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CONDITIONAL PROBABILITY

Knowledge: the event B has occurred
P(A| B) =7

We have a reduced sample space B.

A occurs if the outcome isin ANB.

Textbook: D. P. Bertsekas, J. N. Tsitsiklis, “Introduction to Probability”, 2nd Ed., Athena Science 2008.



CONDITIONAL PROBABILITY
Definition

A P(Am B)
~ P(B)

P(A|B) : P(B)>O
e aprobability law: a new universe B.
e outcomes: finitely many and equally likely

number of elementsof AN B

P(A|B)=
( | ) number of elementsof B

Textbook: D. P. Bertsekas, J. N. Tsitsiklis, “Introduction to Probability”, 2nd Ed., Athena Science 2008.



CONDITIONAL PROBABILITY
Do Conditional Probabilities Specify a Legitimate Probability Law?
e P(ANnB)x0, P(B)>0 = P(A|B)>0, non-negativity axiom

e P(QIB)= P(F?(E)B) = igg; =1, normalization axiom

Textbook: D. P. Bertsekas, J. N. Tsitsiklis, “Introduction to Probability”, 2nd Ed., Athena Science 2008.



CONDITIONAL PROBABILITY

Verification of the additivity axiom for conditional probability

SN LU

_P((AnB)u(A,NB))
P(B)
_P(AnB)+P(A NB)
P(B)
_P(AnB)_ P(ANB)
P(B) P(B)
=P(A|B)+P(AB)

Textbook: D. P. Bertsekas, J. N. Tsitsiklis, “Introduction to Probability”, 2nd Ed., Athena Science 2008.



CONDITIONAL PROBABILITY

Example 1.6 (textbook) tossing a fair coin three times.

A= {more heads than tails come up}, B= {firsttoss is a head}

Find P(A|B) .
S = {HHH, HHT,HTH, THH, TTH, THT,HTT, TTT)
A={HHH,HHT ,HTH,THH} > P(A)=4/8=1/2
B ={HHH,HHT ,HTH,HTT} > P(B)=4/8=1/2

ANB={HHH,HHT HTH}! > P(ANB)=3/8

P(Aﬂ B) B 3/8 3
P(B) ~ 4/8 4

number of elementsof AnB 3
numberof elementsof B~ 4

P(A|B)=

P(A|B):

Textbook: D. P. Bertsekas, J. N. Tsitsiklis, “Introduction to Probability”, 2nd Ed., Athena Science 2008.



CONDITIONAL PROBABILITY

Example Rolling a 6-sided die.
A= {number 1 appears}, B= {an odd number appears}, C= {number 1 or 2

appears}

5-(123456)
g2
P(CIB)= P(IS(E)B) - EEQ - ]3//2 3

-1

HW: Example 1.7, Example 1.8 (textbook)

Textbook: D. P. Bertsekas, J. N. Tsitsiklis, “Introduction to Probability”, 2nd Ed., Athena Science 2008.
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Modeling using Conditional Probability

Example 1.9 (textbook)

Let we define the events A and B such that

A={an aircraft is present}, B ={the radar generates an alarm}

A° = {an aircraft is not present}, B® ={the radar does not generate an alarm}

Textbook: D. P. Bertsekas, J. N. Tsitsiklis, “Introduction to Probability”, 2nd Ed., Athena Science 2008.



CONDITIONAL PROBABILITY
Example 1.9. Radar Detection (Continued)

P (False alarm) = P(not present and alarm) = P( A° N B) = P( A°)P(B| A®) = 0.95x 0.10 = 0.095
P(Missed detection) = P(present and no detection) = P(AnB®)=P(A)P(B®| A)=0.05x0.01
=0.0005

Textbook: D. P. Bertsekas, J. N. Tsitsiklis, “Introduction to Probability”, 2nd Ed., Athena Science 2008.



CONDITIONAL PROBABILITY
Multiplication Rule

P(N1LA)=P(AIP(A IA)P(ATANA)...P(AINA)

Verification of the multiplication rule:

A p(arPANA) P(ANANA) PIOLA)
P(Mr.A)=P(A) P(A) P(ANA) TR iA)

=P(A)P(AIA)P(AIANA).. (/% |ﬂn—1l’*)

Textbook: D. P. Bertsekas, J. N. Tsitsiklis, “Introduction to Probability”, 2nd Ed., Athena Science 2008.



CONDITIONAL PROBABILITY

Multiplication Rule

Example 1.10 (textbook) Three cards are drawn from an 52-card deck, no
replacement, equally likely. Find the probability that none of the three cards is a
heart.

NotaHeart / A ={theithcardisnotaheart}, =123

We want to calculate P(A N A, " A,)
P(ANANA)=P(A)P(AIA)P(AIANA,)

H Carg

P(Al):%’ P(AzlAl):%, P(AglAlmAZ):%
Not a Heart 2515
P(ANANA)=P(A)P(AA)P(AIANA)=xox

Textbook: D. P. Bertsekas, J. N. Tsitsiklis, “Introduction to Probability”, 2nd Ed., Athena Science 2008.



