 < g, then
dr\’
= 2 —_
dl e+ (d@) do
B PR
/f(x,y)dl:/f(rcose,rsine) r2 4+ (dg) do
C @
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Example 246 Fuvaluate the line integral /(ery) dl, where C is the right

c
above of the Lemniscate, r> = a2 cos 26.

Solution 247 2 = a2 cos 20 = r (A) = |a| Vcos 20 = 7 (§) = |a| =222

Vv cos 20
dl = /r2 + (r')2d6 = 12 dp
w/4

z+y)dl = rcosf + rsinf o] do
(z+y)
c 0

a2

v cos 20

Remark 248 If the equation of curve is given in Cartesian coordinate system
likey=g(x) a<ax<b, then we write

/ f () di = / £ (@9 (@) 1+ (¢ (2))da
C a

2

Example 249 FEvaluate the line integral /xdl, where C: y =%, 0<x <1
C

Solution 250 ¢ (z) =z = dl = V1 + z2dx

1

1 1

/xdl = /x\/l + 22dz = 523/2 -3
C 0

The Properties of First Type Line Integrals

Let assume that f and g are integrable on the curve C'

1. /(f+g)dl:/fdl+/gdl

c c c
2. /afdl:a/fdl,aeR
c c

3. If f(x,y,2) > 0, then /f (z,y,2)dl > 0.
c

4. If f is integrable on the curve C, then |f| is also integrable and

/f<x,y,z>dz S/If(%y,z)Idl
C C
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5. If the curves C and Cs are contigous and C = C; U Cs, then
/fdlz/fdl+/fdl
C Cy Ca

Example 251 Fvaluate the integral /(23: +y+ 3z2) dl, where C is the broken
c
line which associates the points O (0,0,0), A(1,1,0) and B(1,1,1).

Solution 252 By using the property (5)

/(2x+y+3z)dl:/(2x+y+3z)dl+/(2w+y+32)dl
C Cy Ca

 (
Ci: y(t)=t =>Ci(t)=ti+1tj
z

where 0 < ¢ < 1.
dyl = Hc{ (t)Hdt = V2dt

dol = Hc; (t)Hdt — dt

1 1

/(2x+y+3z)dl = /(2t+t)f2dt+/(2+1+3t>dt

C 0 0

9+ 32
2

9.2 Line Integrals Of Vector Fields
In this section we will evaluate line integrals of vector fields.

r)=ax@)i+yt)j+z@t)k a<t<b

Let assume that A = (x (a),y (a), z (a)) is the beginning point A = (z (b) ,y (b) , 2 (b))
is the end point and P = {4y, Ay, -+, A, } is apartition of the curve. Consider
that a particle on this curve moves from the point Agx_; to the point Ay with
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the effect of the force F' in a time period of At = ¢ — tx_1. So the labor or
workforce is approximately given by

W~ FA, 1A, & FAr,
AT‘k = TkAlk

The point (xg, yk, 2k) is on arch Ak:Ak. The lenght of Arc Al := Ak_AlAk
W =" F (zk, gk, 2r) Ary
k=1

The labour from A to B is given by

n

W = Z (k> Yr» 2k Arkf/F(l',%Z)dT
PH
1P0 & J
— [P T@yaa
C

where T is the unit tangent vector on the point Ax_; and is given by

Definition 253 Let assume that C is a smooth curve and F is a vector field
on C, T is the unit tangent vector of the curve on the point (z (t),y (t),z (t))
with the same direction of C. Then the integral

/F~dr=/F~le

c C
18 called second type line integral of vector field F on the curve C.

Cirt)=z)i+y@t)j+zt)k,a<t<bd

T(@(0),y(0),2(0) = o, di= v’ )]

[Feps) Ty - /F@@%Mﬂzﬁnlﬁl

C

t)Hdt

= /b[F(x(t),y(th(t))Z} dt
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Example 254 Evaluate /F~d7' where F (z,y,z) = (322 — 3y) i+3zj+ (zyz) k
C

and C' is the curve segment from O (0,0,0) to A(1,1,1) and give by r(t) =

tittj+th, 0<t<l1.

Solution 255 % =i+j+k

/F-dr
C

[(3t* —3t) i+ 3tj + t°k] [i + j + k] dt

I
S O~

(3t2—3t+3t+t3)dt:g

Remark 256 /F-drz—/F~d7“
-C C

Remark 257 Given the vector field F (z,y,z) = P(z,y,2)i + Q (x,y,2)j +
R (z,y,2) k and the smooth curve C parametrized by

C:rt)=az@)i+y@t)ji+z@t)k, a<t<b

/F-dr =

c

de . dy. dz
F(z,y,2) (dtz—i— o + dtk:) dt

. . de, dy . dz

{ P(x(t).y(t),z(®)a () +Q(x (1) 7,y(t),2(t))y/ (t) }dt
+R(z(t),y(t),z(t) =z (t)

Il
S N - N -

/P (z,y,2)dz+Q (x,y,2) dy+ R (x,y, z) dz is the second type line lintegral

c
of vector field

Example 258 Fvaluate /xydx + zzdy + yzdz, where C' is defined by
c

C:r(t)=tYi+tj+t3%, 0<t <1
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Solution 259 /mydw + zzdy + yzdz is a second type line integral of vector

field.2

/J:yd:z: +zzdy +yzdz = (t2t2t + 123 + tt33t2) dt
c

(2t* +¢° + 3t%) dt

[
S o

9

=l
g
)

9.3 Fundamental Properties of Line Integrals

Theorem 260 Let f be a continuously differentiable function on C, where C
is a smooth curve which starts at (x1,y1,21) and ends at (x2,y2,22). Then

/gradf-dr = C/Vf~d7“

c
= [(@2,y2,22) = f (21,91, 21)
where grad f =V f = fyi+ f,j + f2k.

Example 261 Fvaluate /Fdr where
c
C:r(t)=costi+sintj+tk, 0<t<2rm
and
F(x,y,2) = 2xy®zi + 322y*2j + 2%k,
Solution 262 First way:

/Fdr = / (22y°2) dz + (32°y*2)dy + 2%y d=
C c
27

= /2 cos t(sin® t)t(— sin t)dt

0
27

—|—/3 cos®t (sin”¢) t (cost) dt

(=)

27
—I—/ cos? t (sin3 t) dt
0
=0
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