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nonlinear process dynamics[1-5]  
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Transfer Function: 
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𝐾 =
𝑞

(𝑞 + 0.5𝑘𝑉𝐶𝐴
0−0.5

)
= 0.00282      𝜏 =

𝑉

(𝑞 + 0.5𝑘𝑉𝐶𝐴
0−0.5

)
= 2.82𝑠 

0.00282 𝐶𝐴0
′ = 𝐶𝐴

′ + 2.82
𝑑𝐶𝐴

′

𝑑𝑡
 

0.00282 𝐶𝐴0
′  𝑠 = 𝐶𝐴

′  𝑠 + 2.82𝑠𝐶𝐴
′  𝑠 − 𝐶𝐴

′  0  

𝐶𝐴
′  𝑠 

𝐶𝐴0
′  𝑠 

=
0.00282

[2.82𝑠 + 1]
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𝐶𝐴
′  𝑠 =

0.00282

[2.82𝑠 + 1]

1

𝑠
=

0.001

𝑠(𝑠 + 0.355)
=

𝐴

𝑠
+

𝐵

𝑠 + 0.355
 

𝐶𝐴
′  𝑠 =

0.00282

𝑠
−

0.00282

𝑠 + 0.355
 

𝐶𝐴
′  𝑡 = 0.00282(1 − 𝑒−0.355𝑡) 
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A liquid level system has a cross-sectional area of 0.2 m
2
  

a) Steady state                                  𝑞𝑠 − 𝑞0𝑠
= 0     →   𝑞𝑠 − 𝐶ℎ𝑠

3 = 0 

Unsteady state                              𝑞 − 𝑞0 = 𝐴
𝑑ℎ

𝑑𝑡
  →   𝑞 − 𝐶ℎ3 = 𝐴

𝑑ℎ

𝑑𝑡
 

Linearizing the nonlinear term, h
3
, by means of a Taylor series expansion; 

𝑓 𝑥 = 𝑓 𝑥𝑠 +
𝑑𝑓

𝑑𝑥
 
𝑥𝑠

 𝑥 − 𝑥𝑠 + (ℎ𝑖𝑔ℎ𝑒𝑟 𝑜𝑟𝑑𝑒𝑟 𝑡𝑒𝑟𝑚𝑠) 

ℎ3 = ℎ𝑠
3 + 3ℎ𝑠

2(ℎ − ℎ𝑠) 
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Substituting the linearized term into unsteady state equation; 

Unsteady state                              𝑞 − 𝐶(ℎ𝑠
3 + 3ℎ𝑠

2(ℎ − ℎ𝑠)) = 𝐴
𝑑ℎ

𝑑𝑡
 

Unsteady state - Steady state       (𝑞 − 𝑞𝑠) − 𝐶(ℎ𝑠
3 + 3ℎ𝑠

2 ℎ − ℎ𝑠 − ℎ𝑠
3) = 𝐴

𝑑(ℎ−ℎ𝑠)

𝑑𝑡
 

          (𝑞 − 𝑞𝑠) − 3𝐶ℎ𝑠
2 ℎ − ℎ𝑠 = 𝐴

𝑑(ℎ−ℎ𝑠)

𝑑𝑡
 

Introducing deviation variables; 

𝑞 − 𝑞𝑠 = 𝑄   ;    ℎ − ℎ𝑠 = 𝐻 

𝑄 − 3𝐶ℎ𝑠
2𝐻 = 𝐴

𝑑𝐻

𝑑𝑡
 

𝐴
𝑑𝐻

𝑑𝑡
+ 3𝐶ℎ𝑠

2𝐻 = 𝑄 

𝐴

3𝐶ℎ𝑠2
𝑑𝐻

𝑑𝑡
+ 𝐻 =

1

3𝐶ℎ𝑠2
𝑄 

𝜏
𝑑𝐻

𝑑𝑡
+ 𝐻 = 𝑅𝑄 
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a) Taking the Laplace transform; 

𝜏 𝑠𝐻 𝑠 − 𝐻 0  + 𝐻 𝑠 = 𝑅𝑄 𝑠  

𝐻 0 = ℎ 0 − ℎ𝑠 = 0 

𝜏𝑠𝐻 𝑠 + 𝐻 𝑠 = 𝑅𝑄 𝑠  

 𝜏𝑠 + 1 𝐻 𝑠 = 𝑅𝑄(𝑠) 

𝐻 𝑠 

𝑄 𝑠 
=

𝑅

𝜏𝑠 + 1
   

a) 𝑞0𝑠
= 𝐶ℎ𝑠

3 

 

0.55 
𝑚3

𝑚𝑖𝑛
= 𝐶(1.5 𝑚)3 

 

𝐶 = 0.16 
1

𝑚𝑖𝑛
 

 

𝜏 =
𝐴

3𝐶ℎ𝑠2
=

0.2 𝑚2

(3)(0.16 
1

𝑚𝑖𝑛)(1.5 𝑚)2
     →      𝜏 = 0.19 𝑚𝑖𝑛 

 

𝑅 =
1

3𝐶ℎ𝑠2
=

1

(3)(0.16 
1

𝑚𝑖𝑛)(1.5 𝑚)2
     →      𝑅 = 0.93 

𝑚𝑖𝑛

𝑚2
 

 

0.19
𝑑𝐻

𝑑𝑡
+ 𝐻 = 0.93 𝑄 
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a) 𝑄 𝑡 = 0.85 − 0.55 = 0.3 
𝑚3

𝑚𝑖𝑛
 

𝑄 𝑠 =
0.3

𝑠
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𝐻 𝑠 =
0.28

𝑠
−

0.28

𝑠 + 5.26
= 0.28  

1

𝑠
−

1

𝑠 + 5.26
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Consider the stirred-tank reactor shown below. The reaction occuring is 2𝐴 → 𝐵  and it 

proceeds at a rate −𝑟𝐴 = 𝑘𝐶𝐴
2, k = 1.8 (L/mol min) 

Assuming constant density and constant volume. 

a) Steady state                       𝑞𝐶𝐴𝑂𝑠
− 𝑞𝐶𝐴𝑠 +  𝑟𝐴𝑉 = 0         →    𝑞𝐶𝐴𝑂𝑠

− 𝑞𝐶𝐴𝑠 − 𝑘𝐶𝐴𝑠
2 𝑉 = 0            

Unsteady state                   𝑞𝐶𝐴𝑂  − 𝑞𝐶𝐴  +  𝑟𝐴𝑉 = 𝑉
𝑑𝐶𝐴

𝑑𝑡
   →   𝑞𝐶𝐴𝑂  − 𝑞𝐶𝐴 −  𝑘𝐶𝐴

2𝑉 = 𝑉
𝑑𝐶𝐴

𝑑𝑡
             

Linearizing the nonlinear term, 𝐶𝐴
2, by means of a Taylor series expansion; 

𝑓 𝑥 = 𝑓 𝑥𝑠 +
𝑑𝑓

𝑑𝑥
 
𝑥𝑠

 𝑥 − 𝑥𝑠 + (ℎ𝑖𝑔ℎ𝑒𝑟 𝑜𝑟𝑑𝑒𝑟 𝑡𝑒𝑟𝑚𝑠) 

𝐶𝐴
2 = 𝐶𝐴𝑠

2 + 2𝐶𝐴𝑠(𝐶𝐴 − 𝐶𝐴𝑠) 

Substituting the linearized term into unsteady state equation; 

Unsteady state   

𝑞𝐶𝐴𝑂  − 𝑞𝐶𝐴 −  𝑘𝑉  𝐶𝐴𝑠
2 + 2𝐶𝐴𝑠 𝐶𝐴 − 𝐶𝐴𝑠  = 𝑉

𝑑𝐶𝐴
𝑑𝑡

 

Unsteady state - Steady state       

𝑞  𝐶𝐴𝑂 − 𝐶𝐴𝑂𝑠
  − 𝑞  𝐶𝐴 − 𝐶𝐴𝑠 −  𝑘𝑉  𝐶𝐴𝑠

2 + 2𝐶𝐴𝑠 𝐶𝐴 − 𝐶𝐴𝑠 − 𝐶𝐴𝑠
2  = 𝑉

𝑑𝐶𝐴
𝑑𝑡

 

 𝑞  𝐶𝐴𝑂 − 𝐶𝐴𝑂𝑠
  − 𝑞  𝐶𝐴 − 𝐶𝐴𝑠 − 2𝑘𝑉𝐶𝐴𝑠   𝐶𝐴 − 𝐶𝐴𝑠

 = 𝑉
𝑑 𝐶𝐴 − 𝐶𝐴𝑠 

𝑑𝑡
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Introducing deviation variables; 

𝐶𝐴𝑂 − 𝐶𝐴𝑂𝑠
= 𝐶𝐴𝑂

′
 
  ;     𝐶𝐴 − 𝐶𝐴𝑠 = 𝐶𝐴

′  

 𝑞 𝐶𝐴𝑂
′

 
− 𝑞𝐶𝐴

′ − 2𝑘𝑉𝐶𝐴𝑠𝐶𝐴
′ = 𝑉

𝑑𝐶𝐴
′

𝑑𝑡
 

𝑉
𝑑𝐶𝐴

′

𝑑𝑡
+ 𝐶𝐴

′   𝑞 + 2𝑘𝑉𝐶𝐴𝑠 = 𝑞𝐶𝐴𝑂
′

 
 

𝑉

𝑞 + 2𝑘𝑉𝐶𝐴𝑠

𝑑𝐶𝐴
′

𝑑𝑡
+ 𝐶𝐴

′  =
𝑞

𝑞 + 2𝑘𝑉𝐶𝐴𝑠
𝐶𝐴𝑂
′

 
 

𝜏
𝑑𝐶𝐴

′

𝑑𝑡
+ 𝐶𝐴

′ = 𝑅𝐶𝐴𝑂
′  

𝜏 =  
𝑉

𝑞 + 2𝑘𝑉𝐶𝐴𝑠
              𝑅 =  

𝑞

𝑞 + 2𝑘𝑉𝐶𝐴𝑠
 

       

a) Taking the Laplace transform; 

𝜏 𝑠 𝐶𝐴
′   𝑠 − 𝐶𝐴

′   0  + 𝐶𝐴
′   𝑠 = 𝑅 𝐶𝐴𝑂

′  𝑠  

𝐶𝐴
′   0 =  𝐶𝐴   0 − 𝐶𝐴𝑠 = 0 

𝜏𝑠𝐶𝐴
′   𝑠 + 𝐶𝐴

′   𝑠 = 𝑅 𝐶𝐴𝑂
′  𝑠  

 𝜏𝑠 + 1  𝐶𝐴
′  𝑠 = 𝑅𝐶𝐴𝑂

′ (𝑠) 

𝐶𝐴
′   𝑠 

𝐶𝐴𝑂
′  𝑠 

=
𝑅

𝜏𝑠 + 1
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a)  

𝜏 =  
𝑉

𝑞 + 2𝑘𝑉𝐶𝐴𝑠
=  

50 𝐿

  5
𝐿

𝑚𝑖𝑛 + 2  1.8 
𝐿

𝑚𝑜𝑙 𝑚𝑖𝑛
  50 𝐿  0.3

𝑚𝑜𝑙
𝐿  

= 0.85 𝑚𝑖𝑛 

𝑅 =  
𝑞

𝑞 + 2𝑘𝑉𝐶𝐴𝑠
=  

5 𝐿/𝑚𝑖𝑛

  5
𝐿

𝑚𝑖𝑛 + 2  1.8 
𝐿

𝑚𝑜𝑙 𝑚𝑖𝑛
  50 𝐿  0.3

𝑚𝑜𝑙
𝐿  

= 0.08  

𝐶𝐴
′   𝑠 

𝐶𝐴𝑂
′  𝑠 

=
0.08

0.85𝑠 + 1
 

a) 𝐶𝐴𝑂
′  𝑡 =  

   1.5             𝑡 < 0 
 4.0 − 1.5         0 ≤ 𝑡 < 1

   1.5            𝑡 ≥ 1
  

 

𝐶𝐴𝑂
′  𝑡 = 2.5   𝑢 𝑡 − 𝑢(𝑡 − 1)  

 

𝐶𝐴𝑂
′  𝑠 = 2.5  

1

𝑠
−

1

𝑠
𝑒−𝑠 =

2.5

𝑠
 1 − 𝑒−𝑠  

 

𝐶𝐴
′   𝑠 

𝐶𝐴𝑂
′  𝑠 

=
0.08

0.85𝑠 + 1
 

𝐶𝐴
′   𝑠 = 𝐶𝐴𝑂

′  𝑠 
0.08

0.85𝑠 + 1
 

𝐶𝐴
′   𝑠 =

2.5

𝑠
 1 − 𝑒−𝑠 

0.08

0.85𝑠 + 1
 

 

𝐶𝐴
′   𝑠 = 0.2 

1

𝑠 (0.85𝑠 + 1)
 1 − 𝑒−𝑠 =

0.2

𝑠 (0.85𝑠 + 1)
−

0.2 𝑒−𝑠

𝑠 (0.85𝑠 + 1)
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𝐹 𝑠 =
0.2

𝑠 (0.85𝑠 + 1)
=

0.24

𝑠 (𝑠 + 1.18)
=

𝐴

𝑠
+

𝐵

𝑠 + 1.18
 

 

𝐴 =
0.24

𝑠 (𝑠 + 1.18)
𝑠 = 0.20   (𝑠 = 0) 

 

𝐵 =
0.24

𝑠  𝑠 + 1.18 
 𝑠 + 1.18 = −0.20   (𝑠 = −1.18) 

 

𝐹 𝑠 =
0.2

𝑠 (0.85𝑠 + 1)
=

0.2

𝑠
−

0.2

𝑠 + 1.18
                       𝐹 𝑡 = 0.2 − 0.2 𝑒−1.18 𝑡  

 

Translation of function  𝐿  𝑓  𝑡 − 𝑡𝑜  =  𝑒−𝑠𝑡𝑜𝑓(𝑠)  

 

𝐺 𝑠 =
0.2 𝑒−𝑠

𝑠 (0.85𝑠 + 1)
=

0.24 𝑒−𝑠

𝑠 (𝑠 + 1.18)
                           𝐺 𝑡 = 0.2 − 0.2 𝑒−1.18 𝑡−1   

 

 

𝐶𝐴
′   𝑡 = 𝐹 𝑡 − 𝐺 𝑡  

 

𝐶𝐴
′   𝑡 =  0.2 − 0.2 𝑒−1.18 𝑡 −  0.2 − 0.2 𝑒−1.18 𝑡−1    

 

𝐶𝐴
′   𝑡 = −0.2 𝑒−1.18 𝑡 + 0.2 𝑒−1.18 𝑡−1   

 

𝐶𝐴
′   𝑡 = 0.2 𝑒−1.18 𝑡 𝑒1.18 − 1 = 0.45  𝑒−1.18 𝑡  

 

𝐶𝐴
′   𝑡 =  𝐶𝐴  𝑡 − 𝐶𝐴𝑠 

 

𝐶𝐴  𝑡 = 𝐶𝐴𝑠 + 𝐶𝐴
′   𝑡  

 

𝐶𝐴  𝑡 = 0.3 +  0.45  𝑒−1.18 𝑡  

 

𝑡 = 2 min;  𝐶𝐴  2 = 0.3 +  0.45  𝑒−1.18∗2 = 0.34 𝑚𝑜𝑙/𝐿 

 

𝑡 → ∞;          𝐶𝐴  ∞ = 0.3 +  0.45  𝑒−1.18∗0 = 0.3 𝑚𝑜𝑙/𝐿 
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