3.1. Second Order Linear Partial Differential Equations With Con-
stant Coefficients

General form of second order linear partial differential equations with two inde-
pendent variables  and y is given

Augy + Bugy + Cuyy + Duy + Euy + Fu=G (1)

where the coefficients A, B,C, D, E, F' and G are functions of z and y. Except
for some special cases, it is not always possible to obtain the general solution of
(1) as in the first order linear partial differential equations.

As a special case, we will consider equation

AUgz + DUgy + CUyy + dug + euy + fu =0 (2)

where a, b, c,d, e and f are constants, all a,b and ¢ must not be zero simultane-
ously. In terms of partial derivative operators
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by using linear operator
L =aD; +bD,Dy + cD; +dD, + eD, + f

we can write (2) as
L(u)=0 (3)

In (3), let’s consider the polynomial
P(z,y) = az® + bry + cy* +dx +ey + f

obtained by replacing D, and D, with = and y, respectively and suppose that
the polynomial P(zx,y) can be factored out as

P(x,y) = (a12 + bry + c¢1)(asx + bay + ¢2).
In this case, taking into the consideration L; and Lo
Li=a1Dy +01Dy+c1 Ly =a3D; +b2Dy + co (4)
the operator L can be written as factored as
L=1L1.Ls
Since all the coefficients of L1 and Lo are constants, we can write
Ly1.Lo = Lo.14

so we have
L=Li.Ly=1Ly.1; (5)



In such a case, the L operator is said to be reducible.

If L is reducible, the general solution of equation (3) containing two arbi-
trary functions can be obtained explicitly in terms of solutions of the first order
equations

Li(u)=0 and La(u)=0.
Let Ly and Lo be given as in (4), with Ly # La. Let the general solution of
Li(u) = 0 be u = uy and the general solution of Lo(u) = 0 be u = ug. If
u = Uy + ug, because of the linearity of L and (5), we can write
L(’U,) = L(’U,l + UQ) = L(’U,l) =+ L(’U,g)
= L2L1(u1) + LlLQ(UQ) =0 (6)

This shows that the function v = u; + us implements equation (3).
On the other hand,

ou ou
Lyi(u1) = (a1 Dy + b1 Dy + c1) uy :alaixl‘Fblaiyl‘f'clul =0 (7)

Lagrange system corresponding to the first order linear partial differential equa-

tion is given by
dz _dy  du

ay by —C1u1

From the first two equations of this system, we obtain
bix—a1y =a

If a; # 0, from the first and third equations of the system, we have

c c
Inu; = ——z+Inb or wuy =bexp(——a)
al a1

Here, the general solution of (7) is found by inserting b = f; (a),

ur(@,y) = e @ fi(biw — ary) ®)

where f; is an arbitrary function.
If a; =0 in (7) then b; # 0 since both a; and b; cannot be zero simultane-
ously. In this case, the solution (8) is replaced by

w(@,y) = e 7 fi(a) 9)
Similarly, if ag # 0, the solution of La(ug) = 0 is
uz(z,y) = efﬁzfz(bzif — agy) (10)
and If ag = 0 (since by # 0), we get

us(w,y) = ¢ %Y fo(x) (11)



where f5 is an arbitrary function.
Thus, if ajas # 0, the general solution of (3) is given by

w(a,y) = e Dy (b — ary) + e 5% fo(by — agy). (12)

If a; = 0 or ag = 0, the terms corresponding to u; and us in (12) will be replaced
by (9) or (11), respectively.

To obtain the general solution of the non-homogeneous partial differential
equation L(u) = G, it is sufficient to find any particular solution of the non-
homogeneous equation and add it to the solution (12).

Example 1. Find the general solution of the equation

Ugy — Uyy = Dcos(2z + y) — 3sin(2x + y).

Solution: The linear operator
L=D2-D;
for the given equation can be written as the product of L; and Lo,
Li=D,—D, and Ly=D,+D,.
For the operator L
Li(u) = (Dy — Dy)u=0,

we have general solution of first order homogen linear partial differential equa-
tion Ly (u) = 0 as follows

ui(z,y) = f(x +y)

and for the operator Lo, general solution of the equation
Ly(u) = (Dy+Dy)u=0
is given by

uz(w,y) = g(z —y).

Thus, the general solution of the homogeneous equation L(u) = 0 corresponding
to the given equation is found in the form

up = f(x+y)+g(x—y)

where f and g are arbitrary twice differentiable functions.
Now let’s find a particular solution u,(z,y) for the non-homogeneous equa-
tion
L(u) = 5cos(2x 4+ y) — 3sin(2z + y).



Let’s use the method of undetermined coefficients for this equation and let’s
look for a particular solution in the form

up(x,y) = Acos(2z + y) + Bsin(2z + y).

If we differentiate this function with respect to z and y, and then we write
in the given equation, by comparing similar terms we determine the coeflicients

A and B as 5
A=—-, B=1.
3

Thus, the general solution u of the given partial differential equation can be
written
U= Up + Up

5 .
u=f(z+y)+9(z—y) - 5cos(2z +y) +sin(2r +y)
where f and g are arbitrary twice differentiable functions.

Finding the solution for L, = Ls:

Now let’s consider the case L1 = Ls, that is, the L operator is composed of
repeated factors. In this case, at least one of a; and b; is nonzero, we have

Li=Ly=a1D, + ley “+c1
and we need to find the general solution to the equation.
L(u) = L*(u) = Ly [Ly(w)] = (a1 Dy + b1 Dy + ¢1)” u = 0. (13)

Let’s assume a; # 0. If L (u) = w, for u to have a solution of equation (13),
w must satisfy the following equation

Li(w) = a1wy + bywy + ciw = 0. (14)
Since a; # 0, the general solution of (14) can be written as
ey,
w(z,y) =e “ g1(hx — ary)

where g; is an arbitrary function. To get the solution u, we have to solve the
following equation

a1y + b1y + cru = e_ﬁxgl(blx —a1y). (15)

For this, if we use the Lagrange method given in Section 2.2, the general
solution of equation (13) is found as

w(z,y) = e [2fi(bix — ary) + folbrz — ary)] (16)

where f; and fy are arbitrary twice differentiable functions.



Note: The above method is also used to find a particular solution of the
non-homogeneous equation L(u) = G if L is reducible. Indeed, with L = L Lo,
let us assume that Li(v) = G has a particular solution v and Ls(u) = v has a
particular solution u.Since

L(u) = LlLQ(’u,) = L1 [Lg(u)] = Ll (’U) =G

Then u turns out that a particular solution of L(u) = G. Here Ly and Ly need
not be different. They can be different or equal.



