
11. DERIVATIVE
De�nition: Let f : A! R be a function and let x0 2 A \A0. If the limit

f 0(x0) := lim
x!x0

f(x)� f(x0)
x� x0

exists then f is said to be di¤erentiable at x0: The limit in this de�nition is
equivalent to the following one:

lim
h!0

f(x0 + h)� f(x0)
h

:

Theorem: Let f : A ! R be a function and let x0 2 A \ A0. If f is
di¤erentiable at x0 then f is continuous at x0.

Example 1: Let f : R! R be the function de�ned by f (x) =
�
2x3 ; x � 0
3x2 ; x < 0

:

Is f di¤erentiable at x0 = 0?

Solution: We have

f
0 �
0+
�
= lim

x!0+

f (x)� f (0)
x� 0 = lim

x!0+

2x3 � 0
x� 0 = 0

f
0 �
0�
�
= lim

x!0�

f (x)� f (0)
x� 0 = lim

x!0�

3x2 � 0
x� 0 = 0:

Hence f
0
(0) = 0:

Example 2: Let f : R! R be the function de�ned by f (x) =
�
sin 1

x ; x 6= 0
0 ; x = 0

:

Is f di¤erentiable at x = 0?
Solution: Since lim

x!0
sin 1

x does not exist f is not continuous at x = 0:

Therefore, f is not di¤erentiable at x = 0:
Example 3: Calculate the derivative of the following functions:

a) f (x) =
p
sin5 x3 + tan2 4x

b) f (x) = 2 arctan
q

2x+1
3 + ln

�
1p
x3+2

�

Solution:
a)

f (x) =
p
sin5 x3 + tan2 4x ) f

0
(x) = 5

2

�
sinx3

�3=2
cosx3

�
3x2

�
+ 8 tan 4x

�
1 + tan2 4x

�
= 15

2 x
2
�
sinx3

�3=2
cosx3 + 8 tan 4x

�
1 + tan2 4x

�
b)

f (x) = 2 arctan
q

2x+1
3 + ln

�
1p
x3+2

�
) f

0
(x) = 2 1

1+ 2x+1
3

�
2x+1
3

��1=2 2
3 +

�1
2 (x

3+2)
�3=2

3x2

(x3+2)�1=2

= 1
2+x

�
2x+1
3

��1=2
+ 3x2

2(x2+2)

1



Example 4: Calculate the derivative of the following functions:

a) xy = yx

b)

�
x = t3 + 3t ;

y = t arctan t� ln
p
1 + t2

t 2 R

Solution: a)
xy = yx ) y lnx = x ln y

) y
0
lnx+ y

x = ln y +
xy

0

y

) y
0
= ln y�y=x

ln x�x=y

b)
:
x = 3t2 + 3
:
y = arctan t+ t 1

1+t2 �
1
2

2tp
1+t2p
1+t2

= arctan t

y
0
=

:
y
:
x
= arctan t

3t2+3 :

Example 5: Find the nth derivative of the function f de�ned by f (x) =
p
x;

x > 0:
Solution:

f (x) = (x)
1=2 ) f

0
(x) = 1

2x
�1
2

) f
00
(x) = 1

2
�1
2 x

�3
2

) f
000
(x) = 1

2
�1
2
�3
2 x

�5
2

) f (iv) (x) = 1
2
�1
2
�3
2
�5
2 x

�7
2

)
:
:
:

) f (n) (x) = (�1)n�11:3:5:::(2n�3)
2n x(

2n�1
2 )

2


