9. CONTINUITY

Definition: Let f: A — R be a function and let zg € A. If for any ¢ > 0
there exists 0 > 0 such that |f(z) — f(zo)| < € whenever |z — x| < § we say
that f is continuous at point .

Remark: If weuse z, < < zo+J or 29—0d < x < xg instead of |z — zo| < §
in the definition above we define the continuity from right and left, respectively.

Theorem: f is continuous at xg if and only if it is continuous both from
right and left.

If we consider the definition of the concept of the limit we can get the
following corollary:

Corollary: f is continuous at xg if and only if lim+ f(z) = lim f(z) =

T—T T—Ty
(o).

Remark: It is clear from the definition that a function f is continuous at
a point that is in the domain and is not an accumulation point. Therefore, we
should investigate the continuity of a function at the points of the domain that
are accumulation points.

Definition: A point where f is not continuous is called a discontinuity
point.

Definition: Let f: A — R be a function. If for any € > 0 there exists § > 0
such that |f(z) — f(t)| < € whenever |z —t| < § we say that f is uniformly
continuous over A.

Note that if f is uniformly continuous then it is continuous over the domain.

Example 1: Show that the function f : R — R defined by f (z) = 22+ 5 is
continuous at xg = 2.

Solution: We will show that for all € > 0 there exits a 6 > 0 such that
|f (x) — f (zo)] < € whenever |z — x¢| < 4.

For all € > 0 if we choose = § we have

If(z) = f(2)] =[2z+5-9]
=2z — 2
<20 =e.

Example 2: If the function f : R — R defined by

sinx , <
ar+m , T>

r)={

INEINE]

is continuous everywhere then determine a.
7r
Solution: It is obvious that f is continuous for x # 5 If f is continuous

at zp = g then we know that lim f(z) = 1i1£1+f (z) = f(5) . Since
x—5 z—5

lim f(r) = lim sinz=1
lim f(z) = lim f(z)= al 4 x
z—%+ B z—%+ N 2



we get a = 2=27,

Example 3: 7rLet f :R — R be the function defined by
f(z) =2 +sgn (2> - 1).

Determine the points of discontinuity. For each point of dicontinuity deter-
mine types of discontinuities.

Solution: We can write

22 -1, 22<1
fx) = x? , 2 =1
224+1 , 22>1
22+1 , —co<z<-—1
x? , T=—
= e -1l<zx<l1
x? , rz=1
2?2 +1 x> 1.

It is clear that f is continuous except | 1. As

lim f(z) = lim 2°4+1=2
r——1" r——1—
lim x) = lim 22 -1=0.
w~>71+f ( ) r——1*
f is discontinuous at x = —1. The type of discontinuity is jump discontinuity.
Since
lim f(z) = lima®-1=0
r—1— r—1—
lim f(z) = lima®>4+1=2.
w~>1+f ( ) r—1t +

f is discontinuous at x = 1. The type of discontinuity is again jump disconti-
nuity.

Example 4: Is the function f defined by f (z) = xsinz is uniformly con-
tinuous on R?

Solution: Let (z,,) = (n7) and (y,) = (n7 + 1). We get

|zn7yn|zﬁ*>07(ng)oo)

Then for any ¢ > 0 there exists ng such that |z, — y,| < § whenever n > ny.
On the other hand for all n > ny



|f (xn) —f (yn)| = |xn SinTp — Yn Sinyn‘

nmsinnmT — (mr + %) sin (mr + %)|
(nm+ L) (sinnmcos L + sin L cosnr)
= (nm+ - sin P

in L
_ sm; l . l
=7m—7*+ 5 sin;

n

-7, (n— ).

Then for e = 1 we can write |f (z,) — f (yn)| > 1. Hence, f is not uniformly
countinuous.



