
11. LAPLACE TRANSFORMS

11.1. INTRODUCTION:

From calculus, we know that differentiation and integration are transforms; this means that

these operations transform a function into another function.

For example, the function 𝑓 𝑥 = 𝑥2 is transformed into a linear function and a family of

cubic polynomial functions by the operations of differentiation and integration:

• Moreover these two transforms are linear, i.e.



In this section we will examine a special type of integral transform called
the Laplace transform. In addition to possessing the linearity property
the Laplace transform has many other interesting properties that make it
very useful in solving linear initial-value problems.

› Laplace transform is a special type of transform, which transforms a
suitable function 𝑓 of a real variable 𝑡 into a related function 𝐹 of a
real variable 𝑠.

› The most important point of this transforms is: Laplace
transform tranforms the IVP consisting of DEs to an Algebric
Equation





Definition (Laplace Transform)

Let f be a function defined for t ≥ 0. Then the integral

ℒ 𝑓 𝑡 = න

0

∞

𝑒−𝑠𝑡𝑓 𝑡 𝑑𝑡 (2)

is said to be the Laplace transform of 𝑓, provided that the integral

converges.

When the defining integral (2) converges, the result is a function of s.

In general discussion we shall use a lowercase letter to denote the

function being transformed and the corresponding capital letter to

denote its Laplace transform—for example,

ℒ 𝑓 𝑡 = 𝐹 𝑠 , ℒ 𝑔 𝑡 = 𝐺 𝑠 , ℒ 𝑦 𝑡 = 𝑌 𝑠 ,



Example



Example: Evaluate the following Laplace transforms

1. ℒ 𝑡

2. ℒ 𝑒−3𝑡

3. ℒ 𝑠𝑖𝑛2𝑡





THEOREM (Transforms of Some Basic Functions)



THEOREM (Sufficient Conditions for Existence)



Example



11.2. PROPERTIES OF THE LAPLACE TRANSFORM

In the previous section, we defined the Laplace transform of a function 𝑓(𝑡) as

ℒ 𝑓 𝑡 = න

0

∞

𝑒−𝑠𝑡𝑓 𝑡 𝑑𝑡

Using this definition to get an explicit expression for ℒ 𝑓 𝑡 requires the evaluation of
the improper integral—frequently a tedious task! We have already seen how the
linearity property of the transform can help relieve this burden.

In this section we discuss some further properties of the Laplace transform that
simplify its computation. These new properties will also enable us to use the Laplace
transform to solve initial value problems.



Assume that 𝐹(𝑠) is a Laplace Transform of the function 𝑓(𝑡).

Now we can give the following properties:

1. ℒ 𝑓 𝑥 𝑒𝑎𝑥 = 𝐹 𝑠 − 𝑎

2. ℒ 𝑓 𝑥 𝑥𝑛 = (−1)𝑛
𝑑𝑛

𝑑𝑠𝑛
[𝐹 𝑠 ]

Solve Questions


