10.3 Fundamental Theorems of Surface Integrals

In this section we will give Stoke’s Theorem and Divergence Theorem of surface
integrals. Actually these theorems are generalizations of Greenn Theorem to
the three dimensional spaces.

Theorem 292 (Stoke’s Theorem) Let S be an directed surface with bound-
ary C' which is piecewise smooth, and let

F(z,y,2) =P (x,y,2)i+Q(x,y,2)j + R(x,y,2) k

be a vector field defined on a region containing S. If P, @), R have continuous

partial derivatives, then
%F-dr: //(rotF) -nds
C S

where n is the normal of S.

Notation 293 Let a vector field F (x,y, z) = P (z,y, 2) i+Q (z,y, 2) j+ R (z,y, 2) k
be such that P, QQ, R have continuous partial derivatives in same region. The
curl (rot) of F is given by

ik
VxF = curlF= a% 8% %
P Q R

= (Ry—Q.)i+ (P, —Ry)j+ (Qs— Pk

Example 294 Assume that F (x,y,2) = dyi + xj + 22k, S be the above part of
the sphere 22 4+ y? + 22 = a®. The normal vector n is directed tot he outside of

the sphere. FEvaluate // (curl F) - nds.
S

Solution 295 z = f(z,y) = v/a? — 22 — y?

C : r(t)=acosti+asintj, 0 <t <2rw

r (t) = —asinti+ acosty,
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// (curl F) - nds =

S

3

(4dasinti 4+ acostj + 0k) (—asinti + acosty) dt

27
(—4a2 sin? ¢ + a2 cos? t) dt = / (—4a2 sin? t + a2 (1 — sin? t)) dt
0

3

(—5@2 sin®t + a2)

L Sty Tty Ty e

= 7a227r + a2 = —3d’rm

Example 296 Let F (z,y,2) = e*sinyi + (e* cosy — 2) j + yk, S be the part
of the cone z = 1 — /22 + y2 which remains on the top of the xy—plane and n
normal vector is oriented to the positive direction. Then evaluate the integral of

F over the boundary curve of S. /F ~dr =7
S

Solution 297 It is diffucult to evaluate this integral by classical way like the
previous example. So we wil use Stokes Theorem.

) j k
curl F = % a% %
P Q@ R

= (Ry—Q:)i+(P.—Ry)j+(Qu—Pyk

= (14+1)i+(0—0)j5+ (e®cosy —e” cosy) = 2i

—fai— [y +k T , T |
n = = i+ Jj+—=k
L2+ VIR VRGP VR

/F«dr = //Cur1F~nds

S
//m( v i+ a j—|—1k>ds
J T\ Vi@ ) @ V2

) [B/ V2 (w22$+ y?) 2dedy

2w 1 2
2
= // Tioserdrde:/cosﬁd9:sin9\gﬂ=0
00 0
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Definition 298 Let D is a region in xyz—space. If the region D is between
the graphs of functions f1, fo defined in a region By on xy-plane, between the
graphs of functions g1, g2 defined in a region in By on xz-plane and between the
graphs of functions hy, ho defined in a region Bs on yz-plane. Then D is called
a simple solid region.

Let D be a simple solid region, S is the boundary surface of D with positive
orientation and n is the normal of this space with the direction outward from
D. Let

F(ZC,y7Z) = P(x,y,z)z’+Q(x7y,z)j+R(ac,y7z)k

be a vector field whose components have continuous first order partial derivatives

on D. Then
//F-ndSZ///didev
S D

WheredivF:V-F:%_,_%%_i_%

Example 299 Find the integral of vector field F = xi + 2yj + 3zk over the
2
ellipsoid 2 4 4+ f?j =1

a2

Solution 300

divF=V-F=98 480 L 88 _14243-6

//F~nds ///didev
s D
6// dxdydz
D
4

6§7rabc

10.4 Applications of Surface Integrals
10.4.1 Calculation of Surface Area

The area of surface S is given by

A:/S/ds

where ds = \/1 +(f)2 + (fy)2dmdy and z = f (x,y)

Exercise 301 Calculate the surface area of the sphere with radius a.
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10.4.2 Calculation of Mass and Center of Mass

Let assume that the piece of a surface .S given as a metal plate and suppose that
the density per unit area of the surface is given by the function o (z,y, z) .Then
we can write the mass of sheet and center of mass by

Mz//a(m,yw)ds
S

1
T = M//xa(x,y,z)ds
s
1 d
vy = 57 /[vo@y.2)ds
s
z = ! zo ( d
- M o (E,y,Z) S
s

G =(z,9,2)
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