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Commutation Relations

• [A,A] = 0

• [A,B] = −[B,A]

• [A,cI] = 0

• [A+B,C] = [𝐴,C] + [B, C]

• [A,BC] = 𝐵[𝐴,𝐶] + [𝐴,𝐵]𝐶

• [𝐴B,C] = 𝐴[B,C] + [𝐴,C]B

• [𝐴, [B,C]] + [𝐶, [A,B]] + [𝐵, [C,A]] = 0

[Xi,Pj] = iℏδij
[Pi,Pj] = 0

[Xi,Xj] = 0



Wave Functions in Position and Momentum Space

• | ۧ𝜓 ∶ Arbitrary State

• 𝑋| ۧ𝑥 = 𝑥| ۧ𝑥
• Complete ; 𝐼 = |𝑑𝑥 ۧ𝑥 |𝑥ۦ

• Orthonormal ;     ۦ𝑥| ۧ𝑥′ = δ(𝑥 − 𝑥′)

| ۧ𝜓 = |𝑑𝑥) ۧ𝑥 (|𝑥ۦ | ۧ𝜓 = |𝑑𝑥 ۧ𝑥 |𝑥ۦ ۧ𝜓

න𝑑𝑥|ۦ𝑥| ۧ𝜓 |2 → ൻ𝜓1| ۧ𝜓2 = න𝑑𝑥ൻ𝜓1| ۧ𝑥 |𝑥ۦ ۧ𝜓2 = න𝑑𝑥ۦ𝑥| ۧ𝜓1
|𝑥ۦ∗ ۧ𝜓2

ൻ𝜓1| ۧ𝜓2 = න𝑑𝑥𝜓1 𝑥 ∗𝜓2(𝑥)

𝐶𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝜓(x)



Momentum Space Wave Function

• 𝑃| ۧ𝑝 = 𝑝| ۧ𝑝
• Complete ; 𝐼 = |𝑑𝑝 ۧ𝑝 |𝑝ۦ

• Orthonormal ;     ۦ𝑝| ۧ𝑝′ = δ(𝑝 − 𝑝′)

| ۧ𝜓 = |𝑑𝑝) ۧ𝑝 (|𝑝ۦ | ۧ𝜓 = |𝑑𝑝 ۧ𝑝 |𝑝ۦ ۧ𝜓

| ۧ𝜓 = |𝑑𝑝 ۧ𝑝 𝜓(p)

𝜓(x) ↔ 𝜓(p)

{| ۧ𝑥 } ↔ {| ۧ𝑝 }

𝜓(p)



| ۧ𝜓 =න𝑑𝑥| ۧ𝑥 𝜓(x)

|𝑝ۦ / | ۧ𝜓 =න𝑑𝑥| ۧ𝑥 𝜓(x)

|𝑝ۦ ۧ𝜓 =න𝑑𝑥ۦ𝑝| ۧ𝑥 𝜓(x)

𝜓(p)= න𝑑𝑥ۦ𝑝| ۧ𝑥 𝜓(x)

| ۧ𝜓 =න𝑑𝑝| ۧ𝑝 𝜓(p)

|𝑥ۦ / | ۧ𝜓 =න𝑑𝑝| ۧ𝑝 𝜓(p)

|𝑥ۦ ۧ𝜓 =න𝑑𝑝ۦ𝑥| ۧ𝑝 𝜓(p)

𝜓(x)= න𝑑𝑝ۦ𝑥| ۧ𝑝 𝜓(p)

|𝑝ۦ ۧ𝑥 |𝑥ۦ= ۧ𝑝 ∗



|𝑝ۦ / P | ۧ𝑥 =𝑖ℏ
𝑑

𝑑𝑥
| ۧ𝑥

𝑝|Pۦ | ۧ𝑥 =𝑖ℏۦ𝑝|
𝑑

𝑑𝑥
| ۧ𝑥

p |𝑝ۦ ۧ𝑥 =𝑖ℏ
𝑑

𝑑𝑥
|𝑝ۦ ۧ𝑥

𝑑

𝑑𝑥
|𝑝ۦ ۧ𝑥 = −

𝑖

ℏ
p |𝑝ۦ ۧ𝑥

|𝑝ۦ ۧ𝑥 = Nexp(−
𝑖

ℏ
px)

To determine |𝑝ۦ ۧ𝑥 :

|𝜓ۦ ۧ𝜓 =1

| ۧ𝜓 =න𝑑𝑥| ۧ𝑥 𝜓(x)

|𝜓ۦ ۧ𝜓 → න𝑑𝑥|𝜓(𝑥)|2 = 1

1 = න𝑑𝑥 |𝑝ۦ ۧ𝑥 |𝑥ۦ ۧ𝑝

𝑁 =
1

2𝜋ℏ



𝜓(p)= න𝑑𝑥ۦ𝑝| ۧ𝑥 𝜓(x) =
1

2𝜋ℏ
න𝑑𝑥 exp(−

𝑖

ℏ
p.x) 𝜓(x)

𝜓(x)= න𝑑𝑝ۦ𝑥| ۧ𝑝 𝜓(p) =
1

2𝜋ℏ
න𝑑𝑥 exp(

𝑖

ℏ
p.x) 𝜓(p)


