5.2. D’Alembert Solution

One of the important applications of partial differential equation is vibrations
of elastic strings and membranes. In this section, we consider one dimensional
wave equation, representing a uniform vibrating string without external forces,
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with initial conditions
u(z,0) = f(x), (2)
ut(z,0) = g(z) (3)

For a vibrating string with zero displacement at z = 0 and = L, we obtained
the solution by the method of separation of variables

wn (1, 1) = g {An cos <”7£Ct> + Bysin (”ftﬂ sin (7). (@)

It is seen that this solution can be written as the sum of a forward-moving
wave and backward-moving wave
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Initial Value Problem (Infinite Domain)
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Since the equation is type of hyperbolic, we apply the substitutions

¢ = z+ct,
n = x-—ct,
then we obtain the canonical form of the equation
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= u(z,t)=F(&)+Gn), F,GeC?

= wu(x,t)=F(z+ct)+ Gz —ct) (5)



The condition
u(z,0) = f(z)
gives
f(z) = F(z) + G(x). (6)
On the other hand, from (5), we get

wi(z,t) =cF (x+ct)—cG (z—ct).

From the condition
Ut(iC, O) = g(m),

we obtain
g@) =cF'(z) = cG (). (7)
By the equations (6) and (7), it follows
ot
(o, 1) = flz+ct );‘f(a?—ct) _i_% / o(s) ds.
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This formula is called D’Alembert formula.

Example 1. Find the solution of wave equation
Ut — czum =0
with initial conditions

u(z,0) =sinx u(z,0) =0 ; —oo<x<0

Solution: From D’Alembert formula

sin(x + ¢t ) + sin(z — ct)

u(z,t) = 5
sinz cosct + cosx sinct + sinx cosct — cosx sin ¢t
2
sinx cos ct .
= 2——— =sinx cosct,
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which is desired. It is easily seen that the solution w(z,t) satisfies both the
equation and initial conditions.

Example 2. Find the solution of wave equation
Ut — CZU.mc =0
with initial conditions

u(z,0) =1, wu(z,0) = sin2z.



Solution: From D’Alembert formula,we have
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1+ o [cos2(z — ct) — cos2(z + ct))
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= 1+ T [cos 2z cos 2ct + sin 2z sin 2¢t — cos 2z cos 2¢t + sin 2z sin 2ct]
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