
2.3. Exact Equations

Although the simple first-order equation
𝑦 𝑑𝑥 + 𝑥 𝑑𝑦 = 0

is separable, we can solve the equation in an alternative manner by
recognizing that the expression on the left-hand side of the equality is
the differential of the function 𝑓 𝑥, 𝑦 = 𝑥𝑦; that is,

𝑑 𝑥𝑦 = 𝑦 𝑑𝑥 + 𝑥 𝑑𝑦.

In this section we examine first-order equations in differential form
𝑀 𝑥, 𝑦 𝑑𝑥 + 𝑁 𝑥, 𝑦 𝑑𝑦 = 0. By applying a simple test to 𝑀 𝑎𝑛𝑑 𝑁, we
can determine whether 𝑀 𝑥, 𝑦 𝑑𝑥 + 𝑁(𝑥, 𝑦) 𝑑𝑦 is a differential of a
function 𝑓 (𝑥, 𝑦). If the answer is yes, we can construct 𝑓 by partial
integration.





Definition (Exact Equation )



For example,

is an exact equation, because its left-hand side is an exact differential:



Theorem (Criterion for an Exact Differential)





Solve Questions



2.4. Integrating Factors

If we take the standard form for the linear differential equation

and rewrite it in differential form by multiplying through by dx, we obtain

This form is certainly not exact, but it becomes exact upon multiplication by the 
integrating factor

We have

as the form, and the compatibility condition is precisely the identity

This leads us to generalize the notion of an integrating factor.



Definition (Integrating Factor)



How do we find an integrating factor?



Summary



Solve Questions


