11. DERIVATIVE
Definition: Let f: A — R be a function and let g € AN A’. If the limit
f/(x()) — lim f(III) — f(xo)
T—xTQ T — X9

exists then f is said to be differentiable at xy. The limit in this definition is
equivalent to the following one:

lim flzo+h)— f(mo).

h—0 h

Theorem: Let f : A — R be a function and let zg € AN A’. If f is
differentiable at zy then f is continuous at xg.

3 >
Example 1: Let f : R — R be the function defined by f (z) = { 22;2 » ©20
Is f differentiable at o = 07

, <0

Solution: We have

’ o f@—=f) . 22%-0

£ = e o 0
2

f/(O_) hrg,f(xi:g(())_ 1m3x _0:0.

Hence f (0) = 0.

in 1
Example 2: Let f : R — R be the function defined by f (z) = { S”S z i 7 8
Is f differentiable at = = 07
Solution: Since hH%) sin% does not exist f is not continuous at x = 0
Therefore, f is not differentiable at x = 0.

Example 3: Calculate the derivative of the following functions:

a) f(z)=Vsin® 23 + tan® 4z

b) f(x)=2arctan /25 +1n ( ;H)

Solution:
a)
f(z) = Vsin® 23 + tan® 4z = f ()

5

= 12—5x2 (Sin x3)3/2

b)

f (z) = 2arctan % +In ( a:§+2) = f(2)

1+2m3+1 3 3
1 (2z+1)—1/2 322
= 2%z ( 3 ) +

2(z242)

1 2041\~ 1/22 | T (2+2)
=2 ( ) 24 2 (#312)-172

5 (sin xs) /2 cos 3 (3:r2) + 8tan4x (1 + tan? 4m)
cos x> + 8tandx (1 + tan? 437)

73/231‘2



Example 4: Calculate the derivative of the following functions:
a) z¥=y"*

) x =13+ 3t R
y = tarctant — In+/1 + 2

Solution: a)

¥y =y* = ylnz=zlny
= y/lnx—l—%:lny—l—zg
' lny—y/z
= y = Inz—z/y
b)
=3t +3
% 2t =
y:arctantthﬁ — Vli:z = arctant
4 Yy __ arctant

Y =%~ 5243 -

Example 5: Find the n*? derivative of the function f defined by f (z) = \/z,
x> 0.

Solution:

f@=@" = f@ ==
= @) =izt
j f/// (m) = %%1773 _75
v 1.1 -3_-5 =7
= [ (@) =13t3EFres
=
= f (z) :(71)ﬂ711,;;b5...(2n73)x(2n271)



