Theorem 275 (Green’s Theorem) Let B be a closed plane region bounded by a
simple curve C.If the vector field F (z,y) = P (x,y) i+ Q (z,y) J is continuously
differentiable (i.e., P and @ have continuous first partial derivatives) if C is
traversed in the counter-clockwise direction then

?{F-dr _ /P(x y)dz + Q (z,y) dy

()

Example 276 FEvaluate I = an:y:gdx + 42%y?dy, where C is the boundary of

c
the region B bounded by the curve y = 23, the line x = 1 and x-axis.(C is

directed in the possitive direction)

Solution 277 P (z,y) = 22y and Q (x,y) = 42%y>. g? 881}) = 8zy? — 6xy? =

2
0Q —0P
I = j{?xy3dx+4x2y2dy == //( Q- ) dxdy
ox Oy
2 2 2
//Zry dxdy = //me dxdy = 33
B 00

9.4 Applications of Line Integrals

2xy

9.4.1 Area

Let assume that B is a simple region in zy— plane and C'is a boundary curve of
B which is traversed in the counter clockwise direction. Then by using Green’s
Formula we get the area of region B bounded by closed curve C' as

A:/:cdy://dxdy
C B
A:/fydasz//dxdy
c B

If we sum these equations we find

1
A:i/xdy—ydx
c
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Example 278 Find the area of a circle with radius a by using line integrals.
Solution 279 Lets first write the parametric equation of circle.

C:r(t)=acosti+asintj, 0 <t <2rm

27
1 1
A = i/xdy —ydx = 5/ [(acost) (acost) + (asint) (asint)] dt
c 0
21
1
= §/a2dt = ma® units®
0

9.4.2 Lenght of a Curve

If C' is a smooth curve and f is an integrable function defined on C, then the
length of the curve is
L= / dl.

C

Example 280 Find the arclength of the following curve.
. 3,5, 3.3

Solution 281

’ ZHT o
oot ()
0 G e [ (10 (3

<t+3 > = 14 units
2 0

9.4.3 Mass and the center of a Mass

/
/

I
o—_, °

Let assume a wire on the curve C. If the density of this wire on the point (z,y, 2)
o (z,y, z) is continuous then the mass is

M:/a(az,y,z)dl
c
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The center of a mass of a wire given by

1
T = M/ma(m,y,z)dl
c
L o @y 2)dl
M yo\r,y,z
C

1
M/ZU (z,y,2)dl
c

Example 282 Let assume a wire ring on a circle 2 + y?> = a® on xy—plane.
If the density of this ring on the point (x,y) is o (z,y) = |z| + £, then evaluate
the mass and the coordinates of the center of mass of this ring.

<
I

I\
Il

2

Solution 283 Since the wire on xy—plane Z = 0. The parametric equation of
circle s
r(t) = acosti+ asintj, 0 <t <27

27
M = /a(x,y,z)dl:/(\m|+g) dl:/(|acost|+g) adt
T T
C C 0
/2 T
/(acost—l—%)dt—&—/(—acost—i—%)dt
. 0 /2
= a 3n/2 2
+/ (facostJr%)dtJr / (acost+%)dt
T 37/2
= 6a?
1 1 27
z = M/xa(x,y,z)dl:@ a2cost<|acost|—|—%>dt
C 0
=0
2
;o= = (z,y,2)dl = — 2s'nt(|acost|+g)dt
v o= 37/vo@y, =z /o -
C 0
= 0
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9.4.4 Calculation of Work

Work done by a force F' on an object moving along a curve C' is described by
the line integral
W = / F-dr
c

where dr is the unit tangent vector. If the force F' given by
F(z,y,z) = P(z,y,2)i+Q(z,y,2)j + R(2,y,2) k

then the formula of work is given by
W= /F-dr = /P(z,y,z)dw+Q(m,y,z)dy+R(x,y,z)dz
c c

Example 284 A particle is moving upwards under the influence of the force
F,
F(z,y,2) = —yzi + xzj + xyk

on the Helix curve
r(t) = costi + sintj + tk.

Fuvaluate the work.

Solution 285
2

w / —yzdx + xzdy + xydz

[(—tsint (—sint)) + tcost (cost) + costsint] dt

I
o\:‘m o

2

/ (t 4 costsint) dt
0
= 27
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