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Books

J.J. Sakural, Modern Quantum Mechanics (2nd Ed.)
E. Merzbacher, QM (3rd Ed.)

NRQM

S

J. Bjorken, S. Drell, ROM (v.1)
J.J. Sakurai, Advanced QM - RQM
W. Greiner, D.A. Bromley, ROM _




NRQM

* Hydrogen Atom — Fine Structure
(Addition of Angular Momenta)

» Quantum Mechanical Pictures —
Time Evolution Problem
» Schroédinger Picture
« Heisenberg Picture
« Dirac Picture

* Time Dependent Problems

Time Dependent Perturbation
Theory.

e Constant Potentials
e Harmonic Potentials

Atoms in Classical Radiation Field
Gauge Problems

Spontaneous and Simulated
emmissions



RQM

* Lorentz Transformations
* First attempt on Relativistic QM. Klein Gordon Egns.
* Dirac Egn.

* Non-Relativistic Limits
* Free, in pure magnetic field (g=2)
e Coulomb field ( Fine Structures of Hydrogen)

e Classical Limits



State

Classical Physics: {x;, p;} ‘Causality’

¥
N

=

.

dv d
F—ma—ma—a(mv)—mﬁ

One can ‘predict’ x(t), p(t)

‘Deterministic’

Need ‘2 initial conditions’ for Vi

Measurement
(Experiment & Observations)

Quantization of Charge: Q = ne

Measurement in ‘microworld’ is order dependent. \

g

We need ‘order dependent’ mathematical entities to describe
‘dynamical variables’

\

Operators/Matrices




Stern-Gerlach Experiment (1921-22)

Zjl -
e 1900: Planck N &
* 1905: Einstein W
-9 g
1 < %%__I x‘: g '_’,-:
- ——-Cte?é(l ) g
Schrodinger :
e 1926: - Heisenberg — m :?5
Dirac =2
Born
\

Figure: https://www.researchgate.net/figure/Sketch-of-Stern-Gerlach-experiment-A-beam-of-silver-atoms-is-sent-through-an_fig2 334586888



* Orthogonal
*Dimensions of Vector Space : Number of Linearly independent Basis Vectors — « Normalized Orthonormal

*Number of possible results of an experiment * Complete




* Hilbert Space: Infinite Dim. EXp: Spin
 Complex Vector Space = {State Vectors ; Observables}
|ax) A

=t

Szli)z =t= |i>z

N SN

Sx|i>x — i_|i>x

A(la))=A|a) + (const)|a)

If Ala) = (const)|a) A _ -
o:)=a:\a: mmmsw)  Arbitrary State
la): ezgenstate(ket) of A ai)=ai|a;) n
a;;lt=1,. — e
El le C } eigenvalues eigenkets |a> B z Ci |al>

=1



Ket Space Bra Space

) Dual Correspondance (@
{lai)} {1}
ja) + |B) (a| +{B]
cla) c*(af

c1la) + c;|B) c1{al + " (B



Advanced Quantum

Mechanics |
PEN425

Dr. H.Ozgur Cildiroglu



Advanced Quantum
Mechanics ||

PEN425
Week 2

Inner Product
Normalization
Linear Operators
Outer Product

Matrix Representations of Operators

Ankara University | Physics Engineering Department
Dr. H. Ozgur Cildiroglu



Inner Product of a bra & ket

dfn

(<IB|) (la» — (,B|C¥> (€ C in general)

Property 1: (B|a) = (a|B)*

(Bla) - B.A
(@|B) - A.B

(ala) € R;{ala) = {a|a)’

Property 2 : (a|a) = 0; if (a|a) = 0, then |a) = 0 (null vector).

Defn : Orthogonality of kets
(|B) =0 — |a) & |B) are orthogonal



Defn : Normalized ket

o 1
|ar) —>|a>—\/m—|a>la>
Then,
(@la) =1

J{ala): Norm of |a) onelce V| =vVV.V = V>



Physical (Q) States < Normalized Kets

* Operators

X,Y; X=Yif X|a)=Y|a) (forarbitrary |a))
X=0if Xla)=0

e Addition of Operators
e Commutative X+Y=Y+X
* Associative X+ +2)=X+Y)+Z




Linear Operators

* X(cila) + c;|B)) = i X|a) + ;. X|B)

e X|a) & (a]|X are not dual correspondents

« X|a) & (a]| X" are DC (X% is Hermitian adjoint of X)
 If X* = X; Hermitian Operators

* Multiplication of Operators Dfn: Y|a) = |B) « (8| = (a|Y"
* Non-Commutative XY #YX
* Associative X(YZ)=(XY)Z XY|a) =X(Y|a)) = X|B) &

s (XN T=YrXY (BIXT = (a|lY*X* = (a|(XY)*



e Quter Product

(lﬁ)) ((C(D — |IB)((1| To be regarded as an operator?

* Associativity of ‘Multiplication’ in general (kets, bras, operators)
Associative axiom of Multiplications

1. As an illustration, consider

[ABN- KaDlly) = |BY{aly)]

? Ket  Ket Number

* |B){a| is an operator, rotates the ‘ket’ to the direction of |[5)



dfn T
ey o XInedlx
X+=||C'f>><<ﬁa|l |ﬁ)(al)/) o (Blc = (Bl{yla) = ylaXBl=(y|(laXB)=(r|X*

2. As an illustration (Ass. Axiom)

Consider, ({B])- (X|a)) = ({B1X). |e)
Notation: (,B|X|CX>

. - BIy) = (18" = [(alx"|B)]
@) © (al ) (BIX|a)=(a|X"|B)

[¥) (v

X: Hermitian



Matrix Representations of Operators

* Theorem: For a Hermitian operator A,
* The eigenvalues are real
* The eigenvectors corresponding to different eigenvalues are orthogonal

Proof: * Take [ =k, )
A|ai)=ai C(i> 0= (ai_ai )(ailai>
AalAlay)=ai{ag|a;) Hence (a;|a;) # 0
N Then, a; = a;”
(il A=a, <*ak| AT =4 * Take i # k,
- AarlAla)=ar (g |a;) 0% a;—a
(ala;) =0

Subtract (.-..): 0= (a;:—a, Na.|a; o
(--) (ai—a N akla:) * Normalize eigenvectors |«;)

(ak|“i)=5ik
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Completeness of Eigenvectors




Matrix Representations

* X = (2 |ai><ai|)X(Zk |“k>(“k|)
= Yir lay{a; [ X)) {axl

Matrix representation of X in the basis {|a;)}

|1B) = X|a)
(a;18) = (ai]X.|)

=l
k

=2l Xlap)ay | a)




* |B) = X|a)

Aij , Bij

(AB);j= X AixBy;
(Bla;) = W'IX'“i)

I=Z|“j><“j|

(Blar) = T alag) o | Xl

)

]

/

N




Matrix Representations in its own eigenvector basis

e Ala;)=a;|a;) A= z EAKCAYALDICA
(“k|A|ai)=“i<ak|“i> ok a8k
/al O N — Zi |ai>ai<ai|
= azag_ =X “i|ai)<ai|
N | /

A
A= z CliAi
L

A= (z |“i)(“i|)A(z | @)
i X



lllustration

* Matrix Representation in the {| 1)} basis,

* S, = 1 +)a =), () = 1,(Fl+) =0
(+3) (=3) 4 N[0

= (+]+) 1

+) - -

1= ) + =) (—1+) 0

A+ A_ \ / — -/
h h

S, =-A; + (—0)A_ 4 A

2 ) (+I=) | _] 0

=5 () = [=X=D) S 1
. s L



o= ) + =) - ~

IS4 (+1S21-)
(+] ... |[+) = Sz =
b = 0 G
(=] o |+) =
(=l = (18,1 -)=2 (=1 )+ = 1=X=D)]-)
e A
10 hl4+) (-1 =S, — h[o 1 j
=10 0 0

S~ h-N+l=s. > n ° O
1 0



e Before

)

arbitrary

;)

Measurement

During

Measurement of A
with the result «;

Exception

{(

After

;)

;)



Probability Expectation Value

+ Prob= |{a;|a)|2 = 0 of an Operator

* X aila)|® =1 * (4) = (a|A|a)

« Yala)a;|a) = (ala) = 1 » Averaged Measured Value
(af, A .|a)

[ = z |ai)(ai| I = Z |ak><ak|
7 K

(A) = Z<a|ai><ai|‘4|ak)<ak|a) =Z ai{a|a;)a;|a)
w

l

(A= a;|{a;|a)|?

Measured Values Prob. of obtaining a;
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Compatible Operators

*3A,B - |AB] =0 Compatible
|A,B] # 0 In — Compatible

{lap)}  {Ib:)}

How these basis are related?
Ala;)=a;|a;)

* Consider non-degenerate case
* One q; One |a;) ; non-degenerate
* One q; Many |a;) ; degenerate

{$%, 5.}
{52, Sx}



Theorem:

|A,B] =0

Assume, eigenvectors of A are non-degenerate,
Ala;)=a;la;) = (a;|Alayg)=a;8; , diagonal

Claim: (ai|B|ak) is diagonal.

Proof:

<ai|[A:B]|ak>=O D o = ay ; (ai|B|ai) *0
(a; — ap){a;|Blay)=0

iy a; # ag ;{a;|Blag) =0



B =0 la) (DB laaxl)
i k
= e ((alBla)ar] — {alBla) = SufalBla)
i,k
= la{alBla(a

Blay) = Z|ai><ai|3|ai)<ai|ak) (@) = 8

= |a)({ax|Blag))

eigenvalues of B in {|ay)} basis



* |a;) : Simultaneous eigenkets of A, B
Alay, b )=a;|a;, by)

la;, b;)
B |ai' bk>=bk|ai' bk)

* This statements hold for the degenerate case as well

Ala;®)=a;|a;®); i=1,..,N - Dim.of full ket space
k=1,..,N - Dim.of degenerate sub space



Measurement of Compatible Operators

|A,B] =0
A-Meas. B-Meas. A-Meas.
a; by [a;]

get back the same «;

Note that: 2nd measurement (B)does not destroy the previous info



Incompatible Observables

* [A,B] # 0

Claim: Do NOT have a complete set of Simultaneous eigenstates.

Proof: Assume contrary;
B/ Ala;, b)=a;|a;, by)
A/ Bla;, b )=by|a;, by)

[B,Al|a;, by) =0 - [4,B] =0 CONTRADICTION!



* Exception

e {L? L,}: Compatible {l, m}: complete orthonormal
* {Lx, Ly} : Incompatible — A a complete common eigenset

* Special case [ = 0 subspace (1d)

+ L,,10,0)=0
+ L,,]0,0)=0

} |0,0) is simultaneous eigenstate of L, and L, with 0 eigenvalues



Heisenberg Uncertainty Relations
* [A,B] # 0

Define: AA = A — (A)I
((AA)?) : Dispersion of A-Operator

((AA)?)=(A% — 2(A)A + (A)*]) = (A%) — 2(ANA) + (A)*]
= (A%) —(4)*



Note that!

* If [1) is an eigenstate of A; |Y) = |a;)

(a;ilAla;) = ai{a;|a;) = a;
A%la;) = a;%|a;)

(ai|A%a;) = a;?

((A4)*)=a;* -(a;)* =0



Heisenberg Uncertainty Theorem

* |[A,B] #0 .
(8A)*X(8B)?) = 7 [([4, BI)I?

A=x '
B =p, } |x, p, ] = ihl

2

()PP 2 T K P DI = 7 libl? = -

h
AxApx = E



Recitation:

* Prove Schwarz inequality.
* Prove Heisenberg Uncertainty Principle by using Schwarz inequality.
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Change of Basis

* [A,B] # 0
{lai)} U {Iby)}
old new

Theorem: There exists a Unitary Operator U, s.t. |b;)=U|«a;)
Proof: U = ), |bk)<ak|

Ula;) = Z|bk><ak|ai> =Z|bk>8ki = |b;)

k k



Demonstration of Unitarity:

UtU=U0U" =1

U= bi)ad
k

U' = Z |ak><bk|
K
U*u = z |ag){(by| by ) a| =Z Sirclar){ax| = zlak><ak| =1
Kl Kl

k

Completeness of a — basis



Matrix Representations of Transformation Operators

* Old Basis: (ai U|aj)

U= Ib)a

k
(ailUlaj) Zk(“tlbk><ak |(,¥]> Zk(a |bk> Sk] <al|b )
/U U N
_ = 11 Y12
<C¥l|U|C¥]> U1 Uz -

o Y,



Transformation of Coordinates

la)=Y; |a;){a;|a)

(b 10)=2, (b

New Coords.

a;)a;|a)

Old Coords.

(Ut |a) g (lUle) = (il

\

()]

|

> mm) (New Coords)=U*(0ld Coords)



Transformation of Operators under U
(bil. X b))
1=Z | | I:z | M|
(bilX1;) = D (bila){e|X| i) | )

" |

(a;|U*|a;) (aklUlaj>

(b;1X|b;) z (a;|U [y | X | e e [U | ;)
Lk

X->U'XU=X



Transformation of Operators under U

(il X1;) = > (bilan){et| X et | )

L,k

(bi|X|b;) = Z(“i|U+|0‘l>(“l|X|“k><“k|U o)

Lk

X->U'XU=X

| |

old New



Trace of an Operator

Tr(0) = ) (lXla)

k

Lemma: Trace is independent of representation

Tr(0) = ) (el X la)

k

I = Z la N a|

l

Tr(0) = ) {alb){bi|X1bm) (bmla)

k,lm



Tr(0) = " {ate|bo){(bil X bm) (Bl

k,lLm

Tr(X) = > ) (bmlai}ci|b)}be|X1bm)
Im k

= > 0 (Bl @l b} X1by)
Im k

— z (by| X |bm) = Z (D11 X b}

Im [m

Tr(X) = ) (bm|XIby)

m



X &Y any operators,

. Tr(XY) = Tr(YX)

« Tr(U*XU) = Tr(X)

* Tr(|ag)Xa]) = 8y

* TT(|bk><al|) = (allbk>

Recitation:

* Prove all these four Trace properties.
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Unitary Equivalance

|bi)=U|a;)
{lai>} {|b1>} given (U known)
A U B
Can determine U
A- A =UAU?

Unitary equivalent observables



* Alay)=a;|a;) ; (Ula;) = |b;))
* U(A|a;)=a;|a;))

* (VAU Y (Ula))=a;(Ula;))
o (UAU_l)lbi>=ai|bi> Have common eigenvectors

(Can be diagonalized together)

A&UAU
B& UAU1

Compare against
*  Bl|b;)=b;|b;)

(b;|B|b;)=b;8;;
(bi|UAU_1|bj)=ai8ij



Continious Spectra

¢ A|ai)=ai|ai) , I = 1,2, ,N
* Instead §7P[§)= ¢ [§)

X, Doyene continious

* Orthonormality: <C¥i|“j>=8if

=) laal

i

(£1E)=8(¢& — &)
[ asiexel=



@) = Yai|a)|ap) = Xilaai]|a) = 3 |a){a;| a)

@) = ] dE(E)(E| @)

Coordinate

(€]a)|? [ agicran =1

(Bla) = j dE(E1B) (€ ]a)
B (&) a(®)



Position Operator

* X|x) = x|x)
Orthonormal ; (x|x') = 6(x — x")
* Postulate: {|x)}

Complete ; I = [ dx|x){x|
@) = (| dxaDla) = | dxlxa)
a(x)

de|(x|cx)|2 =1 o {(x|la)=1



Momentum Operator

* Translation in space
dx

7(dx) y

X+ dx

Tdx

dfn
7(dx)|x) = |x + dx)

Note that: |x) is NOT eigenvector of T



* |a) : Arbitrary state

|a>tr =1|a) & tr<a| — <a|T+




Construction of 7(dx)

Hermitian

dfn
t(dx) =1 —idx. K

Check Unitarity: tttr=U+idx. K)(I —idx.K) =1

By definition, X/ t(dx)|x) = |x + dx)
Xt(dx)|x) = X|x + dx) = (x + dx)|x + dx)
7/ X|x) = xX|x)

X |x) = x7|x) = X|x + dX)

[X,7]=dx|x + dx)



o |x +dx) = |x)+ flx.V|x?

v

dx;V;
* [X]|x) = dx;(|x) + dx;V;|x)) |
~ dox;|x) + dx;dx; V| x) . [ X, K] = 00
~ dx;|x) + 0(dx?)

¢ [XT] = dx;
l > —ide [Xl-,[(}-]=dxi = Sde]

[ —idx. K
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Commutation Relations

XIJP]] — 1h81]
PP =0

*[AA] =0

* [AB] = —[B,A]
Acl] =
A+B,C] = [A4,C] + [B, C]
ABC] = BIA,C] + [AB]C
AB,C] = A[B,C] + [A,C]|B
A, |B,C]] + |C,[AB]] +



Wave Functions in Position and Momentum Space

* |Y) : Arbitrary State

* X|x) = x|x)
« Complete; I = [ dx|x){x|
e Orthonormal; (x|x') =6(x —x")

) = (J dx|x)x|) [} = [ dx|x)(x| )

Coordinates 1 (x)

fdx|(x|1,l))|2 = (Y11Y2) = | dx(iha|x)x|h,) = fdx(XIlljl)*(XIl/m

(W1 19) = j dxpy ()" (%)



Momentum Space Wave Function

* P|p) = plp)
« Complete; I = [ dp|p)p|
e Orthonormal; (p|p’') =686 —p")

¥} = (J dplpXpl) [¥) = [ dplpXp|¥)

W) = [dplp)y(p) ViP)

Y(x) <« P(p)
{10} © {|p)}



W)= dxlowi W)= dplp)ie)

@l / 1)= [ dxlxpi (x1 / 1)= [ dplpyp
pl)= [ dxplepi (x1)= [ dp(xlp)b(o)
bio)= | dx(plnpie W= [ dpalpp

(p|x)=(x|p)”



To determine (p|x):




: |
Wip)= [ dx(plepi) == [ dx exp(~7 )Y

W= [ dptalpipie) = <= [ dx expG P Y

1
\V21h
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Time Evolution of Quantum Mechanical System

T R A
&
BT U

iU (t,t,) — U (tg,t,)} = /dt’H (£)U (£ 1)

t
U(t,t,) =1 —z'/dt’H () U (1)
0



U — I—-i[dt"H(t’)
]
T
U2 = T4+ (— )/de (—1) /a’z‘/dtH )
4]

t ty tn 1
U (t,t,) :I+Z(—i)”/dt1 /dtg,../ dt, [H (t,)
0 0 0




H(t))H (t3); ty <tq

T[H(ty) H(ty)] = {H(tE)H(tl) Dty <ty

t t

(1)

iftat it
U(t,tn):_T[e ho U] @




[ t

— 1
Ult,ty) = ngdtl...fdtnir [H (t;)...H (t,)] (1)
n=0 .tl_‘] tD
Ult,ty) =T [e_iﬁfﬂ e }] (2)
t 1:J
[U {t:tﬂ-j]{l” — {T_II}E‘/\EH; /dtﬂH(ﬁa) H (tﬁ) (3)
tﬂ ti]

t tr
U (tt)] 5, = %fdt’ fdt”T H(t)H(t)]. (4)
tg ty



In the equation (3), first the integral of t”
must be taken

The integration operation with the
resulting t’ must be done.

In Figure, the first integral region is the
region above the bisector.

Considering that both fields are equal,
the integral must be prefixed with a
coefficient of

Then, the time-ordered expression can be
passed.

Thus, equation (4) is obtained.

Similar examples can be multiplied in
other terms of the infinite sum.



Recitation:

e Starting from Equation (1), obtain the equation (2).



Dynamical Phases

2 [9(0) = H (D)

(1)) = e~ [45(0))
H=H(x(t)
H () [n(t)) = E,, (¢) In(t)).

() = €' [n(1))

> Interaction time




Dynamical Phases

2 [9(0) = H (D)
[¥(t)) = e [4(0))

H (1) |n(t)) = E, (t) (1)) .

(1) = €= [n(t)

|

n (x(2))) = [n(t))

0,(t)=— | H,(t)dt
/

> Interaction time




Dynamical Phases

d
i [9(8)) = H [(0))
[¥(t)) = e~ [4(0))

H (8) In(t)) = E,, () In(1)).
U(t)) = €' |n(t))

0,(t) =— | H,(t)dt
/

> Interaction time
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This change between
the initial and final
states of the system can
be defined as the

geometric phase.

It ensures that the
system will remain in
the instantaneous
energy eigenstate
specified for the initial
state at the end of the
evolution cycle.

Adiabatic
Theorem

The phase of the final
state vector does not
need to (and usually
does not) return to the
initial state phase.










d
— () H |1(1)
i )) = H |1(t))

H(t)|n(t)) = E, (t)|n(t)).

Addition to the known

dynamical phase (1)) = "= n(t))

.(t) = /H(t

* Due to the adiabatic nature of the process, wavefunction of the system gains an
additional phase known as the geometric phase in the literature.

* Total phase that the system will gain, including geometric phase y,,,

I:z}ﬂ — ﬁﬂ, —I_ H.:r:“.l'l






0

<n(t ‘ﬂ(f >

v
( n(t)|n(t)) + ) <n(t)“?n(t)>
(nt
2R

)|[Vn(t) ) <n(t)‘?n{t)>
<n(t ‘Tf’ﬂ(i >

‘ <n(t)‘?n(t)> — A

%F.dl = /]V x F.dS
c s(e)




‘ Tn:ijéAn.dx:i[/?xA.dS.
c s(e)

= €ijk <vj n(t) vk”(t)> T €ijk <”(f)‘vj vk”(t)>

‘ = i /f ik <?jn(t)‘?kn(t)> dS.
s(c)

Sk




T
S
b
=

~

= =

e T

I~ I~
£ >
........f...\._.. m
.......,...\\

~
]
mmn._.._
=
S
Lo

v

(Vmln) + (m|Vn




Tﬂ — ?’ Z ]] gjkﬂmn mnds

m?":n

13&‘451311:1451121 = tjk [R ) —gj(j} ] [Rg';} —I—Ej[ )
o R + 90T80] + iy [T — 90, ]

Y, = // e [RILTE, — 79, RE)] ds,

m#n

s(e)

- —ImY // ik <?jn(t)‘m> <m‘?kn(t)> ds
c)

m+n



[VH (t)] |n(t)) + H (1) [Vn(t)) = [VE, ()] |n(t)) + E,, () [Vn(t))

(m|VH (t) |n(t)) + E,, (t) (m|Vn(t)) = VE, (t) (m|n(t)) + E, (t) (m|Vn(t))

(m|VH (t)|n(t))
En o E’.I".I".L

(m |Vn(t)) =

7 k
— Im Z [/ (t)|VIH (t) |m) m|? H(t |H(t>)d5i.
(E, —E,)°

m%n




Aharanov Anandan Phase

* Geometric Phase
* Projective Hilbert Space
* Adiabadic Approximation?

* Equivalance Classes \ Qv‘:!l
 Manifolds
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Gauge Transformations

e Classical Mechanics
* Electromagnetic Theory
e Quantum Mechanics



Gauge Transformations

‘FXE:—% B=V x A

e Classical Mechanics

JdA
* Electromagnetic Theory v ( +E) -0

* Quantum Mechanics B o, OA
= —vo-



Gauge Transformations

vxE:_g B=V x A

e Classical Mechanics

JdA
* Electromagnetic Theory v (E+ ﬂ) -0

e Quantum Mechanics oA
E=-V¢——




Gauge Transformations

‘FxE:—% B=V x A

e Classical Mechanics
OA

* Electromagnetic Theory ot

e Quantum Mechanics oA
E=-V¢——

A—-A"=A+Vf(x,t)

0f(x,1)
ot

O — o = —



Gauge Transformations in CM

oA ‘
FLGTﬂntz =q {—?cb— E -V X {v X A}]

vx (VxA)=V(v.A)—(v.V)A

A _ DA oo
a ot T\
- dA
FLG?'eﬂtz =4 [—Vrp +V (VA,:I - E]
a d [ o
FL::rrentz — _g [Q’C') —q {VA}] + E [& (q@ —q (VA\J\J]



Gauge Transformations in CM

- 0A ‘ ‘
FLﬂrentz =4 |i_vd)_ E TV X {v X A}] U= q [d)_ (VA}]
| oU d (OU
V X (V X A) =V {VA} — (V?j A FLGr'entz - _E + E E)
dA  0A , :
=7 T (V.V)A ql¢+ (v.A)]
. dA 1 - .-
FLG}'Eﬂtz =49 [_vé +V (VA} — E] H = 5”1 (P _ quz T qQ.

P—P—qgA

) i <ol
FLGreniz — _a [Q(P—Q{VA}] + E [E I[q{;)—Q‘{VA)\J] H—+H —|—qq§

9,




V=T g[6 (v

of

L'=T—q[¢— (v.A)] +q5, +qv.Vf
df of
a =V T 5

dt

y
|
y

ot




In QM

?’EL(X t) — HDPL(X t)

[@at + LVQ} =0

2m



In QM

i %(x,t) = HPY(x,1)

1 _.

d _VE} ly —

[1 6T 2m ¥
PO — pO—eAO
p — p—cA



In QM

(1) = HP(x, 1

1 .
5 _VE} ly —
[1 6T 2m ¥
p{] N _p[} L EAU
p — p—cA
—iV = —iV —eA = —i[V —ieA] = —iD.
D = V —ieA



In QM

0 | 1 ]
—(x,t) = HPY(x,t ' —D? |«
Edtb(}( ) L(}( ) [EDt + Z'TH.D |

(} 1 9 P [’E‘,D! + LDrQ-
1y + %V W= t 2€m |

p{] N p[} L EAU
p — p—cA
iV = —iV —eA = —i[V —ieA] = —iD.

D = V —ieA



In QM

J | .

| b(x,t) = HPu(x, t D, + —D2| ¢

i, 1) = HOP(x, iD,+5 D%
0, + | = [iDH D2
e o o Y= 2m
p' — p'—eA’ Y — ¢ = Uy

p — p—cA
iV = —iV —eA = —i[V —ieA] = —iD.

D = V —ieA



In QM

i%?ﬁf(x, t) = HPu(x, t) [wt + %DE: b = 0.
1 . RV T
[@at + %VE} b = lth +5-D% Y =0.
p' — p’—eA’ b= = U
p — p—cA Dyt — (D) = D' =U (D)
D¢ — (Dy) = D =U(Dy)

iV & iV —eA = —i[V —ieA] = —iD.

D = V —ieA



In QM

ad
— (%, t
zatv(x, )

— HoPy(x, 1)

1 .

2n
p’ —
P —
—1V — —1V — eA

D, =
D =

p® — e A0
p — €A

— —i[V —ieA] = —iD.

0, + ieg
V —ieA

R
[iDtJr_—Dz P = 0.

2m
liD; L Lpely =0
2m |
W — u'-! = U
Dyt — (D) = Dy =U (D)
Dy — (Dv) = D& =U (Dv)

U = teg(x,t)

D; —_— af- —I_ iEQf)r
D =V —ieA’



d .
i—U(x,t) = HPY(x,t) [zD, + :I—DZ] ¥ =0.
1

ot 2m
g [iD' + LD'z] Y =0
[101 + %V“] W= 0 vt om v = U
pP° - p°—eA" D — (D) = D' =U (D)
P = p—cA Dy — (Dy) = D¢ =U(Dy)

l.-(‘)t — 70[ —_— (’.Cb = l[at + lC(D] = lDt
iV 5 —iV—eA = —i[V —ieA] = —iD.

D, = 8, +ied D, = 0,+ie¢
D = V—ieA D =V —ieA’

'V —ieA | Uy =U [V —ieA]

UVt + (VU) ) —ieA U = UV — ieAUY

A —AVU+ivulv=o
(A =AU+ vy

A=A (vu)U-!

€

(VUYU! =ieVg(x,t)

A=A L Vg(x. 1)




Recitation

. . 0y
Show that ¢ = ¢ 5
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Topological
Phases

N

. Classical Force

\

. Multiply-Connected Region
|
. Vector Potential

[

Controlled by Physical Quantity
in Singular Region

/




Aharonov - Bohm Phase

IB=B2

A=A +Vg(x.t).
A" =0
A =—-Vg(x,1)
g(x,t):—/xA(x’).dx’

Y= =Uyp U = eledxt)



Aharonov - Bohm Phase

IB=B2

FLarentz = 4q [E +Vv X B]

A=A +Vg(x.t).
A"=0

A =—-Vyg(x,t)

g(x,t) = —/ A (XI) Ldx
Y= =Uyp U = eledxt)

’i,l/)f _ E—iefﬁ.dlw



Aharonov - Bohm Phase ¢ = v+

= Uty +Up)t,.

IB=32 —ie [A.dl —ie [A.dl

7.,1):8 [ ¢1+E o ,lpg

- —ie [A.dl [A.dl—[A.dl

! ie !
’lp = ¢ Ly ?1[)1 _I_ e (!1 lo )?1[)2

/A.dl—[A.dlz/A.dl+[A.d1:jﬁA.dl
Ly Iy Ly j;

—ie [A.d]

h=e i [¢1 4 Et'eggﬁ.dlw;]

525?&&.(11




Aharonov - Bohm Phase

Bz

B







Scalar AB Effect

Recall: Dynamical Phases






Aharonov-Casher Effect



2 MV?2
L= m; + 5 +eA.wv

d (OL\ 0L
dt \ov, )  or,

T

mi':-'i = EE-,-;j,i;T-"jB.i: + e [ﬁj‘q‘i] VT

Classical Force?

m{:'i =~ [ﬂjﬂt] 1"; :,n‘:—_ 0.

2 2
L=" MY AV
2 2
_ DA, 0A;
mi; = ep (ﬂj—l’}]—ﬂar'_? (v — V)
7 T
aA;,  OA;
— EI:E’T_T_ ETI](ﬂj_L{J‘}
= —e[04;-0A (v V),
= _E‘Ei_‘jﬁ: {'U - V]J B.i: = 0.

N









Duality

e u

P A
o
o

VAB AC
P O e
i

DVAB HMW

ee g




e g .H.Hl‘i

Pe © Pm B<E
E=0;A%=¢,(t)#0 E=0;A°=pu.B(t) =0
[
SAB SAC
B=0; A= ¢, (t)=0 B=0;4°=—d.E(t)=0
d

DSAB SHMW
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Early Questions

* Interpretation of Quantum Mechanics

* Mean?
 Calculations?

e State?

* Measurement?
e Evolution?



3 Different Answers

Pictures of Quantum Mechanics

Evolution Picture
of: Heisenberg Interaction Schrodinger
BT constant r(8)) = s Uhjg (a)) [s(8)) = e % |3ps (0))
Gbsewable Aﬂ" {’t} —_ ,Et.H-'f iR ASE—J-HH th AI |:]|_:| — E.; .H.:l.:_-' t_l.'hASﬂ—'fHu_H- tin constant
Density matrix constant pr(t) = e'fns f-"*lﬂﬁ.(ﬂﬁ—i”u SR | pg(t) = e s f-"’*rjs{u}ef'ﬁ.-,- t/h




3 Different Answers

Pictures of Quantum Mechanics

Evolution

Picture

of:

Heisenberg

nteractuon

Schrodinger

Ket state

constant

Vr(t)) = €03 Y yg(t))

[¥s(t)) = e YR yps(0))

Observable

Au([) = 67‘H~‘ t AASCT iHg t/h

Ar(t) = efost/h g e

iHy g t/h

constant

Density matrix

constant

pr(t) =e

_iH...\' t/'h

[)S({)f‘

iHy g t/A

[)g(f) — iHg t hps(o)fiih t/'h

Table: https://i.stack.imgur.com/F6TZz.png



Measurement: Physical quantities
Classical mechanics: Time dependent variables (Vectors, Real Space)

Quantum mechanics: Operators, State functions (Linear Complex Vector Space)

Time-dependent States ot s

Schrodinger Picture: Time-independent operators, 9 (x,t) = Hop,%,(x? £)
Expectation value: (A(t)) = (Y ()| 05| (t))

Heisenberg Picture: Time dependent operators, i—(x,t) =0
: : ot 'H
Time-independent States

: : .0
Time evolution operator HU=i- U



Operators in Heisenberg Picture

<O(t)>=<ws‘(t){és|\vs(t)>
Wy (t) = UMW, (0) s (1) — (0(t0)¥, (0)) =¥, 0" (1)
(O()) = <‘P,’, (0 )U*(l.o>|c')5|0(t)\v,,(0‘)> = <‘P,", (0)0* (t)OSO(l)l‘i’,,(O)>

=( 3 (040, 0} ()

0,.(t)=U" 10, U(t) = e'Ht( e 1H!

https://www.slideserve.com/avel/schr-dinger-heisenberg-interaction-pictures



Heisenberg EoM

io (()—E(O‘(()f) L.]([))—E(J*(l)o U +U" (10 £‘}'O(l)
a " a ; at ’ > ot

C9=-ifi0 20 =+ilf0) =+0A

ot ct

ao,,(t)=z(u HO,0 - U O4H0 )= i(10°0,0 - U*0,0R )= i(HO,, - 0,1)
- i[i1.0, ]

.4

Cl

{jllu) = [ﬁ'n* H]

i

https://www.slideserve.com/avel/schr-dinger-heisenberg-interaction-pictures



Operators in Dirac Picture

¥, ()=¢ Holy, (1)

—f(ﬁ] +la-lu)

P (t)=e ¥, (0)

EoM In Dirac Picture

i%‘}’,(()zi(iﬁ(,}f’,(lHeHH“li ¥ (1)
o 1

a
A +iH_t(a A :
=B, 0+e A + A, ()

= -l:ln‘P,(t)+ e+ M, (H - H, };'H“(‘P, (1)
c+ iH_t (_ HU . Flu . H: ):— iH_t

g IH“tﬂ,C— lH"l‘*’,(l)

W, (1)

https://www.slideserve.com/avel/schr-dinger-heisenberg-interaction-pictures



e (perators in interaction picture

i, " . +iH t~ —iH t
:Ew,up}llmt}qm H(t)=e" "oHe '°

@ - -
Recitation: Prove that ,EDI“)=[0I‘H:1]

Schrodinger picture

f%‘?slt}:(]:lu+l:[] () O, =0, f%éﬁ
Interaction picture

E%‘P,H):I:I]{t}‘i',(l} O (=etHatg o~ TED(U 6,.11]
Heisenberg picture

faiiql”“}:“ 0, ()=¢ “H'G ,~ iHt igﬂ},{l}z[ﬁ,“ﬁ,,]

https://www.slideserve.com/avel/schr-dinger-heisenberg-interaction-pictures
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Time-Independent Perturbation Theory

E,|[¢,) = Hl,) EY Yy = HOpY)

H=HY + \W E,,.E,U}Wv,,{f}}Jr

0 1 1 0
E,(A\)=E + \E{" + X:E{?) + - .. MNER [Y)) + Ex”[n”))+
0 2 1 1 2 0
S NED N(ED [9n”) + B o) + B )+
2 ..

() =[97) + Ay + A2y + - -

= HOyr)+
_ 11,0 . .
=>_Nln')- AHOD) + Wp®))+
=0 2( 17(0) 1,1,(2) 771, (1)
AN(HY [y, ") + W, "))+
Wrﬂ-m — (1!);5}2]|W|¢'$}> T

https://www.lancaster.ac.uk/staff/schomeru/lecturenotes/Quantum%20Mechanics/S11.html




* Oth Order Perturbation: A EQ1py =




e 1st Order Perturbation:

Az B[y = HO )
N BOW) + B ) = HOWn) + Wign)
EY G [9D) + BV bnm = B (0 [4) + Wi,

WO HOPDY = (AOpQ 1Py = ED (5@ [0

1)\ _ Winn (0)

https://www.lancaster.ac.uk/staff/schomeru/lecturenotes/Quantum%20Mechanics/S11.html



Az B[y = HO )

: £ (0
Ay EQRrOy 4 EO Oy — AODy 4 0

e 2nd Order Perturbation: e Recitation

| I’an | ?




Recitation: Harmonic Oscillator Problem

1 1

Obtain @ &™) = L . (Givens F=—mwiz+ e , V= 1mwiz? — 1xa? )

2w

https://www.lancaster.ac.uk/staff/schomeru/lecturenotes/Quantum%20Mechanics/S11.html



Time-Dependent Perturbation Theories

V(e = e M (t)s

W ()1 = Vi) ()1~ [ = X, calt)|n) tho Un(t, to) = Va(t)Ui(t, o)

I

1;]_(}!') = Giﬂﬂfrghvﬁ—fﬂnt,{h‘

?ﬁ‘-ﬂm(f) = Z “{mn(t)ﬁiwm”t(}n(t)
n

cn(t) =9 + V() + P @) + - - W,



Ur(t, to) =T {e—% Jio dt’mt’}]

e

-,

cn(t)
t.to

2, t0,t) = Ui(t, o) i}—ZIH (n|U(t, to) i)~

0 (1)

?‘1

2 Im)(m| =

(2)

_A
.

~ =

tf
Cn(t) = Ops ——/ dt' (n|Vi(t)| )——f dt/ dt”
to

ﬂ|1/1(t’)|m){m-|1fi(t”)|’é} +- -



* Recall : V; = eiflot/hy g—iHot/h

(1) = — ; / dt’pwntv;m(t)
1

where Vam(t) = (n|V(t)|m) and wnym = (En — En)/h |

with probabilities Pi_.,, = |c,(t)]* = |f‘ (t} + oy, }( t) 4 - - |?

http://www.tcm.phy.cam.ac.uk/~bds10/agp/handout_dep.pdf
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RQM

E=2 v
2m
L0 |
E —ih—, p— —ihV,
(M
i/ .
h—0 = — N0 4 V',
: Ir’h‘ 2m |

[ii?t + LV’?} Y =0

2m

spin — 0
Klein-Gordon equation

spin —1/2
Dirac equation

spin — 1
Proca equation



KG-Equation
spin — 0

E = \/-pgc'z + m2ct.

: , A
VvV —=h2c2V2 4+ m2c20 = ih—.
ot
B = pc+m2d
5\ 2
= (tha) U = —h2AEV?E+ m2Av
9\’ 9 m?c?

_1 0 ’ 2 _ L
jDE(E) - V*=0,0"

1 ) ]
V= \/L_fexp (%p . m) exp (—%Et)




KG-Equation
spin — 0

-I_-\/pw 2 + m2c?

Please also note that : 3 Negative energy solutions
| for each value of p.

For free particle system in positive state: A transition mechanism to,

negative energy state.
If 3 some external potentials, KG becomes
E — FE — e, p%p—f—iﬂ,
C

(ihd, — ed)?W = A (—ihV — S AW + m2AW,
C



KG-Equation
spin — 0

ﬁg . .
—5 (U — UVAY) = iR(TT 4 D)
hﬁ " ¥ . 6 *
—— V(I'VE - VT = iﬁﬁ(‘l’ W)

2m

ps = U0, j, = 72 (U*VU — UV

2mi

e ¥ G =0
Ot = a(WOMY — WP,
22
o = Sy |
Ez dpj* =0, j* = (4°.3)
m-=c
Voo = — r VAN o — __h
2mi

VOU — WOU* = 9, (V9T — Worb*) = p = — U

0 iR ov  _oU*
ot ot



KG-Equation
spin — 0

h? . ,
—ﬁ(np*viw —UVA*) = h(UTT + UUY)
hi . . L0
——V(I'VU - VI = zrﬁ(ty 0)

2m

pe = WU, j, = A (UVE — UV

i = a(VOHT — WO,

dps

o TV I:=0 . . q -
- Oujt =0, j# = (4°4)  a=-2
.[] . ¥
o J ih *@_'l'_ ov
p_c_chz(@ ot w@t)

mm) p, =V



Dirac Equation

Sin1
p 2

* For solving <0 prob. density problem of the KG-Egn, we are searching
for an eqn that consist first order derivative %. It is hard to find sqrt of

—h?c*V? 4+ m2ct

for a single wave function. Consider 1 consists of N components {; ;

3 N

L 0Yy L Oy, F?Ti‘f
f_ﬁ + Z Z A {.‘.—]:I.' Z iﬂﬂl ‘n —

k=1 n=1 n=1




W =

Dirac Equation

: 1
Spin — =
P 2

n=1

[=1,2,...,N, and 2% = z,

10y S AL imc
o Z : E : 11 E :
¢ Ot ! k=1 U QT‘L intn =

o a® 3 are N x N matrices.

, k=1.2,3



Dirac Equation

. 1
Spin — —
p 2
l oY mme
{ af + - v’!,. + T 3U 0

|

oa=aolz+a’yg+adz.

1 o ot ime, "
— _— _— [ —_— ,-‘ G — '-iﬁ .{31- b) =10
F(uaf-l-afu)-l—‘ﬁ a'y+yla- Vi + ﬁ( B — T BN)) = (

;(UTI)-I-V-j:U



19
c@rﬁ('

Dirac Equation

: 1
Spin — =
p 2

Y1)+ V- (Ylay)) =0

ifal =a, /T =13

= cTan.

Hiy = zhai (GV : ?V + ﬂ-mcz) .

ot

h c ot h
o0,0; + “o = = (Ba’ + a'B)0)

1 me 1 imc
(-E—Q-V—ﬂﬁ (—£+a-v+ﬂﬁ)w=0

r



Dirac Equation

: 1
Spin — =
P 2

o' + oot = 2091 Ba' = —a'f = (—1)a'B

2P e _ i , o) 180t = =33

pa’ +a -"? =0 det Bdet o' = (—=1)" det o’ det 3. (@) |

B =1
Tr [(a')'Ba’] = Tr [(a'a’) 7' 8] = Tr[B] = Tx[-f]
10 me

Y +J b —
Y = 8, alﬁix(pa +a-V+ r 3)1,, 0

Ba’, §=1,2,3

0 6‘ _me mey
L |'I:' — -'h‘"ji — — '|'I
T“ = (ﬁ.’:n'- ’Tl'.' ﬁ.’"zu 73)1 'T.H = guvﬁf ( T 3 ﬂ + ZT E? r h ) Tr a (1 J 8# h



Dirac Equation
. 1
Spln — E

Yo, =9, YA, =4 ’}’m = 4% (hermitian)
0P - Y= ot 0 p 0
( " ) w0 M= %9,

Y + 47t = 2¢* 1. (Clifford algebra).

" mc
_.lap,w'l'nfﬂf — ?T*'f — [] _ .
n ot 0. p 0 MC 4 — Y=Yy
—i0,0'1°" = =T = 0
iy + = Ewru=(n2). a4=0

https://cheng.physics.ucdavis.edu/teaching/230A-s08/rgm_all.pdf



Properties of Gamma Matrices

| | 9 )
(7,9} = 29T () = o () =T {rt)=o0
; : kNS
LoV V.., (JTL)—I_ — _"‘fl (f ) =—1
Y+t =0
ﬁfu,.:f..ﬂ — _r:/#-,-:/]'f *‘;,f'5 _ ﬁf-U,-‘fl,-\J/Q,-}JS — 0 IQ
I, 0
- 1. 0
o _ 2 . o | . )
7= ( 0 I, ) A0y ly2~3 = 3Eu12.3,Ewﬂﬁﬁfﬁﬁfyﬁfaﬁfﬁ
ko 0 oy (0 1)\ (0 —i\ (1 0
= o, 0 ) 77 1o) 270 o) 70 4
l : - s 1 419 o 1 o
oMV — 5 [,_}}.I,u! ,Ty] _ E,_T,u,_:{u ,}r.E _ ,},Uﬁf.lﬂfz,},d _ EEUIEJE#L;Q;SW#“{I ,},a,},lﬁ’ _ EEp.yal.ﬁ’TﬂﬂfI Af.aﬁf.lﬁ
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