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Compatible Operators

• ∃ 𝐴, 𝐵 → 𝐴, 𝐵 = 0 𝐶𝑜𝑚𝑝𝑎𝑡𝑖𝑏𝑙𝑒

𝐴, 𝐵 ≠ 0 𝐼𝑛 − 𝐶𝑜𝑚𝑝𝑎𝑡𝑖𝑏𝑙𝑒

• Consider non-degenerate case
• One 𝛼𝑖 One | ۧ𝛼𝑖 ; non-degenerate

• One 𝛼𝑖 Many | ۧ𝛼𝑖 ; 𝑑𝑒𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒

{| ۧ𝛼𝑖 } {| ۧ𝑏𝑖 }

𝐴| ۧ𝛼𝑖 =𝛼𝑖| ۧ𝛼𝑖
} How these basis are related?

{𝑺2, 𝑆𝑧}

{𝑆𝑧 , 𝑆𝑥}



Theorem:

𝐴, 𝐵 = 0

Assume, eigenvectors of A are non-degenerate,

𝐴| ۧ𝛼𝑖 =𝛼𝑖| ۧ𝛼𝑖 → ൻ𝛼𝑖|𝐴| ۧ𝛼𝑘 =𝛼𝑖δ𝑖𝑘 , diagonal

Claim: ൻ𝛼𝑖|𝐵| ۧ𝛼𝑘 is diagonal.

Proof:

ൻ𝛼𝑖| 𝐴, 𝐵 | ۧ𝛼𝑘 =0

(𝛼𝑖 − 𝛼𝑘)ൻ𝛼𝑖|𝐵| ۧ𝛼𝑘 =0

𝑖)

𝑖𝑖)

𝛼𝑖 = 𝛼𝑘 ; ൻ𝛼𝑖|𝐵| ۧ𝛼𝑖 ≠0

𝛼𝑖 ≠ 𝛼𝑘 ; ൻ𝛼𝑖 𝐵 ۧ𝛼𝑘 = 0



𝐵 = (෍

𝑖

| ۧ𝛼𝑖 ൻ𝛼𝑖|)𝐵(෍

𝑘

| ۧ𝛼𝑘 ൻ𝛼𝑘|)

= ෍

𝑖,𝑘

ۧ𝛼𝑖 ൻ𝛼𝑖 𝐵 ۧ𝛼𝑘 ൻ𝛼𝑘 ൻ𝛼𝑖 𝐵 ۧ𝛼𝑘 = δ𝑖𝑘ൻ𝛼𝑖 𝐵 ۧ𝛼𝑖

= ෍

𝑖

| ۧ𝛼𝑖 ൻ𝛼𝑖 𝐵 ۧ𝛼𝑖 ൻ𝛼𝑖|

𝐵| ۧ𝛼𝑘 = ෍

𝑖

ۧ𝛼𝑖 ൻ𝛼𝑖 𝐵 ۧ𝛼𝑖 ൻ𝛼𝑖 ۧ𝛼𝑘 ൻ𝛼𝑖 ۧ𝛼𝑘 = δ𝑖𝑘

= ۧ|𝛼𝑘 (ൻ𝛼𝑘 𝐵 ۧ𝛼𝑘 )

𝑒𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝐵 𝑖𝑛 {| ۧ𝛼𝑘 } 𝑏𝑎𝑠𝑖𝑠



• | ۧ𝛼𝑖 : Simultaneous eigenkets of A, B

| ۧ𝛼𝑖 , 𝑏𝑖

• This statements hold for the degenerate case as well

𝐴| ۧ𝛼𝑖 , 𝑏𝑘 =𝛼𝑖| ۧ𝛼𝑖 , 𝑏𝑘

𝐵| ۧ𝛼𝑖 , 𝑏𝑘 =𝑏𝑘| ۧ𝛼𝑖 , 𝑏𝑘

𝐴| ൿ𝛼𝑖
(𝑘) =𝛼𝑖| ൿ𝛼𝑖

(𝑘) ;  𝑖 = 1,… ,𝑁 → 𝐷𝑖𝑚. 𝑜𝑓 𝑓𝑢𝑙𝑙 𝑘𝑒𝑡 𝑠𝑝𝑎𝑐𝑒

𝑘 = 1,… ,𝑁 → 𝐷𝑖𝑚. 𝑜𝑓 𝑑𝑒𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒 𝑠𝑢𝑏 𝑠𝑝𝑎𝑐𝑒



Measurement of Compatible Operators

𝐴, 𝐵 = 0

A-Meas.

𝛼𝑖

B-Meas.

𝑏𝑘

A-Meas.

[𝛼𝑖]

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡: 2𝑛𝑑 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡 𝐵 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑑𝑒𝑠𝑡𝑟𝑜𝑦 𝑡ℎ𝑒 𝑝𝑟𝑒𝑣𝑖𝑜𝑢𝑠 𝑖𝑛𝑓𝑜

𝑔𝑒𝑡 𝑏𝑎𝑐𝑘 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝛼𝑖



Incompatible Observables

• 𝐴, 𝐵 ≠ 0

Claim: Do NOT have a complete set of Simultaneous eigenstates.

Proof: Assume contrary;

B/ 𝐴| ۧ𝛼𝑖 , 𝑏𝑘 =𝛼𝑖| ۧ𝛼𝑖 , 𝑏𝑘
A/ 𝐵| ۧ𝛼𝑖 , 𝑏𝑘 =𝑏𝑘| ۧ𝛼𝑖 , 𝑏𝑘

𝐵, 𝐴 | ۧ𝛼𝑖 , 𝑏𝑘 = 0 → 𝐴, 𝐵 = 0 CONTRADICTION!



• Exception

• {𝑳2, 𝐿𝑧} : Compatible 𝑙, 𝑚 : 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑜𝑟𝑡ℎ𝑜𝑛𝑜𝑟𝑚𝑎𝑙

• {𝐿𝑥 , 𝐿𝑦} : Incompatible → ∄ 𝑎 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑐𝑜𝑚𝑚𝑜𝑛 𝑒𝑖𝑔𝑒𝑛𝑠𝑒𝑡

• Special case 𝑙 = 0 subspace (1d)

• 𝐿𝑥| ۧ0,0 =0

• 𝐿𝑦| ۧ0,0 =0
} | ۧ0,0 is simultaneous eigenstate of  𝐿𝑥 and 𝐿𝑥 with 0 eigenvalues



Heisenberg Uncertainty Relations

• 𝐴, 𝐵 ≠ 0

Define: ∆𝐴 ≡ 𝐴 − 𝐴 𝐼

(∆𝐴)2 : Dispersion of A-Operator

(∆𝐴)2 = 𝐴2 − 2 𝐴 𝐴 + 𝐴 2𝐼 = 𝐴2 − 2 𝐴 𝐴 + 𝐴 2𝐼
= 𝐴2 − 𝐴 2



Note that!

• If | ۧ𝜓 is an eigenstate of A ; | ۧ𝜓 = | ۧ𝛼𝑖

ൻ𝛼𝑖 𝐴 ۧ𝛼𝑖 = 𝛼𝑖ൻ𝛼𝑖| ۧ𝛼𝑖 = 𝛼𝑖

𝐴2| ۧ𝛼𝑖 = 𝛼𝑖
2| ۧ𝛼𝑖

ൻ𝛼𝑖 𝐴
2 ۧ𝛼𝑖 = 𝛼𝑖

2

(∆𝐴)2 =𝛼𝑖
2 -(𝛼𝑖)

2 =0



Heisenberg Uncertainty Theorem

• 𝐴, 𝐵 ≠ 0

(∆𝐴)2 (∆𝐵)2 ≥
1

4
| 𝐴, 𝐵 |2

𝐴 = 𝑥
𝐵 = 𝑝𝑥

(∆𝑥)2 (∆𝑝𝑥)
2 ≥

1

4
𝑥, 𝑝𝑥

2 =
1

4
𝑖ħ 2 =

ħ2

4

∆𝑥∆𝑝𝑥 ≥
ħ

2

} 𝑥, 𝑝𝑥 = 𝑖ħ𝐼



Recitation:

• Prove Schwarz inequality.

• Prove Heisenberg Uncertainty Principle by using Schwarz inequality.


