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5. Transformations of Random Variables

We know that a random variable is a function from the sample space to the real number. That is, if
X is a random variable it is a function from Q to R ( X : Q2 — R ). The range of a random variable is

a subset of the real numbers. As we know, if the range of the random variable Dy is a countable

subset of the real number then it is called a discrete random variable and it is continuous otherwise.

Now, consider a function g from R to R (g:R—>R). The composite function g X is also a
function from sample space to real numbers (g X :Q2— R ) and therefore g X is also a random

variable (see Figure 1).

Figure 1. Transformation of random variable

The composite function g o X is sometimes denoted as g(X) and it is defined as for any we Q,

(g o X)(w)=g(X(w)). Moreover, the range of Y =g(X) is also asubsetof R, Dy c R.

If the random variable X is continuous, the transformed random variable g(X) (say Y ) may be
either continous or discrete. Similarly, when X is discrete g(X) may be discrete or continuous. In our
study, if X iscontinuous g(X) will be continuous and if X is discrete g(X) will be discrete otherwise

citeted.

In this part of the class, our goal is to find the distribution of the transformed random variable.

Later, we are going to investigate the multivariate version of the transformations.

A) Discrete Case:

In discrete case, the easiest way to find the distribution of the transformed random variable is to

calculate the probabilities directly.



Example: a) Let X be a random variable with the following probability function:

c , x=-2,-10,1,2
f(x)=
0 , elsewhere.

Note that from the range of X is Dy ={-2,-1, 0,1, 2}. Note that since

2
1= > f(x)= > c=5¢c

xeDy X=—

we have ¢ =1/5 because 5c =1=c=1/5. That is the probability distribution of X is
1/5 , x=-2,-1,0,1,2
f(x) ={

0 , elsewhere.

Now, we want to find the probability distribution of the random variable Y = X 2 Note that the

range of Y is Dy ={0, 1, 4} and the corresponding probabilities are calculated as

P(Y =0)=P(X =O):%
2 11 2
P(Y=1)=P(X“=1)=P(X =-lor X =1)=P(X =-1)+P(X 21):§+§=g
2 1 1 2
P(Y=4)=P(X“=4)=P(X=-20r X =2)=P(X =-2)+P(X :2):§+E:E
and therefore the probabilithy function of X and Y are given below:
2

X = x ‘_2 -1 0 1 2 Y=y ‘o 1

P(X=x)‘1/5 1/5 1/5 1/5 1/5 P(Y:y)‘ 1/5 2/5 2/5

b) Now let X be a random variable with the following probability function.

X =X -3 0 1 2 3

P(X:x)‘3/8 1/8 1/8 1/8 2/8

Suppose we want to find the distribution of Y = X 2 as before. Note that the range of the random

variables are Dy ={-3, 0,1, 2,3} and Dy ={0,1, 4, 9}. Note that the probabilities of Y are
calculated as

P(Y:O):P(X2=O)=P(X=0)=%, P(Y=1)=P(X2=1)=P(X=1)=%
2 1 2 3 2 5
P(Y =4)=P(X* =4)=P(X =2) =, P(Y=9)=P(X*=9)=P(X =3+ P(X =3) =+ =~

and the probability distribution can be written as



Y=y‘o 1 4 9

PY=y) | 1/8 1/8 1/8  5/8.

c) Now consider the random variable given in part (b) and find the probability distribution of
Y =2X +1. Note that the range of the random variables are

Dy ={-3,0,1,2,3}and Dy ={-5,1, 3,5, 7}.

Similarly, the probabilities can be calculated as

PIY =-9)=P(2X +1=-5)=P(X 2‘3)=§: P(Y =1) = P(2X +1=1) = P(X =o)=%
P(Y=3)=P2X +1=3)=P(X =1)=%, P(Y =5)= P(2X +1=5) = P(X =2)=%
P(Y =7)=P(2X +1=7) = P(X =3):§

and therefore the probability distribution can be written as

Y=y ‘ 5 1 3 5 7

P(Y=y)‘3/8 1/8 1/8 1/8 2/8.

B) Continuous Case:

Remember that the probability density function of a continuous ramdom variable is the derivative
of the cummulative distribution function. Thus, if we can find the distribution of the transformed
random variable, we can derivate it to find the probability density function of the transformen random
variable.

Let X be a continuous random variable with probability density function f(X), cummulative
distribution function F(x) with the range Dy . Consider a transformed random variable Y = g(X) . At
this moment we assume that the function g is differentiable. The cummulative distribution function
of Y can be calculated forall ye Dy as

F () =P(Y <y)=P(g(X) <y) =P(X < g (y)) = Fx (9 7(¥)) -

Thus, the probability density function of the transformed random variable Y is the derivative of
K (y) whichis

_dR(y) d o] A,nd o
Ay SR I ROy EROIE

Note that the derivative of g_l(y) may be negative and the probability can not be a negative number.

For example if g is a decreasing function the derivative is negative. Therefore, we take the absolute



value of the derivative (this derivative is known as the jacobien) and thus the probability density

function of the transformed random variable can be written as

fr ()= fx (07 (y) ‘ diy[g—l(y)} ‘ . £y

Example 1: Let X be a random variable with the following probability density function

cx , O<xxl
f(x)=
0 , elsewhere.

a) The constant ¢ can be determined from

1 1 le
1= I f(x)dx:cj xdx=c7

x=0 x=0

x=0
b) Let us find the probability density function of Y =2X +1. Obviously, since Dy =(0,1) the range
of Y is Dy =(1,3). Thus, R/ (y)=0 for y<1 and K/ (y)=1 for y>3. Now, for 1<y <3 the

cummulative distribution function

(y-D/2
R (Y)=P(Y <y)=P@X +1<y)=P(X <(y-1)/2)= yj 2xdx = x?
x=0

x=0

(y-1)/2 :[y—ljz _(y-1)
2 4

That is, the cummulative distribution function and the probability density function of Y =2X +1 are

0 , y<1 _
) d =D ya3
F(y)=4(y-D“/4 , 0<y<3 , fv(y)=d—Fv(y)= 2
1 , y=3 y 0 , elsewhere.

This is a probability density function because

2 3
yo oy
~Ndy=|2--2L
(y-1)dy {4 ZJ
y=1

3 1 3
[ fmdy =2 |
y=1 y=1

The same probability density function can be found by using the equation (1). Note that
y=g(x)=2x+1=>x=(y-1)/2. That is, g~(y)=(y-1)/2 and the derivative of this inverse

function is

slool-5(22)-

and using the equation (1) we write the probability density function of Y for 1<y <3 as

ool 45 5

which is the same as above.



c) Now, let us try to find the probability density function of Y =—2X +1. Note that the range of Y

is Dy =(-1,1) . Note also that the function g(x)=—-2x+1 is decreasing and g_l(y) =@-y)/2 and

the derivative of the inverse function is negative (which is —1/2). Thus the probability density function

of Y=-2X+1for -1<y<lis

_ dr _ y-1 1] 1-y
fy()=fx (@7 'Y) | —| 97 W | |=2| - = |- 2 | ===
v ()= fx (g (V”‘dy[g (y)]‘ [ Zj‘ 2‘ .

That is,
1-y
— , -l<y«1
fy(y)=1 2 y
0 , elsewhere.

and it is a probability density function because

1 12 !

[ @-ydy=Z|y-=—| =L

=1 2 2 )
y=-1

1
[ fy(y)dy=
y=-1

N |-
<

Example 2.: Let X be a random variable with the following probability density function

1
fo (X)=—— e % for xeR (2)
x () oo

and let us try to find the probability density function of Y = X 2 Note that the function fy () isan
even function ( fy (x) = fx (=x)). Moreover Dy =R and Dy =R™ and therefore, R, (y)=0 for

y <0 .For y >0 the cummulative distribution function is

R (Y)=P(Y <y)=P(X2 <y) =P(—Jy < X <Jy)=Fx (JJy) - Fx (=) -

Thus, the probability density function of Y for y >0 is

fY(y)——Fy(y)— [FXM) Fx () |- ([fx(\/_)ﬁfo( ol

_ _ 1 _ _
(1-2)/2 g-y/2 _ (1-2)/2 o-y/2.

_ 1 L -
Jy <) \/VJZ_ \/—21/23/ r/2) 22

Therefore the probability density function pf the transformed random variable Y is

—y/2

1 (1-2)/2 g-y/2 y>0
fy (y) =14 1(1/2) 242 (3)
0 , elsewhere.

In general the probability density function can be written for p=1 as

1 (-212g-yi2 .y
fy (Y)={T(p/2) 2""2 @)
0 , elsewhere.



and known as the probability density function of chi-square distribution with p degrees of freedom.

A note on these probability distributions (will be discussed later in details):

The random variable X with the probability density function given in (2) is known to be the

standard normal random variable and denoted by X ~ N(0,1) and the random variable Y with the

probability density function in (3) is the chi-square random variable with 1 degrees of freedom.
Similarly, if a random variable (say W ) has a probability density function given in (4) we say that W is

distributed as chi-square with p degrees of freedom.

In statistics, almost all statistical inferences depend on the normality assumption. If the data do not
satisfy the normality assumption we use some techniques (usually trnasformations) to achieve the
normality assumption. The chi-square distribution is also very important distribution in statistics which
is obtained by the squares of normally distributed random variables. These distributions are also

known as the sample distributions which will be discussed later.

C) Mutivariate Transformations:

In this part of the notes, we are going to investigate multivariate transformations. If X and Y are

two random variables with joint probability (or probability density) function f (X, y) we will try to find
the probability (or probability density) function of U = g;(X,Y) and V = g,(X,Y) . A generalization is

also possible for k variate random vectors and k variate transformations. for simplicity we will only

consider bivariate transformations.

Let X4, X5,..., Xy be the random variables with joint probabity (or probabilkity density) function
f (X, X9,...,X) and consider the following transformations
Yl = gl(Xl,, Xk), Y2 = gz(xl,, Xk)" Yk = gk(xl,, Xk) .

Assume that the functions g;’s are invertiable and differentiable with respect to their components.

We can write the Jacoien matrix as

[ohy(Y,..Y)  ohy(Y,-.Yy) ohy (Y, Ye) |
oYy oY, . oYy
ohy (Y., Yy)  oha(Yy,....Yy) ohy Yy, Yy)
oYy oY, . oYy

J:
ohe (Y, Yy) o (YY) ohy Yy, Yy)
oYy oY, . oYy




and denote | J | as the absolute value of the determinant of J (thatis, |J |=|det(J)]| ) then the joint

probability density function of Yy,Y,,...,Y| is given by

YooY, Ve Vi) =13 e ox (b Y ha (Va0 Vi D (Y- Vi) (5)

where X1 =hi(Yy,....,Y), Xo=ho(Yy,....Yy) e, X = (Y,..., Yy ) . For simplicity we will use
k=2.
Examplel:let X and Y be two independent random variables with the same probability density

function given below.

2
e X2 yeR.

1
f(X)_ﬁ

a) Let us consider the transformations as U = X +Y and V =X =Y and try to find the joint
probability density function of U and V. The inverse transformations are obtained as

X=U+V)/2veY =(U -V)/2 and theJacobien matrix with its determinant are

ox ox] 1 1
g=| U V122 Ger(d)=— L
ory oy 1 1
U ]2 2

Note that since the random variables X and Y are independent the joint probability density

function can be written forall X,y € R as

_ 1 _2 1 (2.2
f(x,y)=fx (x) fy (y)= 12 vz _ L o-(tey?)2.

=

therefore the joint probability density function of U and V forall u,v e R is written as

11 (u+v? (u-v)?
fuy V) = [3]fxy (XU YY) = S o—exp _E( ; J +( . j

= iexp(—%[(u +v)2 +(u —V)ZD

:iexp£—1[2u +2v} L gy
Arr 8 4Ar

That is, the joint probability function of U and V is

2 2
fu v (U,v) = g~ (u+vo)/4 uveR.



Since joint probability density function can be written as

v (UV) = i o (W24 _ %e‘“zm %e“’z“‘ — () fy )
the random variables U ve V are independent.

b) Now let us try to find the probability density function of the transformed random variable
U = X /Y .Inorder to use the equation (5) we need to define an auxiliary transformation. Let V =Y
. First we find the joint probability density function of U = X /Y and V =Y and using this joint
probability density function we can find the marginal probability density function of U . The inverse

transformationsare X =UV ve Y =V and the Jacobien matrix with its determinant are calculated

as
oX oX
v U
j=| Y NV and det(J) =v .
oy oy | |01
U v

therefore the joint probability density function of U and V can be written as for all u,v e Dy Y,
f _131f _ vl 1oin2 . 2
uy V) =3[ fx vy (x(u,v),y(u,v)) =5 o _E[(UV) +v9)]

2
= vl exp{—v—[u2 +1]J.
V4 2

Note that we want to find the probability density functiion of U . Remember that a function h(X) is

even if h(=x) =h(x) and if h(x) is an even function we have forall ac R™,

T h(x)dx = ZTh(x) dx.
-a 0

Therefore the joint probability density function of U and V is an even function of V. In order to find

the marginal probability density function of U we integrate the joint probability density function over

the range of V , Dy, . The integral is obtained as ( saying @ = u? +1),

fu(u)= j fU’\/(U,V)dV:% J' |V|e—a\/2/2dv:%jve_avzlzdv

e 0
1% _ v2

:—je algt,  used t=—
i 2

1 _at‘oo 1 1 1
=—| —f - =
ar t=0 | az 7 1+u?



and therefore the probability density function of U is

1 1
fu (U)=; Ly

,uelR.

2

Example 2. Let X and Y be two independent random variables with the following probability

density function

—X
F(x) = e , x>0
0 , dvy.

a) Let us define the transformationsas U = X +Y and V = X /(X +Y) and try to find the joint
probability density function of U and V . Note that the back transformations are X =UV and

Y =U (1-V) and the Jacobien matrix with its determinant are calculated as

ax ox
v u
J= ou oV and det(J)=-uv—-u(l-v)=-u.
oy oy | la-v) -u
o oV

Since the random variables X and Y are independent the joint probability density function can

be written as,

e ) x>0,y>0

f(x,y)=
oY) { 0 : d.y.

and therefore using the equation in (5) we can write the joint probability density function of U and

V forO<v<land u>0 as

(uv+(u@-v)) -u

fuy (V) = 31y (xX(UV), y(uv)=ule =ue

That is the joint probability density function is
ue , O0<v<lu>0
fuyvU,v)=
o d.y.

Now, it is easy to find the marginal probability density functions of U and V by using the following

integrations:

1 1 o0 o0
f fuv (u,v)dv= I ue 'dv=ue™ and J' fy v (u,v)du= I ueYdu=1.
v=0 v=0 u=0 u=0

Thus the marginal probability density functions are



ue ™ . u>0 1, O<v<l

and since f v (u,v) = fy (U) fy (v) the random variables U are V independent.

b) let X and Y be two independent random variables with the same probability density function

given below:

1, O<x<1

f(x)=fy ()=

(x) = fy (x) {0 | dy.
Let us try to find the probability density function of U = XY . In order to use equation (5) we need
to define an auxiliary transformation. Let V = X and the back transformations turnouttobe X =V

and Y =U /V and the Jacobien matrix and its determinat is calculated as

ZL)J( 2\)/( o 1 1
J = = , det(J)=-=.

oy oy |T|Y -Y )==7

oL Ly T2

U oV

Therefor the joint probability density function of U and V can be written as (equation in (5)) as,

1

- , O<u<xvxl
fuv(U,V)=1v

0 , d.y.

and the marginal probability density function of U is calculated from the integral as

1
[ foy@wav= | LY
! \'
veDy v=Uu

Therefore the probability density function of U is

N

c) Let X1, X5, X3 be three random variables with the joint probability density function

0<X <Xg<Xgz<o0

6 e X% '
Fx, X, x5 (X1 X2, X3) = 0 | dy.

Suppose we want to find the joint probability density function of U; = X1 , Uy = X5, — X; and
Uj = X3 — X,. Note that the back transformations are found to be
X1:U1 X2 =U1+U2, X3 :U1+U2+U2

and the Jacobien matrix ant its determinant are calculated as

10



OX; 0X; 90X |
oU; dU, U,
Xy 09Xy 08X,
oU; U, U,
0X3 0Xg 0Xg
oU; oU, U |

0
0| , det(d)=1.
1

o
Il
Il
e
=)

therefore the joint probability density function of Uy, Uy, Ug is

6 e—3u1_2u2_u3 , UI > O,l :1! 2’3
fUl,Ug,Us (Ul,Uz,US) =

: d.y.
Note that eventhogh the random variables X;, X5, X3 are not independent since
fu,u,u, (U Uz, U3) = fy (u) fy, (Ug) fy, (U3)
the random bvariables U1, U,, U3 are independent.

d) Let X;, X5,..., X, be independent random variables with the same probability density function

1
— , O<x<@
f(x)=10

0o , d.y.
Now we want to find the probability density function of U = max{X;, X»,..., X,;}. Note that we can

not use the formula in the equation in (5). Therefore, we need to calculate its cumulative distribution
function. Note that the range of U is the same as the range of X ’s. Therefore, R, (u)=0 for u<0
and Ry (u)=1foru>§@. For O<u<é@

Ay (u)=PU <u)=P(max{Xy, Xo,..., Xp}<u) =P(X; <u, X, <u,..., X,, <u)

>

n (v Y1,
_i 1P(XiSU)_(P(Xlsu)) _[X{Oede _gnu .

Thus, the cumulative distribution function and probability density function (which is the derivative of

the cumulative distribution) of U are

0 , u<o
n N na
—u , O<u<éd
FRW=1% , 0<u<d  and = S |7
0 du
1 u>o 0 , elsewhere.

e)Let X ve Y betwo independent random variables with the same probability density function

given below:

—X
fy (x) = {eo ’ Xd>yo

11



Suppose we want to calculate the probability density functions of U =max(X,Y) and
V =min(X,Y). Here, we are going to calculate the distribution functions of both random variables.

First let us find the cumulative distribution function of U . Note that R, (uU) =0 for U <0 and for
u=0,

Fu(U)=PU <u)=P(max(X,Y)<u)=P(X <u,Y <u)
=P(X <U)P(Y <u)=[P(X <u)]? = (1-e™4)2.

thus, the cumualtive distribution function and the probability density function (derivative of R, (u))
of U are

, u<0

1-eY? |, u=0

2¢7U@-e™) , u>0

ﬁJ<u)={ ) o

and fu (u) ={

In a similar way, we can calculate the cumulative distribution function of V . Note that K, (v) =0
for v<0 andforv>0
R/ (V) =PV <v)=P(min(X,Y) <v) =1-P(min(X,Y) > V)
=1-P(X >V,Y >V)=1-P(X >V)P(Y >V) =1-[P(X >V)]? =1-e2
and thus the cumulative distribution function and probability density function of V are given below:

nin dagihm fonksiyonu da
0 , v<0

1-e 2 v>0

2072 y>0

FV(V):{ 0 , d.y.

and  f,(v)= {

Discrete case: For discrete case, the probability function of a transformed random variable can be
found directly by calculating the related probabilities. There is also an easier way (generating function
technique) the we are going to study next. here is an example how to find the probability distribution

of a transformed random variables for discrete case.

Example: Let X and Y be two independent random variables with the following probability

distribution function:
P(X =x)=P(Y =x)=e*A*/x! ,x=0,12,...and A >0.
Suppose we want to find the probability distribution of U = X +Y . Obviously the range of U is

the same as the range of X (or Y ). Therefore, the probability distribution of U can be calculated as

foru=0,123,...

12



PU=u)=P(X+Y =u)= iP(X +Y =u|Y=y)P(Y=y)= ZUZP(Xer:u)P(Y:y)
y=0 y=0

. U (e 0y e 22y ) & utf ey ) ety
=Y P(X =u-y)P(Y =y) = -y &
PRy E[w—v)!l 7 J yé,ui(u_y)!]( y ]

_e‘” u ul -y _ e 24 U yuy & o2/ —2/1(2/1)u
S Bl B =S

Note that the probability function of U is similar to the probability function of X (or Y ). The only

difference we have 21 instead of 4 and therefore the probability distribution of U is

PU=u)=e*@2)"/u! ,u=012,...

Generating Function Technique: We have studied some of generating functions in the previous

sections. If X isarandom variable with probability (or probability density) function f(x),the moment
generating function of X can be calculated as Mx(t):E(etX). Moreover, X and Y are two
independent random variables with moment generating functions My (t) and My (t) respectively,
the moment generating function of U =aX +bY s
My (£) = Mgy 1y (1) = (€' *Y)) = E(€)E(e®")) = My (at)My (bt) .
If the moment generating function is similar to a moment generating function of a special random

variable then their distributions are similar.

Example: a) Let X and Y be two independent random variables with the same probability

function given below:
P(X =x)=e*2%/x! , x=0,1,2,..., 1>0.
The moment genarating function of X (or Y )is

(O =E@E%)= 3 e"P(X =x) = 3 e 2"/ xI- —ﬂz”‘” G
x=0 x=0

Suppose we want to find the distribution of U = X +Y . Since X and Y two independent random
t
variables with the same moment generating function My (t) =e’1(e B the moment genarating
function of U can be written as
(' -1)y i (e -1 24(e'-1
My (1) =My (1) =Mx OMy () = *€ D)) =
which is the same moment generating function of X (or Y ) except we have 21 instead of 1.

Therefore their probability distributions (U and X ) are similar. All we need to do is to put 24 for 4.

That is, the probability distribution of U is

13



PU=u)=e*2A)"/u! ,u=012,...
Note that this is the same probability function as we have calculated directly.
b) Let X and Y be two independent random variables with the same probability function given

below:
P(X=x)=P(Y =x)=p*¢* %,x=0,1;0< p<land q=1-p
Since, their probability functions are the same their moment generating functions are also the same.

the moment generating function of X is calculated as

« 1
Mx(t)zE(et )= eXP(X =x)=q+ pe.
x=0

Now, we want to find the distribution of U = X +Y . Since they are independent random variables,

the moment generating function of U is calculated as

My (£) = My.y () =My )My (t) = (g + pe')(a+ pe') = (g + pe")?.

Now, consider a random variable Z with the probability function
2 X 2—X
P(Z=x)= p"q“-",x=012,0<p<landg=1-p
X
and the moment generating function of Z is

2 2 2 (2
tZ t 2— t 2— ty2
Mz(t)=EE“)=2e X( jpxq "= Z( j(pe ) a7 =(q+ pe’)
x=0 X x=0\X
which is the same function as My (t) and therefore their distributions are similar. That is, the

probability function of U s

2
P(U =u)= (UJ pYg®™Y ,u=012.

c)let X and Y be two independent random variables with the following probability density

functions. The probability distributions are given as for My, fy € R and oy >0, oy > 0,

1 1
fy (X) :—exp[——z(x—yx)2 , XeR

2 (7)% 20

1 1 2
fy(y)=———=exp| ——=(y-uy)° | , yeR.
1,272’6)2, 20'32/

Their moment generating functions are calculated as

2 2 2 2
X to-y

Mx(t):exp[tyx+t 9

> J and My (t) =exp| tuy +

The moment generating function of U = X +Y is calculated as

14



2 2 2 2
t“o t°o
MU(t):MX+Y(t):Mx(t)MY(t):eXp(tﬂx"‘ ZXJGXPLtﬂfo XJ

2
2, 2 2 2 2
:exp[t(lux +ﬂy)+MJ:exp(tﬂ+%J

where 1= uy + iy and o2 = 0'3 +(7)2/ . As it is seen the moment generatin function of U is similar

to the moment generating function of X (or Y ) and therefore their probability density functions are

also similar. That is, the probability density functionof U = X +Y s

1 1 2
fU(u):—eXp(——(u—,u)J , uelR
«/2%02 20

where M=y + and o2 =0'§+c7)2/.
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