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Unitary Equivalance

{| ۧ𝛼𝑖 } {| ۧ𝑏𝑖 }
𝑈𝐴 𝐵

𝐶𝑎𝑛 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑈

𝑔𝑖𝑣𝑒𝑛

| ۧ𝑏𝑖 =𝑈| ۧ𝛼𝑖

(𝑈 𝑘𝑛𝑜𝑤𝑛)

𝐴 → 𝐴′ ≡ 𝑈𝐴𝑈−1

𝑈𝑛𝑖𝑡𝑎𝑟𝑦 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑏𝑙𝑒𝑠



• 𝐴| ۧ𝛼𝑖 =𝛼𝑖| ۧ𝛼𝑖 ; 𝑈 ۧ𝛼𝑖 = | ۧ𝑏𝑖
• 𝑈(𝐴| ۧ𝛼𝑖 =𝛼𝑖| ۧ𝛼𝑖 )

• (𝑈𝐴𝑈−1)(𝑈| ۧ𝛼𝑖 )=𝛼𝑖 𝑈 ۧ𝛼𝑖
• (𝑈𝐴𝑈−1)| ۧ𝑏𝑖 =𝛼𝑖| ۧ𝑏𝑖

Compare against

• 𝐵| ۧ𝑏𝑖 =𝑏𝑖| ۧ𝑏𝑖

𝐴 & 𝑈𝐴𝑈−1

B & 𝑈𝐴𝑈−1

Have common eigenvectors
(Can be diagonalized together)

ൻ𝑏𝑖|𝐵| ൿ𝑏𝑗 =𝑏𝑖δ𝑖𝑗

ൻ𝑏𝑖|𝑈𝐴𝑈
−1| ൿ𝑏𝑗 =𝑎𝑖δ𝑖𝑗



Continious Spectra

• 𝐴| ۧ𝛼𝑖 =𝛼𝑖| ۧ𝛼𝑖 ; 𝑖 = 1,2, … , 𝑁

• Instead 𝜉𝑜𝑝| ۧ𝜉 = 𝜉 | ۧ𝜉

• Orthonormality: ൻ𝛼𝑖| ൿ𝛼𝑗 =δ𝑖𝑗

𝑥, 𝑝𝑥,… 𝑐𝑜𝑛𝑡𝑖𝑛𝑖𝑜𝑢𝑠

|𝜉ۦ ۧ𝜉′ =δ(𝜉 − 𝜉′)

න𝑑𝜉| ۧ𝜉 𝜉|=I𝐼ۦ =෍

𝑖

| ۧ𝛼𝑖 ൻ𝛼𝑖|



ۧ𝛼 = σ𝑖ൻ𝛼𝑖| ۧ𝛼 ۧ𝛼𝑖 = σ𝑖 ۧ𝛼𝑖 ൻ𝛼𝑖 ۧ𝛼 = σ𝑖 | ۧ𝛼𝑖 ൻ𝛼𝑖| ۧ𝛼

| ۧ𝛼 = න𝑑𝜉| ۧ𝜉 |𝜉ۦ ۧ𝛼

𝐶𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒

|𝜉ۦ| ۧ𝛼 |2 න𝑑𝜉|ۦ𝜉| ۧ𝛼 |2 = 1

|βۦ ۧ𝛼 = න𝑑𝜉ۦ𝜉| ۧβ |𝜉ۦ∗ ۧ𝛼

•

•

•

𝛼(𝜉)𝛽∗(𝜉)



Position Operator

• 𝑋| ۧ𝑥 = 𝑥| ۧ𝑥

• Postulate:          {| ۧ𝑥 }

Orthonormal |𝑥ۦ     ; ۧ𝑥′ = δ(𝑥 − 𝑥′)

Complete ; 𝐼 = |𝑑𝑥׬ ۧ𝑥 |𝑥ۦ

| ۧ𝛼 = (න𝑑𝑥| ۧ𝑥 (|𝑥ۦ ۧ|𝛼 = න𝑑𝑥| ۧ𝑥 |𝑥ۦ ۧ𝛼

𝛼(𝑥)

න𝑑𝑥|ۦ𝑥| ۧ𝛼 |2 = 1 ↔ |𝑥ۦ ۧ𝛼 = 1



Momentum Operator

• Translation in space

𝜏(𝑑𝒙)

𝑑𝑓𝑛

𝜏𝑑𝒙

𝜏 𝑑𝒙 | ۧ𝒙 ≡ | ۧ𝒙 + 𝑑𝒙

Note that: | ۧ𝒙 is NOT eigenvector of 𝜏

𝒙 + 𝑑𝒙

𝑑𝒙

𝒙



• | ۧ𝛼 : Arbitrary state

| ۧ𝛼 𝑡𝑟 ≡ 𝜏| ۧ𝛼 ↔ 𝑡𝑟ۦ𝑎| = +𝑎|𝜏ۦ

𝑖) Preservation of the normalisation

𝑡𝑟ۦ𝑎| ۧ𝛼 𝑡𝑟 = |𝑎ۦ ۧ𝛼 = 𝐼

|𝑎|𝜏+𝜏ۦ ۧ𝛼 = |𝑎ۦ ۧ𝛼

𝜏+𝜏 = 𝐼

𝑖𝑣)

𝑑𝒙′
𝑑𝒙

𝐴
B

C 

𝜏 𝑑𝒙 𝜏 𝑑𝒙′ = 𝜏 𝑑𝒙 + 𝑑𝒙′

𝜏 −𝑑𝒙 = 𝜏−1 𝑑𝒙

𝑑𝒙

𝐴 B
−𝑑𝒙

𝑖𝑖) Group Property

lim
𝑑𝒙→0

𝜏 𝑑𝒙 = 𝐼𝑖𝑖𝑖)



Construction of 𝜏 𝑑𝒙

𝜏 𝑑𝒙 ≡ 𝐼 − 𝑖𝑑𝒙.𝑲

Check Unitarity:        𝜏+𝜏 = 𝐼 + 𝑖𝑑𝒙.𝑲 𝐼 − 𝑖𝑑𝒙.𝑲 = 𝐼

By definition,               X/  𝜏 𝑑𝒙 | ۧ𝒙 = | ۧ𝒙 + 𝑑𝒙

X 𝜏 𝑑𝒙 | ۧ𝒙 = X | ۧ𝒙 + 𝑑𝒙 = (𝒙 + 𝑑𝒙)| ۧ𝒙 + 𝑑𝒙

𝜏/  X| ۧ𝒙 = x| ۧ𝒙

𝜏X | ۧ𝒙 = 𝒙𝜏| ۧ𝒙 = 𝒙| ۧ𝒙 + 𝑑𝒙

[X ,𝜏]=dx | ۧ𝒙 + 𝑑𝒙

𝑑𝑓𝑛

𝐻𝑒𝑟𝑚𝑖𝑡𝑖𝑎𝑛



• | ۧ𝒙 + 𝑑𝒙 = | ۧ𝒙 + 𝑑𝒙. 𝛁| ۧ𝒙

• [X ,𝜏]| ۧ𝒙 ≈ 𝑑𝑥𝑖 | ۧ𝒙 + 𝑑𝑥𝑗𝛻𝑗| ۧ𝒙

≈ 𝑑𝑥𝑖| ۧ𝒙 + 𝑑𝑥𝑖𝑑𝑥𝑗𝛻𝑗| ۧ𝒙 …

≈ 𝑑𝑥𝑖| ۧ𝒙 + 𝑂(𝑑𝒙2)

• [X𝑖 ,𝜏] ≈ 𝑑𝑥𝑖

𝑑𝑥𝑗𝛻𝑗

𝐼 − 𝑖𝑑𝒙.𝑲

−𝑖𝑑𝑥𝑗[X𝑖 ,K𝑗]=𝑑𝑥𝑖 = δ𝑖𝑗𝑑𝑥𝑗

[X𝑖 ,K𝑗] = 𝑖δ𝑖𝑗

K𝑖 ≡
P𝑖
ℏ



𝜏 𝑑𝒙 = 𝐼 −
𝑖

ℏ
𝑷. 𝑑𝒙

[X𝑖 ,P𝑗] = 𝑖ℏδ𝑖𝑗


