
EQUIPOTENTIAL SURFACES 

 

 

�⃗⃗� = −𝛁𝑽 

 

Electric field lines are 

perpendicular to the 

equipotential lines 

 

Electric field lines are opposite 

to the direction where 

maximum variation in the 

scalar potential occurs 

�⃗⃗� =
𝒒

𝟒𝝅𝝐𝟎

�̂�

𝑹𝟐
 

 
 

 

 

MATERIAL MEDIA IN STATIC ELECTRIC FIELDS 

    

Fact 1    

 Static Electric field can not exist inside a conductor  

  

 

�⃗⃗� 𝟎: Electric field before the conductor was inserted 

�⃗⃗� 𝑺: Secondary electric field created inside the conductor as a reaction to �⃗� 0 

�⃗⃗�  : Resultant electric field after the TRANSIENT period following the insertion of 

the conductor, �⃗⃗� = �⃗⃗� 𝟎 + �⃗⃗� 𝑺 

At the end of the transient period �⃗⃗� 𝑺 = −�⃗⃗� 𝟎 inside the conductor 

At steady state, inside the conductor, �⃗⃗� = �⃗⃗� 𝟎 + �⃗⃗� 𝑺 = �⃗⃗� 𝟎 + (−�⃗⃗� 𝟎) = 𝟎 

 

  

 

 

 

 



Fact 2    

 �⃗� 0 is always perpendicular to the surface of a conductor  

𝛁 × �⃗⃗� = 0⃗   

∫ 𝛁 × �⃗⃗� • 𝒅𝑺⃗⃗⃗⃗  ⃗ = ∮ �⃗⃗� •

𝑪

𝒅𝒍⃗⃗⃗⃗ = 𝟎

𝑺

 

 

 

 

∮ �⃗⃗� •

𝑪

𝒅𝒍⃗⃗⃗⃗ = ∑ ∫ �⃗⃗� • 𝒅𝒍⃗⃗⃗⃗ 

𝑪𝒊

𝟒

𝒊=𝟏

 

 

∮ �⃗⃗� •

𝑪

𝒅𝒍⃗⃗⃗⃗ = ∫ �⃗⃗� • 𝒅𝒍⃗⃗⃗⃗ + ∫ �⃗⃗� • 𝒅𝒍⃗⃗⃗⃗ +

𝒃𝒄

∫ �⃗⃗� • 𝒅𝒍⃗⃗⃗⃗ +

𝒄𝒅

∫ �⃗⃗� • 𝒅𝒍⃗⃗⃗⃗ +

𝒅𝒂𝒂𝒃

 

 

∫ �⃗⃗� • 𝒅𝒍⃗⃗⃗⃗ = ∫ �⃗⃗� • 𝒅𝒍⃗⃗⃗⃗ = 𝟎

𝒅𝒂𝒃𝒄

 

 

�⃗⃗� 𝟐=0 (due to fact 1) 

�⃗⃗� 𝟏 = 𝑬𝟏�̂� = 𝑬𝟏�̂�𝟐 

 

�⃗⃗� 𝟏 is perpendicular to boundary surface (�⃗⃗� 𝟏 = 𝑬𝟏⊥(−�̂�) + 𝟎(�̂�)) 

�⃗⃗� 𝟏has no tangential component (𝑬𝟏// = 𝟎)  

 

 

 

 

 

 

 

 



Fact 3    

 Conductor surface is an equipotential surface and conductor body is an 

equipotential volume 

 

Proof  

As a result of Fact 2,   𝑬𝟏⊥ ≠ 𝟎  &  𝑬𝟏// = 𝟎  

 & 𝑬 ⃗⃗  ⃗ = −𝛁𝑽 ⇒ 𝑬 ⃗⃗  ⃗ ⊥ 𝑺 ⇔ 

⇒  𝑺 is an equipotential surface  

�⃗⃗�  is perpendicular to boundary surface 
 

𝒅𝒍⃗⃗⃗⃗  is // to the surface 
 

�⃗⃗� ⊥ 𝒅𝒍⃗⃗⃗⃗  ⃗ ⇒ �⃗⃗� • 𝒅𝒍⃗⃗⃗⃗  ⃗ = 𝟎 
 

 

∆𝑽 

 
= 

 
𝑽(𝒃) − 𝑽(𝒂) 

 

∆𝑽 = −∫ �⃗⃗� 

𝑏

𝑎

• 𝒅𝒍⃗⃗⃗⃗  

∆𝑽 = 0 

  

Fact 4:  

𝑬⊥ =
𝝆𝒔

𝜺
 on 𝑬⊥ = 𝑺  

Boundary Condition for a conductor surface  

 

∮ �⃗⃗� 

𝑺

• 𝒅𝑺⃗⃗⃗⃗⃗⃗ = ∫
𝝆𝒗

𝜺𝟎
𝒅𝑽

𝑽

 

 

∮ �⃗⃗� 

𝑺

• 𝒅𝑺⃗⃗⃗⃗⃗⃗ =
𝑸𝒆𝒏𝒄𝒍𝒐𝒔𝒆𝒅

𝜺𝟎
 

 



∮ �⃗⃗� 

𝑺

• 𝒅𝑺⃗⃗⃗⃗⃗⃗ = ∫ �⃗⃗� 𝟏 • 𝒅𝑺⃗⃗⃗⃗⃗⃗ 

𝑺𝟏

+ ∫ �⃗⃗� 𝟐 • 𝒅𝑺⃗⃗⃗⃗⃗⃗ 

𝑺𝟐

+ ∫ �⃗⃗� 𝟑 • 𝒅𝑺⃗⃗⃗⃗⃗⃗ 

𝑺𝟑

+ ∫ �⃗⃗� 𝟒 • 𝒅𝑺⃗⃗⃗⃗⃗⃗ 

𝑺𝟒

+ 

 

�⃗⃗� 𝟐=�⃗⃗� 𝟒=0 (due to fact 1) 
 

∮ �⃗⃗� 

𝑺

• 𝒅𝑺⃗⃗⃗⃗⃗⃗ = ∫ �⃗⃗� 𝟏 • 𝒅𝑺⃗⃗⃗⃗⃗⃗ 

𝑺𝟏

+ ∫ �⃗⃗� 𝟑 • 𝒅𝑺⃗⃗⃗⃗⃗⃗ 

𝑺𝟑

 

 

𝑺𝟑 → 𝟎 => ∫ �⃗⃗� 𝟑 • 𝒅𝑺⃗⃗⃗⃗  ⃗ → 𝟎

𝑺𝟑

 

     

 

=> ∮ �⃗⃗� 

𝑺

• 𝒅𝑺⃗⃗⃗⃗  ⃗ = 𝐥𝐢𝐦
𝒉→𝟎

 𝑬𝟏⊥𝑺𝟏 =
𝑸𝒆𝒏𝒄𝒍𝒐𝒔𝒆𝒅

𝜺𝟎
 

 

𝑬𝟏⊥𝑺𝟏 =
𝑺𝟏. 𝝆𝒔

𝜺𝟎
 

 

𝑬⊥ =
𝝆𝒔

𝜺
 on 𝑬⊥ = 𝑺  

 

Fact 5:    

No charge can remain within the conductor. The charges will redistribute 

themselves to the outer surface of the conductorwithin the transition (relaxation) 

time. 

 

𝒕𝒓𝒆𝒍𝒂𝒙𝒂𝒕𝒊𝒐𝒏,𝑪𝒐𝒑𝒑𝒆𝒓 ≅ 𝟏𝟎−𝟏𝟗 𝒔𝒆𝒄. 

 

𝒕𝒓𝒆𝒍𝒂𝒙𝒂𝒕𝒊𝒐𝒏,𝑸𝒖𝒂𝒓𝒕𝒛 ≅ 𝟏𝟎−𝟔 𝒔𝒆𝒄. 

 

 

Electrostatic Shielding   

 

 

When external �⃗�  is applied no charge can 

be induced in the inner conductor surface, 

𝑺𝒊𝒏 

 

We have �⃗⃗�  in the cavity. 

 

 

 



∮ �⃗⃗� •

𝑪

𝒅𝒍⃗⃗⃗⃗ = ∫ �⃗⃗� 𝝈 • 𝒅𝒍⃗⃗⃗⃗ + ∫ �⃗⃗� 𝒄𝒂𝒗𝒊𝒕𝒚 • 𝒅𝒍⃗⃗⃗⃗ 

𝑪𝒄𝒂𝒗𝒊𝒕𝒚𝑪𝝈

 

 

𝟎 = 𝟎 + ∫ �⃗⃗� 𝒄𝒂𝒗𝒊𝒕𝒚 • 𝒅𝒍⃗⃗⃗⃗ 

𝑪𝒄𝒂𝒗𝒊𝒕𝒚

 

 

=> ∫ �⃗⃗� 𝒄𝒂𝒗𝒊𝒕𝒚 • 𝒅𝒍⃗⃗  ⃗

𝑪𝒄𝒂𝒗𝒊𝒕𝒚

= 𝟎 

 

=> �⃗⃗� 𝒄𝒂𝒗𝒊𝒕𝒚 = 𝟎 
 

A conducting shell protects its interior from the external fields.   

 

However, if there are charges (total of Q) inside the cavity, the exterior region to the 

shell will be effected. 
 

When there is no conductor With existence of the conductor  

 

 

 

Using Gauss’ Law   

 

For 𝑺𝒄𝒂𝒗𝒊𝒕𝒚,   

 

∮ �⃗⃗� 

𝑺

• 𝒅𝑺⃗⃗⃗⃗⃗⃗ =
𝑸

𝜺
 

 

For 𝑺𝝈, �⃗⃗� = �⃗⃗� 𝟎 + �⃗⃗� 𝒔 = 𝟎  

∮ �⃗⃗� 

𝑺

• 𝒅𝑺⃗⃗⃗⃗⃗⃗ =
𝑸 + (−𝑸)

𝜺
= 𝟎 

 

For 𝑺𝒐𝒖𝒕, �⃗⃗� = �⃗⃗� 𝟎  

∮ �⃗⃗� 

𝑺

• 𝒅𝑺⃗⃗⃗⃗⃗⃗ =
𝑸 + 𝑸 + (−𝑸)

𝜺

= 𝑸 

 

 

 

 



 

It can be proven that the distribution of 𝑄𝑜𝑢𝑡 is not effected by the distribution of 𝑄  

Without conductor With conductor sphere, off-center  

 

 

 

�⃗⃗� =
𝑸

𝟒𝝅𝜺𝑹𝟐
, 𝒆𝒗𝒆𝒓𝒚𝒘𝒉𝒆𝒓𝒆 

�⃗⃗� = {

≠ 𝟎, 𝟎 < 𝒓 < 𝒂
𝟎, 𝒂 < 𝒓 < 𝒃

𝑸

𝟒𝝅𝜺𝑹𝟐
, 𝒓 > 𝒃 

 

 

 

 

Behaviour of dielectrics in Static Electric Field 

  

 

=> 

 

A dipole is created by �⃗⃗� 𝒆𝒙𝒕𝒆𝒓𝒏𝒂𝒍 

 

    

    

 

 

 

 

 

 

 

 



Ex: Electric field due to a dipole: 

 

�⃗⃗� + = �⃗⃗� −
𝒅

𝟐
�̂� 

�⃗⃗� + = 𝑹�̂� −
𝒅

𝟐
�̂� 

𝑹+ = 𝑹 −
𝒅

𝟐
𝒄𝒐𝒔(𝜽) 

�⃗⃗� − = �⃗⃗� +
𝒅

𝟐
�̂� 

𝑹− = 𝑹 +
𝒅

𝟐
𝒄𝒐𝒔(𝜽) 

�⃗⃗� − = 𝑹�̂� +
𝒅

𝟐
�̂� 

 

   

�⃗⃗� (𝑷) =
𝒒

𝟒𝝅𝜺𝟎

(

 
 𝑹�̂�−

𝒅
𝟐

�̂�

(𝑹 −
𝒅
𝟐

𝒄𝒐𝒔(𝜽))
𝟑 −

𝑹�̂� +
𝒅
𝟐

�̂�

(𝑹 +
𝒅
𝟐

𝒄𝒐𝒔(𝜽))
𝟑

)

 
 

 

 

  

�⃗⃗� (𝑷) = 

𝒒

𝟒𝝅𝜺𝟎
 𝑹�̂�

(

 
 𝑹𝟑 + 𝟑𝑹𝟐 𝒅

𝟐
𝒄𝒐𝒔𝜽 + 𝟑𝑹 (

𝒅
𝟐

)
𝟐

. 𝒄𝒐𝒔𝟐𝜽 + (
𝒅
𝟐

)
𝟑

. 𝒄𝒐𝒔𝟑𝜽

𝑹𝟔
 

)

 
 

−
𝒒

𝟒𝝅𝜺𝟎
𝑹�̂�

(

 
 𝑹𝟑 − 𝟑𝑹𝟐 𝒅

𝟐
𝒄𝒐𝒔𝜽 + 𝟑𝑹 (

𝒅
𝟐

)
𝟐

. 𝒄𝒐𝒔𝟐𝜽 − (
𝒅
𝟐

)
𝟑

. 𝒄𝒐𝒔𝟑𝜽

𝑹𝟔
 

)

 
 

−
𝒒

𝟒𝝅𝜺𝟎

𝒅
𝟐

�̂�

(

 
 𝑹𝟑 − 𝟑𝑹𝟐 𝒅

𝟐
𝒄𝒐𝒔𝜽 + 𝟑𝑹 (

𝒅
𝟐

)
𝟐

. 𝒄𝒐𝒔𝟐𝜽 − (
𝒅
𝟐

)
𝟑

. 𝒄𝒐𝒔𝟑𝜽

𝑹𝟔
 

)

 
 

−
𝒒

𝟒𝝅𝜺𝟎

𝒅
𝟐

�̂�

(

 
 𝑹𝟑 − 𝟑𝑹𝟐 𝒅

𝟐
𝒄𝒐𝒔𝜽 + 𝟑𝑹 (

𝒅
𝟐

)
𝟐

. 𝒄𝒐𝒔𝟐𝜽 − (
𝒅
𝟐

)
𝟑

. 𝒄𝒐𝒔𝟑𝜽

𝑹𝟔
 

)

 
 

 

 

 



 

=
𝒒

𝟒𝝅𝜺𝟎

[
 
 
 
 𝟐𝑹�̂�(𝟑𝑹𝟐 𝒅

𝟐 𝒄𝒐𝒔𝜽 + (
𝒅
𝟐)

𝟑

. 𝒄𝒐𝒔𝟑𝜽) − 𝟐
𝒅
𝟐 �̂�(𝑹𝟑 + 𝑹 (

𝒅
𝟐)

𝟐

. 𝒄𝒐𝒔𝟐𝜽)

𝑹𝟔

]
 
 
 
 

 

 

  

=
𝒒

𝟒𝝅𝜺𝟎
[
�̂� (𝒅.𝟐. 𝒄𝒐𝒔𝜽.𝑹𝟑 + 𝒅.𝟐. 𝒄𝒐𝒔𝜽.𝑹𝟑

) − 𝒅. �̂� (𝑹𝟑
)

𝑹
𝟔

] 

 

  

=
𝒒

𝟒𝝅𝜺𝟎
[
(𝒅.𝟐. 𝒄𝒐𝒔𝜽.𝑹𝟑

)

𝑹
𝟔

�̂� +
(𝒅. 𝒄𝒐𝒔𝜽.𝑹𝟑

)

𝑹
𝟔

�̂� −
(𝒅.𝑹𝟑

)

𝑹
𝟔

�̂�] 

 

  

=
𝒒

𝟒𝝅𝜺𝟎
[
(𝒅.𝟐. 𝒄𝒐𝒔𝜽.𝑹𝟑

)

𝑹
𝟔

�̂� +
(𝒅. 𝒄𝒐𝒔𝜽.𝑹𝟑

)

𝑹
𝟔

�̂� −
(𝒅.𝑹𝟑

)

𝑹
𝟔

�̂�] 

 

  

=
𝒒

𝟒𝝅𝜺𝟎
[
(𝒅.𝟐. 𝒄𝒐𝒔𝜽)

𝑹
𝟑

�̂� +
𝒅

𝑹
𝟑

[�̂�𝒄𝒐𝒔𝜽 − �̂�]] 

 

  

=
𝒒𝒅

𝟒𝝅𝜺𝟎𝑹
𝟑

[𝟐. 𝒄𝒐𝒔𝜽�̂� + 𝒔𝒊𝒏𝜽�̂�] 
 

 

Polarization Vector �⃗⃗�  

 
Polarized dielectric 

�⃗� = lim
∆𝑉→0

∑𝑝 𝑖
∆𝑉

 

 

where 

 

P or P(x,y,z) is the observation 

point 

 

𝑝 𝑖 is the elemental dipole 

moment (Coul.m) 

 

�⃗�  is the polarization vector is the 

volme average of the vector sum 

of the elemental dipole moments 

and its unit is 

(Coul.m/m
3
= Coul/m

2
) 

 

Microsopic effect of millions of electric dipoles contained in a differential volume 𝑑𝑉 

of a polarized dielectric can be represented by a single macroscopic electric dipole 

moment vector, �⃗� 𝑑𝑉. 

 



 

The infinitesimal electrostatic 

potential at observation point 

𝑷, created by the electric dipole 

moment �⃗� 𝑑𝑉 
 

𝐝𝚽 =
𝟏

𝟒𝝅𝜺𝟎

�⃗⃗� 𝒅𝑽 • �̂�

𝝆𝟐
 

 

 

The total electrostatic potential   

𝚽 =
𝟏

𝟒𝝅𝜺𝟎
∫

�⃗⃗� 𝒅𝑽 • �̂�

𝝆𝟐
=

𝟏

𝟒𝝅𝜺𝟎
∫

�⃗⃗� • �̂�

𝝆𝟐
𝒅𝑽

𝑽𝑽

 

 

�⃗� ∶ 𝑉𝑒𝑐𝑡𝑜𝑟 𝑓𝑟𝑜𝑚 𝑜𝑟𝑖𝑔𝑖𝑛 𝑡𝑜 𝑡ℎ𝑒 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡 𝑃  

�⃗� ′ ∶ 𝑉𝑒𝑐𝑡𝑜𝑟 𝑓𝑟𝑜𝑚 𝑜𝑟𝑖𝑔𝑖𝑛 𝑡𝑜 𝑡ℎ𝑒 𝑠𝑜𝑢𝑟𝑐𝑒 𝑝𝑜𝑖𝑛𝑡  

�⃗⃗� = �⃗⃗� − �⃗⃗� ′  

�̂� =
�⃗⃗� 

𝝆
=

�⃗⃗� − �⃗⃗� ′

|�⃗⃗� − �⃗⃗� ′|
  

 

�⃗⃗� − �⃗⃗� ′

|�⃗⃗� − �⃗⃗� ′|
𝟑

=
�⃗⃗� − �⃗⃗� ′

|�⃗⃗� − �⃗⃗� ′|
𝟏

𝟏

|�⃗⃗� − �⃗⃗� ′|
𝟐

=
�̂�

𝟏

𝟏

𝝆𝟐
=

�̂�

𝝆𝟐
 

 

  

𝚽(�⃗⃗⃗� ) =
𝟏

𝟒𝝅𝜺𝟎
∫ �⃗⃗� •

�̂�

𝝆𝟐
𝒅𝑽

𝑽′

=
𝟏

𝟒𝝅𝜺𝟎
∫ �⃗⃗� (�⃗⃗� ′) •

�⃗⃗� − �⃗⃗� ′

|�⃗⃗� − �⃗⃗� ′|
𝟑
𝒅𝑽

𝑽′

 

 

 

Polarization Charges: 

An equivalent charge distribuiton can be assumed to model the polarization of the 

dielectric: 

 

𝑹 = √�⃗⃗� • �⃗⃗� = √(𝒙�̂� + 𝒚�̂� + 𝒛�̂�) • (𝒙�̂� + 𝒚�̂� + 𝒛�̂�) 
 

𝑹 = √𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐  

𝛁(
𝟏

𝑹
) = 𝛁(

𝟏

√𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
) = −

𝒙�̂� + 𝒚�̂� + 𝒛�̂�

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)
𝟑

𝟐⁄
 

 

𝛁(
𝟏

𝑹
) = −

�⃗⃗� 

𝑹𝟑
= −

𝑹�̂�

𝑹𝟑
= −

�̂�

𝑹𝟐
 

 

  

�⃗⃗� − �⃗⃗� ′ = (𝒙�̂� + 𝒚�̂� + 𝒛�̂�) − (𝒙′�̂� + 𝒚′�̂� + 𝒛′�̂�) 
 

�⃗⃗� − �⃗⃗� ′ = (𝒙 − 𝒙′)�̂� + (𝒚 − 𝒚′)�̂� + (𝒛 − 𝒛′)�̂� 
 

|�⃗⃗� − �⃗⃗� ′| = √(�⃗⃗� − �⃗⃗� ′) • (�⃗⃗� − �⃗⃗� ′) 
 

|�⃗⃗� − �⃗⃗� ′| = √(𝒙 − 𝒙′)�̂� + (𝒚 − 𝒚′)�̂� + (𝒛 − 𝒛′)�̂� • (𝒙 − 𝒙′)�̂� + (𝒚 − 𝒚′)�̂� + (𝒛 − 𝒛′)�̂� 
 



|�⃗⃗� − �⃗⃗� ′| = √(𝒙 − 𝒙′)
𝟐

+ (𝒚 − 𝒚′)
𝟐

+ (𝒛 − 𝒛′)
𝟐
 

 

𝛁(
𝟏

|�⃗⃗� − �⃗⃗� ′|
) =  (

𝝏

𝝏𝒙
�̂� +

𝝏

𝝏𝒚
�̂� +

𝝏

𝝏𝒛
�̂�)

(

 
𝟏

√(𝒙 − 𝒙′)
𝟐

+ (𝒚 − 𝒚′)
𝟐

+ (𝒛 − 𝒛′)
𝟐

)

  

 

𝛁(
𝟏

|�⃗⃗� − �⃗⃗� ′|
) = −

(𝒙 − 𝒙′)�̂� + (𝒚 − 𝒚′)�̂� + (𝒛 − 𝒛′)�̂�

((𝒙 − 𝒙′)
𝟐

+ (𝒚 − 𝒚′)
𝟐

+ (𝒛 − 𝒛′)
𝟐
)
𝟑

𝟐⁄
 

 

𝛁(
𝟏

|�⃗⃗� − �⃗⃗� ′|
) = −

�⃗⃗� − �⃗⃗� ′

|�⃗⃗� − �⃗⃗� ′|
𝟑

 

 

𝛁′ (
𝟏

|�⃗⃗� − �⃗⃗� ′|
) =  (

𝝏

𝝏𝒙′
�̂� +

𝝏

𝝏𝒚′
�̂� +

𝝏

𝝏𝒛′
�̂�)

(

 
𝟏

√(𝒙 − 𝒙′)
𝟐

+ (𝒚 − 𝒚′)
𝟐

+ (𝒛 − 𝒛′)
𝟐

)

  

 

𝛁′ (
𝟏

|�⃗⃗� − �⃗⃗� ′|
) =  +

(𝒙 − 𝒙′)�̂� + (𝒚 − 𝒚′)�̂� + (𝒛 − 𝒛′)�̂�

((𝒙 − 𝒙′)
𝟐

+ (𝒚 − 𝒚′)
𝟐

+ (𝒛 − 𝒛′)
𝟐
)
𝟑

𝟐⁄
 

 

𝛁′ (
𝟏

|�⃗⃗� − �⃗⃗� ′|
) = +

�⃗⃗� − �⃗⃗� ′

|�⃗⃗� − �⃗⃗� ′|
𝟑

= −𝛁(
𝟏

|�⃗⃗� − �⃗⃗� ′|
) 

 

𝚽(𝑹) =
𝟏

𝟒𝝅𝜺𝟎
∫ �⃗⃗� (�⃗⃗� ′) • 𝛁′

(

 
 𝟏

|�⃗⃗⃗� − �⃗⃗⃗� 
′
|
)

 
 

𝒅𝑽′

𝑽′

 

 

𝒂 = 𝒂(𝒙, 𝒚, 𝒛)  

�⃗⃗� = 𝑭𝒙(𝒙, 𝒚, 𝒛)�̂� + 𝑭𝒚(𝒙, 𝒚, 𝒛)�̂� + 𝑭𝒛(𝒙, 𝒚, 𝒛)�̂�  

𝛁 • (𝒂�⃗⃗� )= 𝛁𝒂 • �⃗⃗� +  𝒂𝛁 • �⃗⃗�   

�⃗⃗� • 𝛁𝒂 = �⃗⃗� (�⃗⃗� 
′
) • 𝛁′ (

𝟏

|�⃗⃗� − �⃗⃗� ′|
) 

 

𝛁𝒂 • �⃗⃗� = �⃗⃗� • 𝛁𝒂 =  𝛁 • (𝒂�⃗⃗� ) − 𝒂𝛁 • �⃗⃗�   

�⃗⃗� (�⃗⃗� ′) • 𝛁′

(

 
 𝟏

|�⃗⃗⃗� − �⃗⃗⃗� 
′
|
)

 
 

= 𝛁′
•

(

  
 𝟏

|�⃗⃗⃗� − �⃗⃗⃗� 
′
|

�⃗⃗� (�⃗⃗� ′)

)

  
 

−
𝟏

|�⃗⃗⃗� − �⃗⃗⃗� 
′
|

𝛁′
• �⃗⃗� (�⃗⃗� ′) 

 

𝚽  

𝚽(�⃗⃗⃗� ) =
𝟏

𝟒𝝅𝜺𝟎
∫ 𝛁′

•

(

  
 𝟏

|�⃗⃗⃗� − �⃗⃗⃗� 
′
|

�⃗⃗� (�⃗⃗� ′)

)

  
 

−
𝟏

|�⃗⃗⃗� − �⃗⃗⃗� 
′
|

𝛁′
• �⃗⃗� (�⃗⃗� ′)𝒅𝑽

𝑽′

 

 



𝚽 =
𝟏

𝟒𝝅𝜺𝟎
∫ 𝛁′

•

(

  
 𝟏

|�⃗⃗⃗� − �⃗⃗⃗� 
′
|

�⃗⃗� (�⃗⃗� ′)

)

  
 

𝒅𝑽′ +
𝟏

𝟒𝝅𝜺𝟎
∫

−𝟏

|�⃗⃗⃗� − �⃗⃗⃗� 
′
|

𝛁′
• �⃗⃗� (�⃗⃗� ′)𝒅𝑽′

𝑽′𝑽′

 

 

𝚽(�⃗⃗⃗� ) =
𝟏

𝟒𝝅𝜺𝟎
∮

𝟏

|�⃗⃗⃗� − �⃗⃗⃗� 
′
|

�⃗⃗� (�⃗⃗� ′)

𝑺′

• 𝒅𝑺⃗⃗⃗⃗  ⃗′ +
𝟏

𝟒𝝅𝜺𝟎
∫

−𝛁′
• �⃗⃗� (�⃗⃗� ′)

|�⃗⃗⃗� − �⃗⃗⃗� 
′
|

𝒅𝑽′

𝑽′

 

 

𝒅𝑺⃗⃗⃗⃗  ⃗′ = �̂�𝒅𝑺′  

𝚽(�⃗⃗⃗� ) =
𝟏

𝟒𝝅𝜺𝟎
∮

�⃗⃗� (�⃗⃗� ′) • �̂�

|�⃗⃗⃗� − �⃗⃗⃗� 
′
|𝑺′

𝒅𝑺⃗⃗⃗⃗  ⃗′ +
𝟏

𝟒𝝅𝜺𝟎
∫

−𝛁′
• �⃗⃗� (�⃗⃗� ′)

|�⃗⃗⃗� − �⃗⃗⃗� 
′
|

𝒅𝑽′

𝑽′

 

 

𝚽(�⃗⃗⃗� ) =
𝟏

𝟒𝝅𝜺𝟎
∮

𝝆𝒔𝒑

|�⃗⃗⃗� − �⃗⃗⃗� 
′
|𝑺′

𝒅𝑺⃗⃗⃗⃗  ⃗′ +
𝟏

𝟒𝝅𝜺𝟎
∫

𝝆𝒗𝒑

|�⃗⃗⃗� − �⃗⃗⃗� 
′
|

𝒅𝑽′

𝑽′

 

 

𝝆𝒔𝒑 = �⃗⃗� (�⃗⃗� ′) • �̂�  

[𝝆𝒔𝒑]=
𝑪𝒐𝒖𝒍𝒐𝒎𝒃

𝒎𝟐
 

 

𝝆𝒗𝒑 = −𝛁′
• �⃗⃗� (�⃗⃗� ′) 

 

[𝝆𝒗𝒑]=
𝑪𝒐𝒖𝒍𝒐𝒎𝒃

𝒎𝟑
  

 

Electric Flux Density & Dielectric Constant 

 

Assume both free charges & polarized dielectric are given: 

Free charges: 𝝆𝒗, 𝝆𝒔, 𝝆𝒍 externally put  

Polarization charges: 𝝆𝒗𝒑, 𝝆𝒔𝒑   

    

For this case, the Gauss’ Law:  

∮ �⃗⃗� 

𝑺

• 𝒅𝑺⃗⃗⃗⃗⃗⃗ =
𝑸𝒕𝒐𝒕𝒂𝒍

𝜺𝟎
=

𝟏

𝜺𝟎
∫ 𝝆𝒗 + 𝝆𝒗𝒑𝒅𝑽
𝑽

 

 

=
𝟏

𝜺𝟎
∫ 𝝆𝒗𝒅𝑽

𝑽

+
𝟏

𝜺𝟎
∫ 𝝆𝒗𝒑𝒅𝑽

𝑽

 

 

=
𝟏

𝜺𝟎
∫ 𝝆𝒗𝒅𝑽

𝑽

+
𝟏

𝜺𝟎
∫ −𝛁 • �⃗⃗� 𝒅𝑽

𝑽

 

 

=
𝟏

𝜺𝟎
∫ 𝝆𝒗𝒅𝑽

𝑽

−
𝟏

𝜺𝟎
∫ 𝛁 • �⃗⃗� 𝒅𝑽

𝑽

 

 



=
𝟏

𝜺𝟎
∫ 𝝆𝒗𝒅𝑽

𝑽

−
𝟏

𝜺𝟎
∮ �⃗⃗� 

𝑺

• 𝒅𝑺⃗⃗⃗⃗  ⃗ 

 

=
𝟏

𝜺𝟎
∫ 𝛁 • �⃗⃗� 𝒅𝑽

𝑽

−
𝟏

𝜺𝟎
∮ �⃗⃗� 

𝑺

• 𝒅𝑺⃗⃗⃗⃗  ⃗ 

 

=
𝟏

𝜺𝟎
∮ �⃗⃗� 

𝑺′

• 𝒅𝑺⃗⃗⃗⃗  ⃗ −
𝟏

𝜺𝟎
∮ �⃗⃗� 

𝑺′

• 𝒅𝑺⃗⃗⃗⃗  ⃗ 

 

=
𝟏

𝜺𝟎
∮ 𝜺�⃗⃗� 

𝑺′

• 𝒅𝑺⃗⃗⃗⃗  ⃗ −
𝟏

𝜺𝟎
∮ �⃗⃗� 

𝑺′

• 𝒅𝑺⃗⃗⃗⃗  ⃗ 

 

∮ �⃗⃗� 

𝑺

• 𝒅𝑺⃗⃗⃗⃗⃗⃗ =
𝟏

𝜺𝟎
∮(𝜺�⃗⃗� − �⃗⃗� ) • 𝒅𝑺⃗⃗⃗⃗⃗⃗ 

𝑺′

 

 

∮ 𝜺𝟎�⃗⃗� 

𝑺

• 𝒅𝑺⃗⃗⃗⃗⃗⃗ = ∮(𝜺�⃗⃗� − �⃗⃗� ) • 𝒅𝑺⃗⃗⃗⃗⃗⃗ 

𝑺′

 

 

𝜺𝟎�⃗⃗� = (𝜺�⃗⃗� − �⃗⃗� )  

(𝜺 − 𝜺𝟎)�⃗⃗� = �⃗⃗�   

∮ �⃗⃗� 

𝑺

• 𝒅𝑺⃗⃗⃗⃗⃗⃗ =
𝟏

𝜺𝟎
∫ 𝝆𝒗𝒅𝑽
𝑽

−
𝟏

𝜺𝟎
∮ �⃗⃗� 

𝑺

• 𝒅𝑺⃗⃗⃗⃗⃗⃗  

 

∮(𝜺𝟎�⃗⃗� + �⃗⃗� )

𝑺

• 𝒅𝑺⃗⃗⃗⃗⃗⃗ = ∫ 𝝆𝒗𝒅𝑽
𝑽

 

 

�⃗⃗� = 𝜺𝟎�⃗⃗� + �⃗⃗�   

∮ �⃗⃗� 

𝑺

• 𝒅𝑺⃗⃗⃗⃗⃗⃗ = ∫ 𝝆𝒗𝒅𝑽
𝑽

 

𝑮𝑮𝑳𝑰𝒏𝒕𝒆𝒈𝒓𝒂𝒍 𝑭𝒐𝒓𝒎  

𝛁 • �⃗⃗� = 𝝆𝒗 𝑮𝑮𝑳𝑫𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕𝒊𝒂𝒍 𝑭𝒐𝒓𝒎  

[𝛁 • �⃗⃗� ] = [𝝆𝒗] =
𝑪𝒐𝒖𝒍𝒐𝒎𝒃

𝒎𝟑
 [�⃗⃗� ] =

𝑪𝒐𝒖𝒍𝒐𝒎𝒃

𝒎𝟐
 

 

 

Note: Sources of �⃗⃗�  are only free charges: 𝝆𝒗, 𝝆𝒔, 𝝆𝒍 
 

Note: Sources of �⃗⃗�  are both free charges and polarization charges 
 



�⃗⃗� : {
𝑬𝒍𝒆𝒄𝒕𝒓𝒊𝒄 𝑭𝒍𝒖𝒙 𝑫𝒆𝒏𝒔𝒊𝒕𝒚
𝑫𝒊𝒔𝒑𝒍𝒂𝒄𝒆𝒎𝒆𝒏𝒕 𝒗𝒆𝒄𝒕𝒐𝒓

 
𝑪𝒐𝒖𝒍𝒐𝒎𝒃

𝒎𝟐
 

 

�⃗⃗� : 𝑬𝒍𝒆𝒄𝒕𝒓𝒊𝒄 𝑭𝒊𝒆𝒍𝒅 𝑰𝒏𝒕𝒆𝒏𝒔𝒊𝒕𝒚 𝑫𝒆𝒏𝒔𝒊𝒕𝒚 𝑽𝒐𝒍𝒕

𝒎
 

 

∮ �⃗⃗� 

𝑺

• 𝒅𝑺⃗⃗⃗⃗⃗⃗ = ∫ 𝝆𝒗𝒅𝑽 = 𝑸𝒇𝒓𝒆𝒆

𝑽

 

  

   

For an arbitrary dielectric   

�⃗⃗� = 𝜺𝟎�⃗⃗� + �⃗⃗�    

   

For a linear dielectric   

 �⃗⃗� = 𝜺𝟎𝝌𝒆�⃗⃗�
    

𝝌𝒆: electric susceptibility Dimensionless  

𝝌𝒆 ≥ 𝟎   

   

Dielectric 𝝌𝒆 is independent of   

Homogeneous Space coordinates   

Linear |�⃗⃗� |   

Isotropic  Direction of �⃗⃗�    

    

For a linear dielectric   *** 

�⃗⃗� = 𝜺𝟎�⃗⃗� + �⃗⃗� = 𝜺𝟎�⃗⃗� + 𝜺𝟎𝝌𝒆�⃗⃗�
    

�⃗⃗� = 𝜺𝟎(𝟏 + 𝝌𝒆)�⃗⃗�  
  

�⃗⃗� = 𝜺𝟎𝜺𝒓�⃗⃗�  
  

�⃗⃗� = 𝜺�⃗⃗�    

𝜺 = 𝜺𝟎𝜺𝒓 (Absolute) 

permittivity 

 

𝜺𝒓 = (𝟏 + 𝝌𝒆) Relative 

permittivity 

 

𝜺𝒓 ≥ 𝟏   

𝜺 ≥ 𝜺𝟎 always  

   

𝜺𝒓,𝒗𝒂𝒄𝒖𝒖𝒎 = 𝟏   

𝜺𝒓,𝒂𝒊𝒓 = 𝟏. 𝟎𝟎𝟎𝟓𝟗   

𝜺𝒂𝒊𝒓 = 𝜺𝟎𝜺𝒓,𝒂𝒊𝒓 = 𝟏. 𝟎𝟎𝟎𝟓𝟗𝜺𝟎 ≅ 𝜺𝟎   

 

Medium is simple if it is homogeneous, linear and isotropic  

𝜺𝒓: 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒇𝒐𝒓 𝒂 𝒔𝒊𝒎𝒑𝒍𝒆 𝒎𝒆𝒅𝒊𝒖𝒎  

  

Some material (some crystals) are anistropic  



𝜺𝒓 depends on direction   

�⃗⃗�  and �⃗⃗�  are in different directions for anistropic medium  

  

Dielectric Strength  

An electric field causes small displacements in the bound charges of the 

dielectric yielding polarization 
 

  

If the E-field strong enough, it can pull electrons out of their in the 

atoms/molecules yielding permanent damage in the material 
 

  

Avalanche effect of ionization may occur resulting in very large currents; the 

dielectric turns into a conductor. This phenomenon is known as Dielectric 

Breakdown. 

 

  

The maximum electric field that can be applied onto the dielectric before the 

breakdown occurs is called as the Dielectric Strength. 
 

  

Air breaks down for 𝑬 ≥ 3000 𝑉/𝑚 at atmospheric pressure  

Massive ionization of air molecules, sparking, corona discharge occur  

  

 𝑬 is larger at the conductor surfaces with larger curvature (at the tip of the 

conductor)  

 

  

Wet air close to the tip of the lightning rod can be easily ionized and electric 

charges in the clouds can be easily discharged to the ground via the lightning 

rod. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


