
5. HIGHER ORDER DIFFERENTIAL 
EQUATIONS

BASIC THEORY

5.1 Homogeneous Equations

A linear nth-order differential equation of the form

is said to be homogeneous, whereas an equation

with 𝑔(𝑥) not identically zero, is said to be nonhomogeneous.

(1)

(2)



For example,

is a homogeneous linear second-order differential equation, whereas

is a nonhomogeneous linear third-order differential equation.

We shall see that to solve a nonhomogeneous linear equation (2), we must first be
able to solve the associated (or corresponding) homogeneous equation (1).
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(4)





SUPERPOSITION PRINCIPLE In the next theorem we see that the sum, or
superposition, of two or more solutions of a homogeneous linear differential equation
is also a solution.

Theorem (Superposition Principle—Homogeneous Equations)

Corollary



Example



LINEAR DEPENDENCE AND LINEAR INDEPENDENCE

Example



Example

Definition (Wronskian)



Theorem (Criterion for Linearly Independent Solutions)

Definition (Fundamental Set of Solutions)



Theorem (General Solution—Homogeneous Equations)

Example



Example



5.2 Nohomogeneous Equations

Any function 𝑦𝑝, free of arbitrary parameters, that satisfies (2) is said to be a particular
solution or particular integral of the equation. For example, it is a straightforward
task to show that the constant function 𝑦𝑝 = 3 is a particular solution of the
nonhomogeneous equation 𝑦′′+9𝑦 = 27.

Theorem (General Solution—Nonhomogeneous Equations)



COMPLEMENTARY FUNCTION

The general solution of the homogeneous equation (1) is called the complementary
function for equation (2). In other words, to solve a nonhomogeneous linear differential
equation, we first solve the associated homogeneous equation and then find any
particular solution of the nonhomogeneous equation. The general solution of the
nonhomogeneous equation is then

Example

is a particular solution of the nonhomogeneous equation

And the general solution of the associated homogeneous equation is

So the general solution of nonhomogenous equation is



Note: Superposition principle is also true for nonhomogeneous equations. See the
following example:

Example:

So we conclude that


