
SECTION 3. HIGHER ORDER LINEAR PARTIAL
DIFFERENTIAL EQUATIONS

In the previous sections, we analyzed the �rst order partial di¤erential equa-

tions by studied them in di¤erent forms. In the following sections, we will

examine two or higher order partial di¤erential equations. Since the equations

encountered in physics and engineering are generally second order linear partial

di¤erential equations, we will examine these types of equations and especially

those with constant coe¢ cients in this section.

De�nition 1. If an operator L satis�es

L(c1u1 + c2u2) = c1L(u1) + c2L(u2)

for any constants c1, c2 and functions u1, u2, then L is called a linear operator.

This de�nition can be extended to a �nite number of functions as follows.
If u1,...,un are functions and c1,...,cn are any real constants, then
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The function
nX
i=1

ciui is called a linear combination of u1,...,un.

De�nition 2. L is a linear partial derivative operator and f is any given
function, then

L (u) = f

is called a linear partial di¤erential equation. In this equation, if

f � 0;

the equation is called a homogeneous linear partial di¤erential equation, and if

f 6= 0;

the equation is called a non-homogeneous linear partial di¤erential equation.
If each of the n functions u1,...,un ful�ll the homogen equation

L (ui) = 0 ; i = 1; :::; n

then any linear combination of these functions also satis�es the same equation.
In other words
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is provided. This important case for homogeneous linear partial di¤erential
equations is known as the superposition principle.

The opposite of this principle, which is frequently encountered in ordinary
di¤erential equations and partial di¤erential equations, is as follows:

If the functions of v1,...,vn satisfy the equation as follows

L (vi) = fi ; i = 1; :::; n

then the function v = v1 + :::+ vn

L(v) = f1 + :::+ fn

satisfy the equation.

As a result, we can give the following rule that applies to all linear partial

di¤erential equations: �General solution of a non-homogeneous linear partial

di¤erential equation is equal to the sum of the general solution of the homoge-
neous equation and any particular solution of the non-homogeneous equation.�

As an example, consider the equation

uxx � uyy = 5 cos (2x+ y)� 3 sin (2x+ y) :

The homogeneous part of this equation is

uxx � uyy = 0:

The corresponding solution to the homogeneous part is as follows

uh(x; y) = f(x+ y) + g(x� y)

where f and g are arbitrary twice di¤erentiable functions.

A particular solution of the given equation is

up(x; y) = �
5

3
cos (2x+ y) + sin (2x+ y) :

Thus, the general solution of the given equation is written

u = uh + up

u(x; y) = f(x+ y) + g(x� y)� 5
3
cos (2x+ y) + sin (2x+ y)

Here f and g are arbitrary twice di¤erentiable functions.
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As an another example, we consider

uxx � uyy = 3ex+y:

The general solution of the homogeneous equation

uxx � uyy = 0

is in the form
uh(x; y) = f(x+ y) + g(x� y)

A particular solution of the given equation is

up =
3

2
xex+y:

Thus, the general solution of the given nonhomogeneous partial di¤erential equa-
tion is as follows

u = f(x+ y) + g(x� y) + 3
2
xex+y

where f and g are arbitrary twice di¤erentiable functions.
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