4. FUNCTIONS-1

Definition: Let A and B be two sets. Any subset of A x B is called a
relation from A to B.

Definition: A relation f from A to B is said to be a function (well-defined)
from A to B if for each a € A there exists a unique b € B such that (a,b) € f.
In this case we write f : A — B and f(a) = b. The set A is called the domain
of f and the set B is the range of f.

Definition: Let f: A — B a function, let £ C A and let H C B. The set

f(E)={f(x)eB:x€E}CB
is called the image of the set A. The set
fUH)={zxcA: f(x)e B} C A

is called the pre-image of the set B.
Example 1: Let f: X — Y be a function. Show that

f(AUB) = f(A)U f(B)
for any A, B C X.

Solution: We are going to show that
i) fLAUB) C f(A)U f(B)
ii) f(A)U f(B) C f(AUB).
i) Let y € f(AU B). Then we have

Jr € AUB> f(z)=y
= JxeA> fz)=yorTxeB> flzx)=y
= yef(A)orye f(B)
So, we get f(AUB) C f(A)U f(B).

i1) Since A C AU B, we get f(A) C f(AU B). Similarly, as B C AU B, we
get f(B) C f(AUB). Then f(A)U f(B) C f(AU B).
Finally, from (i) and (i7) the equality is obtained.

Example 2: Let f : [0,00) — R be a function defined by f(z) = /z —1
and let A =1[0,1)U {1+ L :n e N}. Determine the following sets:

a) f(4) b) f71(A).

Solution:
a) We know that f (AU B)=f(A)U f(B). Then we have

f([0,1)) {f(@):z€[0,1)}

= {(yz-1:0<2<1}
(VT—1:0< T <1}
(V—1:-1<z—-1<0}
= [-1,0).
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Hencef(A):[fl,O)U{\/1+%71:n€N}.

b) We know that f~1

f7H([0,1))

and

e

:nGN})

(A)=f""(A)U f~1(B). Then we can write
{z €0,00): f(z) €[0,1)}
{re[0,00):0</z—1<1}

{r €0,00):1< z<2}

{r €]0,00):1<x<4}

[1,4).
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{z €[0,00): ElneNaf_1—1+,}
T € oo):ﬂnENBx:(Q—i—%)Q}

:nEN}.

Hence f~1(A4) =[1,4)U {(2+ %)2 'n e N}.

Example 3: Find the domain of the each of the following functions:

a) f(z=vVz—-1+5—-2)

Solution:

b) f(x) 1—+v9—2a2

a)x—1>0and 5—z >0 imply Dy = [1,5].

b) As

1-vV9—22>0 &
-
~
=

we have Dy = [—3, —2\/5]

VvVI—22<1

0<9—22<1

2?2 <9and z?>8

U [2v2,3].

—3<z<3and x> 2V2 and x < —2v/2.



