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Change of Basis
• 𝐴, 𝐵 ≠ 0

{| ۧ𝛼𝑖 } {| ۧ𝑏𝑖 }
𝑈

𝑜𝑙𝑑 𝑛𝑒𝑤

Theorem: There exists a Unitary Operator U, s.t. | ۧ𝑏𝑖 =𝑈| ۧ𝛼𝑖

Proof: 𝑈 = σ𝑘 | ۧ𝑏𝑘 ൻ𝑎𝑘|

𝑈| ۧ𝑎𝑖 = 

𝑘

ۧ𝑏𝑘 ൻ𝑎𝑘 ۧ𝑎𝑖 =

𝑘

ۧ|𝑏𝑘 δ𝑘𝑖 = ۧ|𝑏𝑖



𝐷𝑒𝑚𝑜𝑛𝑠𝑡𝑟𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑈𝑛𝑖𝑡𝑎𝑟𝑖𝑡𝑦:

𝑈 =

𝑘

| ۧ𝑏𝑘 ൻ𝑎𝑘|

𝑈+ =

𝑘

| ۧ𝑎𝑘 ൻ𝑏𝑘|

𝑈+𝑈 = 

𝑘,𝑙

| ۧ𝑎𝑙 ൻ𝑏𝑙| ۧ𝑏𝑘 ൻ𝑎𝑘| =

𝑘,𝑙

δ𝑙𝑘| ۧ𝑎𝑙 ൻ𝑎𝑘| =

𝑘

ۧ𝑎𝑘 ൻ𝑎𝑘 = 𝐼

𝐶𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑛𝑒𝑠𝑠 𝑜𝑓 𝑎 − 𝑏𝑎𝑠𝑖𝑠

𝑈+𝑈 = 𝑈𝑈+ = 𝐼



Matrix Representations of Transformation Operators

• Old Basis: ൻ𝛼𝑖|𝑈| ൿ𝛼𝑗

𝑈 = 

𝑘

| ۧ𝑏𝑘 ൻ𝑎𝑘|

ൻ𝛼𝑖 𝑈 ൿ𝛼𝑗 = σ𝑘ൻ𝛼𝑖| ۧ𝑏𝑘 ൻ𝑎𝑘 | ൿ𝛼𝑗 = σ𝑘ൻ𝛼𝑖| ۧ𝑏𝑘 δ𝑘𝑗 = ൻ𝛼𝑖| ൿ𝑏𝑗

ൻ𝛼𝑖 𝑈 ൿ𝛼𝑗 =
𝑈11
𝑈21 𝑈22

𝑈12 …

…

… …



Transformation of Coordinates

| ۧ𝑎 =σ𝑖 | ۧ𝑎𝑖 ൻ𝑎𝑖| ۧ𝑎

ർ𝑏𝑗 | ۧ𝑎 =σ𝑖 ർ𝑏𝑗 | ۧ𝑎𝑖 ൻ𝑎𝑖| ۧ𝑎

𝑁𝑒𝑤 𝐶𝑜𝑜𝑟𝑑𝑠. 𝑂𝑙𝑑 𝐶𝑜𝑜𝑟𝑑𝑠.

ൻ𝛼𝑖 𝑈 ൿ𝛼𝑗 = ൻ𝛼𝑖| ൿ𝑏𝑗ർ𝛼𝑗 𝑈+ ۧ𝛼𝑖

= (𝑁𝑒𝑤 𝐶𝑜𝑜𝑟𝑑𝑠)=𝑈+(𝑂𝑙𝑑 𝐶𝑜𝑜𝑟𝑑𝑠)



Transformation of Operators under U

ൻ𝑏𝑖 𝑋 ൿ𝑏𝑗

𝐼 = 

𝑘

| ۧ𝛼𝑘 ൻ𝛼𝑘|𝐼 = 

𝑙

| ۧ𝛼𝑙 ൻ𝛼𝑙|

ൻ𝑏𝑖 𝑋 ൿ𝑏𝑗 = 

𝑙,𝑘

ൻ𝑏𝑖 ۧ𝛼𝑙 ൻ𝛼𝑙 𝑋 ۧ𝛼𝑘 ൻ𝛼𝑘 ൿ𝑏𝑗

ൻ𝛼𝑘 𝑈 ൿ𝛼𝑗ൻ𝛼𝑖 𝑈
+ ۧ𝛼𝑙

ൻ𝑏𝑖 𝑋 ൿ𝑏𝑗 = 

𝑙,𝑘

ൻ𝛼𝑖 𝑈
+ ۧ𝛼𝑙 ൻ𝛼𝑙|𝑋| ۧ𝛼𝑘 ൻ𝛼𝑘 𝑈 ൿ𝛼𝑗

𝑋 → 𝑈+𝑋𝑈 = 𝑋′



Transformation of Operators under U

ൻ𝑏𝑖 𝑋 ൿ𝑏𝑗 = 

𝑙,𝑘

ൻ𝛼𝑖 𝑈
+ ۧ𝛼𝑙 ൻ𝛼𝑙|𝑋| ۧ𝛼𝑘 ൻ𝛼𝑘 𝑈 ൿ𝛼𝑗

𝑋 → 𝑈+𝑋𝑈 = 𝑋′

ൻ𝑏𝑖 𝑋 ൿ𝑏𝑗 = 

𝑙,𝑘

ൻ𝑏𝑖 ۧ𝛼𝑙 ൻ𝛼𝑙 𝑋 ۧ𝛼𝑘 ൻ𝛼𝑘 ൿ𝑏𝑗

𝑂𝑙𝑑 𝑁𝑒𝑤



Trace of an Operator

𝑇𝑟 𝑋 ≡

𝑘

ൻ𝛼𝑘|𝑋| ۧ𝛼𝑘

𝐿𝑒𝑚𝑚𝑎: 𝑇𝑟𝑎𝑐𝑒 𝑖𝑠 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑜𝑓 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛

𝑇𝑟 𝑋 =

𝑘

ൻ𝛼𝑘| 𝑋 | ۧ𝛼𝑘

𝐼 = 

𝑙

| ۧ𝛼𝑙 ൻ𝛼𝑙|

𝑇𝑟 𝑋 = 

𝑘,𝑙,𝑚

ൻ𝛼𝑘 ۧ𝑏𝑙 ൻ𝑏𝑙 𝑋| ۧ𝑏𝑚 ൻ𝑏𝑚| ۧ𝛼𝑘



𝑇𝑟 𝑋 = 

𝑘,𝑙,𝑚

ൻ𝛼𝑘 ۧ𝑏𝑙 ൻ𝑏𝑙 𝑋| ۧ𝑏𝑚 ൻ𝑏𝑚| ۧ𝛼𝑘

𝑇𝑟 𝑋 =

𝑙,𝑚

{

𝑘

ൻ𝑏𝑚| ۧ𝛼𝑘 ൻ𝛼𝑘 ۧ𝑏𝑙 }ൻ𝑏𝑙 𝑋| ۧ𝑏𝑚

= 

𝑙,𝑚

{

𝑘

ൻ𝑏𝑚| ۧ𝛼𝑘 ൻ𝛼𝑘 ۧ𝑏𝑙 }ൻ𝑏𝑙 𝑋| ۧ𝑏𝑚

= 

𝑙,𝑚

ൻ𝑏𝑚| ۧ𝑏𝑙 ൻ𝑏𝑙|𝑋| ۧ𝑏𝑚 = 

𝑙,𝑚

δ𝑚𝑙ൻ𝑏𝑙|𝑋| ۧ𝑏𝑚

𝑇𝑟 𝑋 = 

𝑚

ൻ𝑏𝑚|𝑋| ۧ𝑏𝑚



𝑋 & 𝑌 any operators,

• 𝑇𝑟(𝑋𝑌) = 𝑇𝑟(𝑌𝑋)

• 𝑇𝑟 𝑈+𝑋𝑈 = 𝑇𝑟(𝑋)

• 𝑇𝑟 | ۧ𝛼𝑘 ൻ𝛼𝑙| = δ𝑘𝑙

• 𝑇𝑟 | ۧ𝑏𝑘 ൻ𝛼𝑙| = ൻ𝛼𝑙| ۧ𝑏𝑘

Recitation:

• Prove all these four Trace properties.


