1.2. Simultaneous differential equations of the first order and first
degree

Consider the systems of simultaneous differential equations of the first order
and first degree of the type
d.%‘i
dt
Here, the problem is to determine the functions x; = z; () satisfying the
initial condfitions z; (tp) =a; (i=1,2,...,n).
For example, a differential equation of the n-th order
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can be written in the form
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which is special case of (1).
The system of (1) may be written in the form

dxq dxo dz,
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which has important role in the theory of partial differential equations.

1.2.1. Simultaneous differential equations of the first order and
first degree in three variables

Let P,Q, and R be functions of ,y, and z in the region Q C R3. Consider
the systems in three variables

de dy dz
a=2=2 3)
P @ R
The solutions of the equations (3) trace out curves such that at the point
(z,y, z) the direction cosines of the curves are proportional to (P, @, R) .

The existence and uniqueness of solutions of the equations of the type (3) is
proved in the book [Shepley L. Ross, Differential Equations, John Wiley, 1974]



Theorem 1 If the functions fi(x,y,z) and fo(x,y,2) are continuous in the
region defined by |x —a|l <p, |ly—b <r, |z—c| <s, and if the functions
satisfy a Lipschitz condition in the form

|fi(y,2) = fu(@n, ] < Avly —nl + Bi [z = ¢,
‘fQ (x,y,z) _f2 (ffa??af” S A2 |y_77| +BQ‘Z_£|

in the region, then in a suitable interval |x — a| < h there exists a unique pair
functions y(x) and z (x) which are continuous and have continuous derivatives
in that interval so that they satisfy the differential equation

dy dz
%_fl(xvyvz) ’ %—fQ(l',y,Z>,

which have y(a) =b , z(a) = c. Here a,b, and c are arbitrary.

According to the theorem, there exists a cylinder y = y (z) passing through
the point (a,b,0) and a cylinder z = z (z) passing through the point (a,0, c)

such that p J
Yy az _
dl‘ - fl ) de f2~

The solution of the pair of these equations consists of the set of common points
of the cylinders y = y(z) and z = z(x), that is it consists of the curve of
intersection I'. This curve depends on choice of initial conditions, i.e., it is the
curve both satisfying the pair of differential equations and passing through the
point (a, b, c).

Since the numbers a, b, ¢ are arbitrary, the general solution of the given pair
equations will consists of the curves which are formed by the intersection of one-
parameter system of cylinders containing y = y (z) with another one-parameter
system of cylinders of which z = z (z) is a particular member. That is, the
general solution of (3) is a two-parameter family of curves.

. de _ dy _ d
1.2.2. Methods of solution F = ay =£

Consider p p J
x Yy 2z
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From (4), if we can find two relations of the form

Uy (1’,y,2) =C ; U2 (x,y,z) = C2 (5)

which involve two arbitrary constants c¢; and cy, then we can write a two-
parameter family of curves satisfying the differential equations (4).



Method 1.

de dy dz
P Q R

Az + pdy +vdz  APdk + pQdk +vRdk dk
AP+ pQ+vR AP+ uQ+vR
(A, p, v arbitrary)

Sometimes, it is possible to choose A, i, v such that AP + @ + vR = 0. For
such multipliers, it should be

Adx + pdy + vdz = 0.
If the expression Adx + pdy + vdz is an exact differential, then

Adzx + pdy + vdz = du

= U=-C
holds.
Example 1. Find the integral curves of the equations
dx B dy B dz
ye+y)—az  z(@+y)+ar  z(@+y)
Solution: If we choose A, p, and vas A =21, p =1 and v = —xj;y, we obtain
Nz + pdy +vdz ldo + Ldy — 2¥dz
AP +pQ+vR
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x+y Z
=n(z+y) —Inz=Ineg
= xl—y =c1 = uy (2,9, 2)
On the other hand, if we choose A = —z, 4 = y, and v = —a, we obtain
ydy — xdr — adz _ ydy — zdx — adz
vy(x+y)+ayz —xy(z+y) +axz—az(z+y) 0



= ydy — xdx —adz =0
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=y? — 2% —2az =cy = uy (v,y,2).

Hence, the integral curves of the given differential equations are the members
of the two-parameter family

T +y
=c1 =u1(z,y,2)
z
and
y? — 22 — 202 = ¢y = us (2,9, 2) .
Method II.

For the multiplier A1, pq,v1 and Ao, iy, va,
Adx 4+ pdy +vidz Aedx + pody + vodz

MP4+pQ+ 1R MNP+ pQ+vaR

If the expressions on the both sides are exact differential and say Wi and W,
then
dWi = dWy = W :W2+C

is satisfied.
Example 2. Solve the equations

dx dy dz

y+z z+z wHvy

Solution: Each of these ratios is equal to

Adzx + pdy + vdz
AMy+z)+pz+a)+v(z+y)

For suitable A, i, and v constant multiplier, we can write

dr+dy+dz dr—dy dx—dz
2(x+y+z2) y—-z  z—z

From
dr+dy+dz drv—dy
2(z+y+z2) y—=z
=h(z+y+2z)+2n(z—y)=Ing
= ui(@,y,2) = (@+y+2)(z-y) =
From

de+dy+dz dr—dz

2(z+y+z2) z-x

)
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it follows
Uy (x,9,2) = (@ +y+2) (z — 2)* = e

Method III.

By using u; = ¢; which is obtained via one of the above methods, we can
find ug = co.
Example 3. Find the integral curves of the equations
dx dy dz
— (6)

r y+z z+a?

Solution: From
dx dz dz

z .
P = T o= (Linear Equ.)

1
A = — (integrating factor)
x

1dz z 1
rdr x2
L ()=
de \z/)
= — =T +C
:>z:clx+ac2 (7)
From (6), we have
dy :dﬁ
Y+ z T
dy 'y =z
= —===4=
de =z =
d
—y:y+x+01
From(?)d.%‘ T
d
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dr =«

1
A = — (integrating factor)
x

:>g:cllnm+x+02
x
=y=czlnr+z*+cx (8)

The integral curves of the given differential equations (6) are determined by the

equations (7) and (8).



