
Potential Functions 

𝐵⃗ = ∇ × 𝐴  
 

From Faraday’a Law 

∇ × 𝐸⃗ = −
𝜕(∇ × 𝐴 )

𝜕𝑡
 

 
 

∇ × (𝐸⃗ +
𝜕𝐴 

𝜕𝑡
) = 0 

 

𝐸⃗ +
𝜕𝐴 

𝜕𝑡
= −∇𝑉 

 

𝐸⃗ = −∇𝑉 −
𝜕𝐴 

𝜕𝑡
 

 

∇ × ∇ × 𝐴 = 𝜇𝐽 + 𝜇𝜀
𝜕

𝜕𝑡
(−∇𝑉 −

𝜕𝐴 

𝜕𝑡
) 

 
 

∇(∇ • 𝐴 )- ∇2𝐴 =  𝜇𝐽 − 𝜇𝜀
𝜕2𝐴 

𝜕𝑡2
− 𝜇𝜀

𝜕

𝜕𝑡
∇𝑉 

 

∇(∇ • 𝐴 )- ∇2𝐴 =  𝜇𝐽 − 𝜇𝜀
𝜕2𝐴 

𝜕𝑡2
− 𝜇𝜀∇

𝜕

𝜕𝑡
𝑉 

 

∇ • 𝐴 + 𝜇𝜀
𝜕

𝜕𝑡
𝑉 = 0 

 

 ∇2𝐴 − 𝜇𝜀
𝜕2𝐴 

𝜕𝑡2
= −𝜇𝐽 − ∇(∇ • 𝐴 + 𝜇𝜀

𝜕

𝜕𝑡
𝑉) 

 

 ∇2𝐴 − 𝜇𝜀
𝜕2𝐴 

𝜕𝑡2
= −𝜇𝐽  

 

∇ • 𝐷⃗⃗ = 𝜌𝑣 

 

∇ • 𝜀𝐸⃗ = 𝜌𝑣 

 

𝜀∇ • 𝐸⃗ = 𝜌𝑣 



𝜀∇ • (−∇𝑉 −
𝜕𝐴 

𝜕𝑡
) = 𝜌𝑣 

 

−𝜀∇ • ∇𝑉 − 𝜀∇ • (
𝜕𝐴 

𝜕𝑡
) = 𝜌𝑣 

  

 ∇2 𝑉 +
𝜕

𝜕𝑡
(∇ • 𝐴 ) =  −

𝜌𝑣

𝜀
 

 

∇ • 𝐴 + 𝜇𝜀
𝜕

𝜕𝑡
𝑉 =

𝜌𝑣

𝜀
 

 

∇ • 𝐴 = −𝜇𝜀
𝜕𝑉

𝜕𝑡
 

 

 ∇2 𝑉 +
𝜕

𝜕𝑡
(−𝜇𝜀

𝜕𝑉

𝜕𝑡
) =  −

𝜌𝑣

𝜀
 

 

 ∇2𝑉 − 𝜇𝜀
𝜕2𝑉

𝜕𝑡2
=  −

𝜌𝑣

𝜀
 

 

 

 

 

Boundary conditions for time-varying electromagnetics fields 

∇ × 𝐸⃗ = −
𝜕𝐵⃗ 

𝜕𝑡
 

 

∫ ∇ × 𝐸⃗ • 𝑑𝑆⃗⃗⃗⃗ = ∮ 𝐸⃗ •

𝐶

𝑑𝑙⃗⃗  ⃗ = ∫ −
𝜕𝐵⃗ 

𝜕𝑡
• 𝑑𝑆⃗⃗⃗⃗ 

𝑆𝑆

 

 

  

∫ ∇ × 𝐸⃗ • 𝑑𝑆⃗⃗⃗⃗ = ∮ 𝐸⃗ •

𝐶

𝑑𝑙⃗⃗  ⃗ = −
𝜕

𝜕𝑡
∫ 𝐵⃗ • 𝑑𝑆⃗⃗⃗⃗ 

𝑆𝑆

= 0 

 



 

 

∮ 𝐸⃗ •

𝐶

𝑑𝑙⃗⃗  ⃗ = ∑ ∫ 𝐸⃗ • 𝑑𝑙⃗⃗  ⃗

𝐶𝑖
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∮ 𝐸⃗ •

𝐶

𝑑𝑙⃗⃗  ⃗ = ∫ 𝐸⃗ • 𝑑𝑙⃗⃗  ⃗ + ∫ 𝐸⃗ • 𝑑𝑙⃗⃗  ⃗ +

𝑐

𝑏

∫ 𝐸⃗ • 𝑑𝑙⃗⃗  ⃗ +

𝑑

𝑐

∫ 𝐸⃗ • 𝑑𝑙⃗⃗  ⃗ +

𝑎

𝑑

𝑏

𝑎

 

 

∫ 𝐸⃗ • 𝑑𝑙⃗⃗  ⃗ = ∫ 𝐸⃗ • 𝑑𝑙⃗⃗  ⃗ = 0

𝑎

𝑑

𝑐

𝑏

 

 

∫ 𝐸⃗ 1 • 𝑑𝑙⃗⃗  ⃗ +

𝑏

𝑎

∫ 𝐸⃗ 2 • 𝑑𝑙⃗⃗  ⃗ = 0

𝑑

𝑐

 

 

𝐸1//(−𝐿) + 𝐸2//(−𝐿) = 0  

𝐸1// = 𝐸2//  

Tangential component of 𝐸⃗ 1is equal to tangential component of 𝐸⃗ 2  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Boundary Condition 2  

 

∮ 𝐸⃗ 

𝑆

• 𝑑𝑆⃗⃗ ⃗⃗  ⃗ = ∫
𝜌𝑣

𝜀0
𝑑𝑉

𝑉

 

 

∮ 𝐸⃗ 

𝑆

• 𝑑𝑆⃗⃗ ⃗⃗  ⃗ =
𝑄𝑒𝑛𝑐𝑙𝑜𝑠𝑒𝑑

𝜀0
 

 

∮ 𝐷⃗⃗ 

𝑆

• 𝑑𝑆⃗⃗ ⃗⃗  ⃗ = 𝑄𝑒𝑛𝑐𝑙𝑜𝑠𝑒𝑑

= 𝜌𝑆𝑆 

 

∮ 𝐷⃗⃗ 

𝑆

• 𝑑𝑆⃗⃗ ⃗⃗  ⃗ = ∫ 𝐷⃗⃗ 1 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆1

+ ∫ 𝐷⃗⃗ 2 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆2

+ ∫ 𝐷⃗⃗ 1 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆3

+ ∫ 𝐷⃗⃗ 2 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆4

 

 

∫ 𝐷⃗⃗ 1 • 𝑑𝑆⃗⃗⃗⃗ 

𝑆3

→ 0 

 

∫ 𝐷⃗⃗ 2 • 𝑑𝑆⃗⃗⃗⃗ 

𝑆4

→ 0 

 

∮ 𝐷⃗⃗ 

𝑆

• 𝑑𝑆⃗⃗ ⃗⃗  ⃗ = 𝜌𝑆𝑆 = ∫ 𝐷⃗⃗ 1 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆1

+ ∫ 𝐷⃗⃗ 3 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆3

 

 

𝐷1⊥(−𝑆) + 𝐷2⊥(+𝑆) =  𝜌𝑆𝑆 

 

=> 𝐷2⊥ − 𝐷
1⊥ =  𝜌𝑆 

 



=> 𝑛̂1 • (𝐷⃗⃗ 2 − 𝐷⃗⃗ 1) =  𝜌𝑆 
 

=> 𝑛̂2 • (𝐷⃗⃗ 1 − 𝐷⃗⃗ 2) =  𝜌𝑆 
 

  

𝐸⊥ =
𝜌𝑠

𝜀
 on 𝐸⊥ = 𝑆  

  

Boundary Condition for a conductor surface  

 

∮ 𝐸⃗ 

𝑆

• 𝑑𝑆⃗⃗ ⃗⃗  ⃗ = ∫
𝜌𝑣

𝜀0
𝑑𝑉

𝑉

 

 

∮ 𝐸⃗ 

𝑆

• 𝑑𝑆⃗⃗ ⃗⃗  ⃗ =
𝑄𝑒𝑛𝑐𝑙𝑜𝑠𝑒𝑑

𝜀0
 

 

∮ 𝐸⃗ 

𝑆

• 𝑑𝑆⃗⃗ ⃗⃗  ⃗ = ∫ 𝐸⃗ 1 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆1

+ ∫ 𝐸⃗ 2 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆2

+ ∫ 𝐸⃗ 3 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆3

+ ∫ 𝐸⃗ 4 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆4

+ 

  

𝐸⃗ 2=𝐸⃗ 4=0 (due to fact 1) 

  

∮ 𝐸⃗ 

𝑆

• 𝑑𝑆⃗⃗ ⃗⃗  ⃗ = ∫ 𝐸⃗ 1 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆1

+ ∫ 𝐸⃗ 3 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆3

 

  



𝑆3 → 0 => ∫ 𝐸⃗ 3 • 𝑑𝑆⃗⃗⃗⃗ → 0

𝑆3

 

     

  

=> ∮ 𝐸⃗ 

𝑆

• 𝑑𝑆⃗⃗⃗⃗ = lim
ℎ→0

 𝐸1⊥𝑆1 =
𝑄𝑒𝑛𝑐𝑙𝑜𝑠𝑒𝑑

𝜀0
 

  

𝐸1⊥𝑆1 =
𝑆1. 𝜌𝑠

𝜀0
 

  

𝐸⊥ =
𝜌𝑠

𝜀
 on 𝐸⊥ = 𝑆 

  

 

Boundary conditions for time-varying electromagnetics fields 

∇ × 𝐻⃗⃗ = 𝐽 +
𝜕𝐷⃗⃗ 

𝜕𝑡
 

 

∫ ∇ × 𝐻⃗⃗ • 𝑑𝑆⃗⃗⃗⃗ = ∮ 𝐻⃗⃗ •

𝐶

𝑑𝑙⃗⃗  ⃗ = ∫ 𝐽 +
𝜕𝐷⃗⃗ 

𝜕𝑡
• 𝑑𝑆⃗⃗⃗⃗ 

𝑆𝑆

 

 

  

∫ ∇ × 𝐻⃗⃗ • 𝑑𝑆⃗⃗⃗⃗ = ∮ 𝐻⃗⃗ •

𝐶

𝑑𝑙⃗⃗  ⃗ = ∫ 𝐽 • 𝑑𝑆⃗⃗⃗⃗ 

𝑆

+
𝜕

𝜕𝑡
∫ 𝐷⃗⃗ • 𝑑𝑆⃗⃗⃗⃗ 

𝑆𝑆

 

 

 

 

∮ 𝐻⃗⃗ •

𝐶

𝑑𝑙⃗⃗  ⃗ = ∑ ∫ 𝐻⃗⃗ • 𝑑𝑙⃗⃗  ⃗

𝐶𝑖
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∮ 𝐻⃗⃗ •

𝐶

𝑑𝑙⃗⃗  ⃗ = ∫ 𝐻⃗⃗ • 𝑑𝑙⃗⃗  ⃗ + ∫ 𝐻⃗⃗ • 𝑑𝑙⃗⃗  ⃗ +

𝑐

𝑏

∫ 𝐻⃗⃗ • 𝑑𝑙⃗⃗  ⃗ +

𝑑

𝑐

∫ 𝐻⃗⃗ • 𝑑𝑙⃗⃗  ⃗

𝑎

𝑑

𝑏

𝑎

 

 

∫ 𝐻⃗⃗ • 𝑑𝑙⃗⃗  ⃗ = ∫ 𝐻⃗⃗ • 𝑑𝑙⃗⃗  ⃗ = 0

𝑎

𝑑

𝑐

𝑏

 

 

∫ 𝐻⃗⃗ 1 • 𝑑𝑙⃗⃗  ⃗ +

𝑏

𝑎

∫ 𝐻⃗⃗ 2 • 𝑑𝑙⃗⃗  ⃗ = 𝐽𝑠. 𝐿

𝑑

𝑐

 

 

𝐻1//(−𝐿) + 𝐻2//(−𝐿) = 𝐽𝑠. 𝐿  

  

𝑛̂2 × (𝐻⃗⃗ 1 − 𝐻⃗⃗ 2) = 𝐽 𝑠  

  

 

 

Boundary Condition 2  

 

 

∇ • 𝐵⃗ = 0 

 

∮ 𝐵⃗ 

𝑆

• 𝑑𝑆⃗⃗ ⃗⃗  ⃗ = ∫ 0𝑑𝑉
𝑉

 

 

 

∮ 𝐵⃗ 

𝑆

• 𝑑𝑆⃗⃗ ⃗⃗  ⃗ = ∫ 𝐵⃗ 1 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆1

+ ∫ 𝐵⃗ 2 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆2

+ ∫ 𝐵⃗ 1 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆3

+ ∫ 𝐵⃗ 2 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆4

 

 

∫ 𝐵⃗⃗ 1 • 𝑑𝑆⃗⃗⃗⃗ 

𝑆3

→ 0 

 

∫ 𝐵⃗⃗ 2 • 𝑑𝑆⃗⃗⃗⃗ 

𝑆4

→ 0 

 



∮ 𝐵⃗ 

𝑆

• 𝑑𝑆⃗⃗ ⃗⃗  ⃗ = 0 = ∫ 𝐵⃗ 1 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆1

+ ∫ 𝐵⃗ 3 • 𝑑𝑆⃗⃗ ⃗⃗  ⃗

𝑆3

 

 

𝐵1⊥(−𝑆) + 𝐵2⊥(+𝑆) =  0𝑆 

 

=> 𝐵2⊥ − 𝐵
1⊥

=  0 
 

=> 𝑛̂1 • (𝐵⃗⃗ 2 − 𝐵⃗⃗ 1) =  0 
 

=> 𝑛̂2 • (𝐵⃗⃗ 1 − 𝐵⃗⃗ 2) =  0 
 

  

  

 


