GENERAL RANDOM VARIABLES

Probability density function (PDF) of X
P(X eB)= f, (x)dx
B
In particular, the probability that the value of X falls within an interval is

P(a< X sb):i fy (X)dx

Note that this is the area under the graph of the PDF.

Textbook: D. P. Bertsekas, J. N. Tsitsiklis, “Introduction to Probability”, 2nd Ed., Athena Science 2008.



CONTINUOUS RANDOM VARIABLES AND PDFS

Sample Space

JEDIE S
7

Event {a(gxgb} a b
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CONTINUOUS RANDOM VARIABLES AND PDFS

For any single value a,
j fy (Xx)dx=0
Therefore

P(a<X <b)=P(a<X <b)=P(a<X <b)=P(a<X <b)

leqgitimate PDF:

f,(x)=0 foreveryx —  Nonnegativity

_[ fy (X)dx=P(—0<x<w)=1 — Normalization

l

Entire area under the PDF must be equal to 1.
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CONTINUOUS RANDOM VARIABLES AND PDFS

Uniform or uniformly distributed in the interval [a,b].
PDF:

-

1 .
fx(x)=<ﬁ’ ifa<x<b
01

otherwise

0 b 1
1:jfx(x)dx:jcdx:c(b—a) = C=r—

—00
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CONTINUOUS RANDOM VARIABLES AND PDFS

» Fx (%)

. .
a b X

The probability P(X e 1) that X takes value in a set I is

length of [a,b] 1

P(Xel)= [ f(x)de= [ ——dx=

[a,b]NI [a,b]NI

length of [a,b]
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CONTINUOUS RANDOM VARIABLES AND PDFS

Example 3.3 (textbook). A PDF can take arbitrarily large values.
Consider a random variable X with PDF

— If 0<x<1,

fy (X)=1 2/x

0 otherwise

As x approaches zero f, (x) becomes infinitely large. However, f, (x) is a
valid PDF. Since

de:\/ﬂz =1

f dx =
J f (de= [ oo

O'—;H
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CONTINUOUS RANDOM VARIABLES AND PDFS
EXxpectation

The expected value or mean
E[X]= j xf, (x)dx

Y =g(X) is also a random variable.
The mean of ¢ (X) can be obtained by using the expected value rule:

E[0(X)]= [ 91, ()
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CONTINUOUS RANDOM VARIABLES AND PDFS
EXxpectation

e The nth moment E[X”]

e The variance of X is defined

var(X)=E| (X ~E[X]) |- [ (X =E[X]) 1, (x)x

o 0<var(X)=E[ x*]-(E[X])
o If Y=aX+D, then

E[Y]=E[aX +b]=aE[X]+b var (Y )=a*var(X)
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CONTINUOUS RANDOM VARIABLES AND PDFS

EXxpectation

Example 3.4 (textbook). Mean and variance of the Uniform r.v.
Consider a uniform random variable X, interval [a,b].

Find the mean and variance of X.

© b
E[X]z_[xfx(x)dx=ijfladx:bT1a%x2:

_b*-a®1 a+b

b-a 2 2
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CONTINUOUS RANDOM VARIABLES AND PDFS
EXxpectation

Example 3.4. (Continued)

? t, 1 1 1 4p
E[XZ]::[OXZfX(x)dx:axzﬁdx:mgxg’a
_b’-a’1 a’+ab+b’
~b-a3 3

Therefore, the variance is obtained as

_a’+ab+b? _(a+bj2: (b—a)’
2

var(X)=E[ X2 ]-(E[X]) s -
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CONTINUOUS RANDOM VARIABLES AND PDFS
Exponential Random Variable

PDF of an exponential random variable is given as

e ifx>0,
f, (x) — _
0 otherwise

where A IS a positive parameter.

This is a legitimate PDF since

o0

T fy (x)dx = T/Ie‘“dx =—e ™ =1
—0 0

0

Textbook: D. P. Bertsekas, J. N. Tsitsiklis, “Introduction to Probability”, 2nd Ed., Athena Science 2008.



CONTINUOUS RANDOM VARIABLES AND PDFS
Exponential Random Variable

The PDF of an exponential random variable.

small \
large A\

()

X

- Note that 4 characterizes the PDF.
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CONTINUOUS RANDOM VARIABLES AND PDFS
Exponential Random Variable

E[X]= j xfx(x)dx:j‘x/le‘“dx
—0 0

o0

—AX

1

A

=(—xe™™) °

+je‘“dx:0—
0
0

0

E[Xz] = T x*f, (x)dx = szﬂe‘“dx
—0 0

o P 2 2
2xe dx=0+ZE[X]==
0+_([ xe dx =0+ [X]

12

_ (_XZ/le—/lx)

Variance of the exponential random variable X is
2 1 1

var(X)=E[ X?]-E([X]) :?_(ZJZ -
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