
2.5 SUBSTITUTIONS AND TRANSFORMATIONS

When the equation
𝑀 𝑥, 𝑦 𝑑𝑥 + 𝑁 𝑥, 𝑦 𝑑𝑦 = 0

is not a separable, exact, or linear equation, it may still be possible to transform it into
one that we know how to solve.

This was in fact our approach in Section 2.4, where we used an integrating factor to
transform our original equation into an exact equation.

In this section we study four types of equations that can be transformed into either a
separable or linear equation by means of a suitable substitution or transformation.





2.5.1 Homogeneous Equations

Definition

If the right-hand side of the equation

(1)
𝑑𝑦

𝑑𝑥
= 𝑓(𝑥, 𝑦)

can be expressed as a function of the ratio 𝑦/𝑥 alone, then we say the
equation is homogeneous.







Solve Questions



2.5.2 Bernoulli Equations

Definition

A first-order equation that can be written in the form

where and 𝑃 𝑥 𝑎𝑛𝑑 𝑄 𝑥 are continuous on an interval (𝑎, 𝑏) and n is a
real number, is called a Bernoulli equation.



Notice that when 𝑛 = 0 𝑜𝑟 1, the above equation is also a linear equation
and can be solved by the method discussed in Section 2.2. For other
values of 𝑛, the substitution

transforms the Bernoulli equation into a linear equation, as we now
show.



Solve Questions



2.5.3 Equations with Linear Coefficients

We have used various substitutions for 𝑦 to transform the original
equation into a new equation that we could solve.

In some cases we must transform both 𝑥 and 𝑦 into new variables, say,
𝑢 and 𝑣.

This is the situation for equations with linear coefficients-that is,
equations of the form

where the 𝑎𝑖 ’s, 𝑏𝑖’s, and 𝑐𝑖’s are constants.

(6)



The above discussion suggests the following procedure for solving (6):



If then we seek a translation of axes of the form

has a solution.



This means that (ℎ, 𝑘) is the intersection point of the lines
which are the coefficients of dx and dy.

Now if (ℎ, 𝑘) is the intersection point, then the substitution
𝑥 = 𝑢 + ℎ 𝑎𝑛𝑑 𝑦 = 𝑣 + 𝑘

transform Eq.(6) into homogeneous equation

Which we know how to solve from Section 2.5.1.



Solve Questions


