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5. HIGHER ORDER DIFFERENTIAL
EQUATIONS

BASIC THEORY

5.1 Homogeneous Equations

dn_l}’ [fy
i T T a® st a0y = 0 (D

A linear nth-order dif a"(x)g fa_

: : d’y d”y dy
is said to be homogela® g + G @ o+ H a0+ ay =g, (2)

with g(x) not identically zero, is said to be nonhomogeneous.
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For example,

2v" + 3y —5vy=0

IS @a homogeneous linear second-order differential equation, whereas
xy" + 6y + 10y = ¢
IS @a nonhomogeneous linear third-order differential equation.

We shall see that to solve a nonhomogeneous linear equation (2), we must first be
able to solve the associated (or corresponding) homogeneous equation (1).

Dr. Gizem SEYHAN OZTEPE-Ankara University Dept. of Mathematics




DIFFERENTIAL OPERATORS In calculus differentiation is often denoted by
the capital letter D—that is, dy/dx = Dy. The symbol D is called a differential
operator because it transforms a differentiable function into another function. For
example, D(cos 4x) = —4 sin 4x and D(5x° — 6x?) = 15x? — 12x. Higher-order
derivatives can be expressed in terms of D in a natural manner:

d (dy) _dYy d"y

T = 3= D(Dy) = D% and, in general, i Dy,

dx

where y represents a sufficiently differentiable function. Polynomial expressions
involving D, such as D + 3, D>+ 3D — 4, and 5x°D? — 6x’D* + 4xD + 9, are
also differential operators. In general, we define an nth-order differential opera-
tor or polynomial operator to be

L= a,(0)D" + @y 1(x)D" ' + - - - + a,(x)D + apx).  (3)

As a consequence of two basic properties of differentiation, D{cf(x)) = cDf(x),cisa
constant, and D{ f(x) + g(x)} = Df(x) + Dg(x), the differential operator L possesses
a linearity property; that is, L. operating on a linear combination of two differentiable
functions is the same as the linear combination of L operating on the individual func-
tions. In symbols this means that

L{af() + Bg®)) = aL(f) + BL(g()). (4)

where a and 3 are constants.
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DIFFERENTIAL EQUATIONS Any linear differential equation can be expressed in
terms of the D notation. For example, the differential equation y" + 5y" + 6y = 5x — 3
can be written as D%y + 5Dy + 6y = 5x — 3 or (D* + 5D + 6)y = 5x — 3. Using (3),
we can write the linear nth-order differential equations (1) and (2)compactly as

Liyy=0 and L(y) = g(x),

respectively.
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SUPERPOSITION PRINCIPLE In the next theorem we see that the sum, or
superposition, of two or more solutions of a homogeneous linear differential equation
IS also a solution.

Theorem (Superposition Principle—Homogeneous Equations)

Let vy, ¥2..... ¥ be solutions of the homogeneous nth-order differential
equation (q)on an interval I. Then the linear combination

Y= ¥(x) T ey(x) + - -0+ v(x),

where the ¢;, i = 1, 2, ..., k are arbitrary constants, is also a solution on the
interval.

Corollary

(A) A constant multiple v = ¢,y(x) of a solution y;(x) of a homogeneous
linear differential equation is also a solution.

(B) A homogeneous linear differential equation always possesses the trivial
solution y = 0.
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Example

.”, The functions y; = x* and y, = x? In x are both solutions of the homogeneous linear
equation x*y" — 2xy" + 4y = 0 on the interval (0, =). By the superposition principle
the linear combination

y=cx?+ cxllnx
is also a solution of the equation on the interval. |
The function y = ¢’ is a solution of y" — 9y" + 14y = 0. Because the differen-
tial equation is linear and homogeneous, the constant multiple v = ce™ is also a

solution. For various values of ¢ we see thaty = 9¢™, y = 0,y = —\/5¢™", . . . are all
solutions of the equation.
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LINEAR DEPENDENCE AND LINEAR INDEPENDENCE

interval [ if there exist constants ¢y, ¢,, . . . , ¢,, not all zero, such that

.’ ’l A set of functions f(x), f>(x), . . . , fu(x) is said to be linearly dependent on an

ofix) + efix) + -+, fi(x) =0

for every x in the interval. If the set of functions is not linearly dependent on
the interval, it is said to be linearly independent.

In other words, a set of functions is linearly independent on an interval [ if the only
constants for which

cfitx) + cafalx) + - - -+ e fu(x) =0

for every x in the interval are¢c, = ¢, = - - - = ¢, = 0.
Example

The set of functions fi(x) = cos?x, frlx) = sin’x, flx) = sec2x, falx) = tan’x is
linearly dependent on the interval (—7r /2, 7 /2) because

¢, cos’x + ¢, sin’x + cysec’x + ¢y tan’x = 0

when ¢, =¢;=1, ¢3=—1, ¢;=1. We used here cos’x + sin’x =1 and
1 + tan’x = sec’x. |

A set of functions fi(x), f>(x), . . ., fu(x) is linearly dependent on an interval if
at least one function can be expressed as a linear combination of the remaining
functions.
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Example

The set of functions fi(x) = Vx + 5, frlx) = Vx + 5x, falx) =x — 1, fulx) = x7is
linearly dependent on the interval (0, <) because f> can be written as a linear combi-
nation of f|. f3, and f3. Observe that

Hx) = 1-filx) +5-fi(x) + 0+ fyx)
for every x in the interval (0, o). [ |

Definition (Wronskian)

u

Suppose each of the functions fj(x), f>(x), . . ., f,(x) possesses at least n — 1
derivatives. The determinant

i B e T
W(fisfos - - - S) = f}' f f :
fl(n.—l) fzm.—l) 5y j;(,n.—lv
where the primes denote derivatives, is called the Wronskian of the

functions.
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Theorem (Criterion for Linearly Independent Solutions)

Let v, ¥2,..., ¥, be n solutions of the homogeneous linear nth-order

differential equation (1 ) on an interval I. Then the set of solutions is linearly
independent on 7 if and only if W(vy, v2,..., v,) # 0 for every x in the
interval.

Definition (Fundamental Set of Solutions)

Any set yy, ¥2. ..., v, of n linearly independent solutions of the homoge-
neous linear nth-order differential equation @ on an interval [ is said to be a
fundamental set of solutions on the interval.
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Theorem (General Solution—Homogeneous Equations)

Example

Let vy, v2. .. ., y» be a fundamental set of solutions of the homogeneous linear
nth-order differential equation (6) on an interval /. Then the general solution of
the equation on the interval is

Yy = cx) + oy(x) + -0+ pa(%),
where ¢;, i = 1, 2, . .., n are arbitrary constants.

The functions y; = €** and y, = ¢ " are both solutions of the homogeneous linear

equation y" — 9y = 0 on the interval (—cc, =¢). By inspection the solutions are lin-
early independent on the x-axis. This fact can be corroborated by observing that the
Wronskian

Elt E—Bx

W(EBI’ E_BI}= 3€3x _36—31'

= —6+#0

for every x. We conclude that y; and y, form a fundamental set of solutions, and
consequently, v = c¢;e”* + ¢,¢” " is the general solution of the equation on the
interval. |
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Example

The functions y; = €%, v, = €>*, and y; = ™" satisfy the third-order equation
y" —6y" + 11y" — 6y = 0. Since
e & en
W(e', e™, &™) = |e* 2e¥ 3e’"| = 2" # 0
& 4e’* 9"
for every real value of x, the functions yy, v,, and y; form a fundamental set of solu-

tions on (—20, =). We conclude that v = ¢ ¢ + c2e™ + ¢3¢’ is the general solution
of the differential equation on the interval. |
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5.2 Nohomogeneous Equations

Any function y,, free of arbitrary parameters, that satisfies (2) is said to be a particular

solution or particular integral of the equation. For example, it is a straightforward
task to show that the constant function y, =3 Iis a particular solution of the
nonhomogeneous equation y"' 49y = 27.

Theorem (General Solution—Nonhomogeneous Equations)

Let y, be any particular solution of the nonhomogeneous linear nth-order differ-
ential equation (7) on an interval I, and let y;, v», . . . , ¥, be a fundamental set of
solutions of the associated homogeneous differential equation (1) on I. Then the
general solution of the equation on the interval is

y = yi(x) + cayax) + 0+ 0+ Cuyp(X) + Yp,

where the ¢;, i = 1, 2, .. ., n are arbitrary constants.
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COMPLEMENTARY FUNCTION

The general solution of the homogeneous equation (1) is called the complementary
function for equation (2). In other words, to solve a nonhomogeneous linear differential
equation, we first solve the associated homogeneous equation and then find any
particular solution of the nonhomogeneous equation. The general solution of the
nonhomogeneous equation is then

u

vy = complementary function + any particular solution
= }rr — 1’,"?

Example Y, =~ — 13X
IS a particular solution of the nonhomogeneous equation  »" — 6" + 11y’ = 6y = 3x.
Ve = c1e* + et + e,

And the general solution of the associated homogeneous equation is

So the general solution of nonhomogenous equation is

11 1
y=y.ty =ce + e+ e ————x
12 2
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Note: Superposition principle is also true for nonhomogeneous equations. See the
following example:

Example:

You should verify that
Vo, = —4x* is a particular solution of y" — 3y" + 4y = —16a% + 24x — 8§,
Yp, = € isa particular solution of y" — 3y’ + 4y = 2™,

Vp, = X&' is a particular solution of y" — 3y" + 4y = 2xe" — €.

So we conclude that

y=ypl+yp1+yp3=—4xz+€2x+.r€r,

is a solution of

v =3y + 4y = —16x2 + 24x — 8 + 2e¥ + 2xe* — e~ [ |
. v A \._Y_,a" s A
21(x) g4(x) g3(x)
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