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Gram-Schmidt Process

Definition (Orthonormal Basis)

Let V be an inner product space and S = {uy, up, ..., u,} be an ordered
basis for the vector space V. S is called an orthonormal basis if the
followings are satisfied:

(I) VI 7&], <U,‘, UJ'> =0

(ii) = ]., L n, <u,-, u,~> =1.

To obtain this orthonormal basis we use a method which is called
Gram-Schmidt process.
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Gram-Schmidt Process

Theorem

Let T = {wi, wa, ..., w,} be an orthonormal basis for the inner product
space V and v € V. Then

V= OmPaoOwm®d: - Dc, ®w,

where

Ci = <V, W,'> 5

v

We determine the coordinates of the vector by using inner product instead
of solving linear system!
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Gram-Schmidt Process

Theorem (Gram-Schmidt Process)

Let V' be an inner product space and {0} # W < V and dimW = m.
Then there exists an orthonormal basis T = {wy, wa, ..., w,} for W.
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Gram-Schmidt Process

Sketch of the proof: Let S = {u1, up, ..., un} be any basis for W.

Q Vi i=u
o v = p— 2‘2 “2; ® v; (Note that v L wv)
o vz =13 — {us.v1) oy — <”3 ) @ vy (Note that

(viv1) (v2,v2)
Vi 1 Vo, V1 1 V3, \» 1 V3)

Similarly, we obtain m-orthogonal vectors as

. <UmyVm—1>
<Vm—11 Vm—1>

<”mv V2>

O v —
(vov) —°

Vm = Up — Ovy — ® V1.
@ Thus, we obtain an orthogonal set K = {vq, v»,..., v }. Since K is
a linear independent set in m-dimensional vector space, K is a basis

for W.
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Gram-Schmidt Process

Now, if we let
Vi

il

fori=1,2,...,m, then T = {wi, wy,..., Wy} is an orthonormal basis
for W.

wi
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Gram-Schmidt Process

The matrix of the inner product with respect to the ordered orthogonal

basis K is
(vi,v1) 0 0
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Gram-Schmidt Process

The matrix of the inner product with respect to the ordered orthonormal
basis T is

1 0 0

= 0 1
0
0 0 1
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Gram-Schmidt Process

dl bl

an b2
Foru,v € V,wehave [ul; =| . | and [v]; =

dm bm

If we use the orthonormal basis T, then

(u,vy = [al a - am]lm

= aibi+aby+:--+ambm

which is the standard inner product.
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