Mathematical Models

A mathematical model is a mathematical description of a
real-world phenomenon.
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1. Formulate
Identify independent & dependent variables, simplify and
obtain equations (possibly guessing from measurements).
2. Solve
Apply mathematics such as calculus to derive conclusions.

3. Interpret
Interpret the model conclusions to predict the real-world.

4. Test
Compare predictions with reality (revise model if needed).



Linear Functions

A linear function is a function f that can be written in the form:
flx)=mx+b
where m is the slope and b is the y-intercept.

The graph of a linear function is a line:
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Linear Functions: Example

When dry air moves upward it expands and cools.

» ground temperature is 20°

» temperature in height of 1km is 10°
Express the temperature as a linear function of the height h.
What is the temperature in 2.5km height?

Since we are looking for a linear function:

T(hy=mh+b
We know that:
TO)=m-0+b=20 = b=20
Tl)=m-1+b=m-1+20=10 = m=10—-20=10
Thus T(h) =—-10m+ 20, and T(2.5) = —5°.



Polynomials

A function P is called polynomial if

P(x)=apnx"+ ap1x"' +...+ax®+ax+a

where
» nis a non-negative integer, and
> ap, a4,...,ap are constants, called coefficients.

If a, # 0 then nis the degree of the polynomial.
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Polynomials of Degree 1: Linear Functions

A polynomial of degree 1 is a linear function:
f(x)=mx+b

Find equations for the functions f, g and h:
> for f: f(x) = Sx —1
» for g: f(x) =2x+1
> for h: f(x) = —1x+3



Polynomials of Degree 2: Quadratic Functions

A polynomial of degree 2 is a quadratic function:
f(x)=ax®>+bx+c
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The graph of is always a shifting of the parabola ax?. It open
upwards if a > 0, and downwards if a < 0.



Polynomials of Degree 3: Cubic Functions

A polynomial of degree 3 is a cubic function:
f(x)=ax®+bx? +cx +d




Power Functions

A function of the form
f(x) =x2

where ais a constant, is called a power function.




Power Functions: Special Cases

We consider x" with n a positive integer.
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Power Functions: Special Cases

We consider x" with n a positive integer.

» For even n the graph similar to the parabola x2.
» For odd n the graph looks similar to x3.
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If nincreases, then the graph of x” becomes flatter near 0, and
steeper for x| > 1.



Power Functions: Special Cases

We consider x» where nis a positive integer:
» f(x) = Xi = v/x is a root function (square root for n = 2)
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» For even nthe domain is [0, c0), the graph is similar to /x.
» For odd n the domain is R, the graph is similar to /x.



Power Functions: Special Cases

The power function f(x) = x1 = } is the reciprocal function.
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This function arises in physics and chemistry. E.g. Boyle’s law
says that, when the temperature is constant, then the volume V
of a gas is inversely proportional to the pressure P:

V = r where C is a constant



Power Function: Applications

Power functions are used for modeling:
» the illumination as a function of the distance from a light
source

» the period of the revolution of a planet as a function of the
distance from the sun



Rational Functions

A rational function f is ratio of two polynomials:
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where P and Q are polynomials

» the domain of 2% is {x | Q(x) £ 0}

Q(x)




Algebraic Functions

A function f is called algebraic function if it can be constructed
using algebraic operations (addition, subtraction, multiplication,
division and taking roots) starting with polynomials.

f(x) = VX2 +1 g(x) = = e +(x —2)Vx + 1

X+\/}
Y ¥ Y,
1
2
1 1x 1
=1 %
= ) 5 % 1 0 1
=1



Algebraic Functions: Real-wold Example

The following algebraic function occurs in the theory of
relativity. The mass of an object with velocity v is:

m=f(v) = —20

where
» mg is the rest mass of the object
> ¢~ 3.0-10%K™ is the speed of light (in vacuum)
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Angles

Angles can be measured in degrees (°) or in radians (rad):
» 180° = mrrad
» 360° = 27t rad is a full revolution

o

120° =2n/3rad. o oy -60° =m/3 rad
135° =3n/4rad- - _: . .45°=m/4rad
150° =5n/6rad.. /% | N\ .-80° =m/6 rad

180° =mrad-{-- i +-0° =0 rad

270° = 3n/2 rad

From 180° = 7t rad we conclude

o_ T _
1° = 180 rad and X 180

1 rad= <180> ° and X rad= (X' 180) °
7T 7T




Angles: Radian
In Calculus, the default measurement for angles is radian.
Historical note on radians:

» consider a circle with radius 1, and
» an sector of this circle with angle « (radians)

arc has length «

/)

Then the arc of the sector has length « (equal to the angle).



Trigonometric Functions
COS &
Properties of sin and cos:
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Trigonometric Functions
COS o
Properties of sin and cos:
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Trigonometric Functions: Identities

COS &

: radius 1

Importani identities:
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Trigonometric Functions: Identities

COS &

Importani identities:
> sin(—x) = —sinx

sin x

COS X

and
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cos(—a) = cos




Trigonometric Functions: Identities
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Importani identities:
» sin(—x) = —sinx and cos(—a) = cos«
» sin(a+27) =sinae  and cos(o + 27) = cos
> COS o = sin(oc £ ?)




Trigonometric Functions: Identities

COS o "
£ ” . I
: Sin X
= =z 3 m St 3
adius 1 %
COs X
= 2 0 d n 2n 5 3

Importani identities:
» sin(—x) = —sinx and cos(—a) = cos«
» sin(a+27) =sinae  and cos(o + 27) = cos
» cosx =sin(x + 3)

» sin? a+cos? o = 1 (follows form the Pythagorean theorem)
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Trigonometric Functions: Tangent and Cotangent

The tangent and cotangent are defined as:

sin o COS &
cotox = —
COS o sin x

tan o =
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» domain oftan={x | cosx A0} =R\ {n/2 4+ zn | z € Z}
» domain of cot ={x |sinx 0} =R\ {zn | z € Z}
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Exponential Functions

An exponential function is a function of the form
f(x)=a*

where the base a is positive real number (a > 0).
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f(x)=2% f(x) = 0.5"

These functions are called exponential since the variable x is in
the exponent. Do not confuse them with power functions x?@!



Exponential Functions
How is a* defined for x € R?

For x = 0 we have &0 = 1.

For positive integers x = n € N we have
a"=a.-gq----- a
n-times
For negative integers x = —n we have
p 1

T a
For rational numbers x = g with p, g integers we have

g =ai = Jab = (Ya)P

N

42 = (V4)® =23 =38



Exponential Functions: Irrational Numbers

But what about irrational numbers? What is 2V3 or 572

Roughly, one can imagine the situation like in this figure:

Y

We have have defined the function for all rational points, and
now want to close the gaps.

Clearly, the result should be an increasing function. ..



Exponential Functions: Irrational Numbers

But what about irrational numbers? What is 2V3 or 572

By increasingness we know:
173<V3<1.74 = 2178 V8 _ o174
1732 < V3 <1733 — 21732 _ pV3  p1.733
17320 < V3 <1.7321 = 217320 - pV3 _ 517321
173205 < /3 < 1.73206 = 2173205 - pV3 _ 5173206

There is exactly one number that fulfills all conditions on the right.

E.g., 2173205 ~ V3  1.73206 getermines the first 6 digits:

2V3 ~ 3.321997



Exponential Functions: Examples

(2) 4x ox
1.5%

Properties:
» All exponential functions pass through (0, 1) (since & = 1)
» Larger base a yields more rapid growth for x > 0.



Exponential Functions: Three Types

0| X 0| X

flx)=a*with0<a< 1 f(x) = a* witha>1

» constant for a =1
increasing for a > 1
decreasing for0 < a< 1
domain = (—oo, 00)
range = (0,00) if a # 1




Laws of Exponents

Laws of Exponents
If a and b are positive real numbers, then:
1. 8@ =a" o

y &
gy

2
3. (&) = av
4

. (ab)* = &b~

—

a3+4:a.a.a.a.a.a.a:(a.a.a).(a.a.a.a):a3_a4

(a-a-a

2. P2=-3. a3 a=2230@3a 2
3. (2)%=(a-a®=(a-a)-(a-a)-(a-a) = & = &3
4. (ab)® = (ab) - (ab) - (ab) = (a-a-a)- (b-b-b) = a°b°



Exponential Functions vs. Power Functions

Which functions grows quicker when x is large:

f(x) = x? g(x) = 2%
Y, 2 y 2
X2
30 g 300
20 200
10| 100 x?
—_0- 5 X 0 2 4 6 8 X

For large x, the function 2% grows much much faster than x2.



Exponential Functions vs. Power Functions

Which functions grows quicker when x is large:

f(x) =10 x° glx) =1.1%
yy o 10 10+ x° 1.1%
30 : 300
2y 200
i1 100
1.4%




Exponential Functions vs. Power Functions

Which functions grows quicker when x is large:

f(x)=10-x° g(x) =1.1%
y 1.1%
3-10"
2-10%
1-10"8
10 % x5

0 100 200 300 400 X

For any 1 < a, the exponential function f(x) = a* grows for
large x much faster than any polynomial.



Exponential Functions: Applications

We consider a population of bacteria:
» suppose the population doubles every hour
» we write p(t) for the population after t hours
» initial population is p(0) = 1000

We have:

Thus in general
p(t) = 1000 - 2!

Under ideal conditions such rapid growth occurs in nature.



Exponential Functions: The Number e

The number
e~ 2.71828...

is a very special base for exponential functions.

PR ST I

tangent has slope 1 = €° tangent has slope e = e'

The slope of the function e* at point (x, &*) is e*.



One-To-One Functions

A one-to-one function is a function that never takes the same
value twice, that is:

f(x) #f(y) whenever x #y

Which of these function is one-to-one? The function g.



One-To-One Functions

How can we see from a graph if the function is one-to-one?

not one-to-one one-to-one

Horizontal Line Test

A function is one-to-one if and only if no horizontal line
intersects its graph more than once.



One-To-One Functions: Examples

Which of the following functions is one-to-one?
» x3 ? Yes
» x> ? No
» 4% ? Yes
»x—x2 ? No
» x+4¢ 7?7 Yes

» —x—x3 ? Yes



Inverse Functions

A function g is the inverse of a function f if
g(f(x)) = x forall x in the domain of f

(and the domain of g is the range of f).

A function f has an inverse if and only if f is one-to-one.



Inverse Functions

The inverse of a one-to-one function can be defined as follows.
Let f be a one-to-one function with domain A and range B.
Then its inverse function " is defined by:

Fly)=x < fx)=y
and has domain B and range A.

The inverse function of f(x) = x3is f1(y) = y3:

FF) = F1(x%) = (x3)3 = x

We have the following cancellation equations:
f(x) = x forall x € A

fr 'y =y forally € B



Inverse Functions

To find the inverse function of f:
» solve the equation y = f(x) for x in terms of y

Find the inverse function of f(x) = x3 + 2.
y=x>+2
— x3=y-2

— x=3y—-2

Therefore the inverse function of fis f~1(y) = /y — 2



Inverse Functions: Graphs

Wehave f(x)=y <= f'(y)=x andhence

point (x, y) in the graph of f
—
point (y, x) in the graph of
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Logarithmic Functions

The logarithmic functions
f(x) =log, x
where a>0and a # 1.

The function log,, x is the inverse of the exponential function a*:

log,y =x < a' =y

The logarithm log, b gives us the exponent for a to get b.

For example: log;, 0.001 = —3 since 10~3 = 0.001.

The logarithmic functions log, x have:
» domain = (0, )
» range = R



Logarithmic Functions

We have the following cancellation equations:

log, (@) =x forevery x e R

d%%* = x forevery x > 0

log;q(10%) = 23

5log57 -7



Logarithmic Functions
o5

.
.
Lo log, x

For a > 1, f(x) = a* grows very fast.

As a consequence:

Fora> 1, f(x) =log, x grows very slow.

log, x
logs x

logio X




Logarithmic Functions: Laws of Logarithm

If x,y > 0, then
1. log,(xy) = log,(x) + log,(y)
2. log,(%) = log,(x) —log,(y)

3. log,(x") = rlog, x

log, 80 —log, 5 = Iogz(850) = log, 16 =4

We can proof the laws from the laws for exponents.
1. log,(xy) =2z & a=xy
and g9%a(X)H+ogaly) — 5l00a(X) . 4l0g.(y) — xy
3. log,(x") =z <= & =x'

and a''09.(x) — (aloga(x))r — x'



Logarithmic Functions: Base Conversion

If we want to compute log, x but have only log, then we can:

Base Conversion

log, x
log, x = Iogz -
Compute log, 16 using log,.
log, 16 4

S —p

100, 16 = log,4 2



Natural Logarithm

The natural logarithm In is a special logarithm with base e:

Inx =log, x

Solve the equation e>3% = 10.

In(e>~3¥) =In10 apply natural logarithm on both sides
5—-3x=1In10
3x=5—-1In10
5—1In10
T3

Express Ina+  Inb in a single logarithm.

Ina+%|nb:|na+lnb% —Ina+Invb=In(avb)



Inverse Trigonometric Functions

We are interested in inverse functions of:

%
. 1V
sin x

COS X

3n

Problem: these functions are not one-to-one!
Solution: we restrict their domain
» for sin we restrict the domain to [-7, 7]
» for cos we restrict the domain to [0, 7t

3n



Inverse Trigonometric Functions
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sin'(y)=x <= sin(x)=yand —ggxgg
<

cos '(y)=x <<= cos(x)=yandO0

The inverse sine function sin~" is also denoted by arcsin.
The inverse cosine function sin~' is denoted by arccos.



Inverse Trigonometric
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arcsin x
arccos x

The domain of arcsin and arccos is [—1, 1].
The range of arcsin is [-7, 5] and of arccos is [0, 7.



Inverse Trigonometric: Cancellation Equations

The cancellation equations are:

L s T
arcsin(sinx) = x for 5 <x< >
sin(arcsinx) = x for—1 < x <1

arccos(cosx) =x for0<x<m
cos(arccos x) =x for—1 < x <1



Inverse Trigonometric: Examples

« [l F[F[5 F[ 5[ F [ F [n[F[en
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sin'(y)=x <«

cosT'(y)=x =

Evaluate the following:

» sin

» tan(arcsin()) =

1

2

) —
~ 6
1 sin(arcsin()) & 1.3
cos(arcsin(z))  5v2 3 2
_ : Let o = arcsin(3), then
1
§_Isincx

sin(x) = y and —ggxg

T
2

cos(x)=yand0<x<m




Trigonometric Functions: Inverse Tangent
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tan—! x or arctan x

tan x restricted to (-3, 3)

tan*1y:x & tanx=yand —g<x<g

The function arctan has domain (—oo, co) and range (-7, 7).



Trigonometric Functions: Inverse Cotangent

cot x restricted to (0, 7)

cot 'y=x <= cotx=yandO<x<m

The function cot™' has domain (—oo, 00) and range (0, 7).



Exercises

Classify the following functions as one of the types that we
have discussed:

1.
2.

f(x) =5% is an exponential function

g(x) = x® is a power function, a polynomial of degree 5,
a rational function and an algebraic function.

h(x) = ﬂj\% is an algebraic function.

u(t)=1—t+5t* isapolynomial of degree 4, a rational
function and an algebraic function.

v(x) =x2% is a power function, a rational function and
an algebraic function.

p(x) = X3 isa power function, and an algebraic
function.

zZ(x) = ;j;‘z is a rational function, and algebraic function.



Exercises

Assume that a ball is dropped, and we have the following
measurements:

» height at time 0s is 490m
» height at time 2s is 472m
» height at time 4sis 414m

Find a quadratic function for the height of the ball after time t.
When does the ball hit the ground?

We look for a function of the form:
h(t) = at? + bt + ¢
We know
h(0) = ¢ =490
h(2) = 2%2a+ 2b + 490 = 472
h(4) = 42a+4b+ 490 = 414



Exercises

We know ¢ = 490 and
(1) h(2) =2%a+2b+ 490 = 472
(2) h(4) =42a+4b+ 490 = 414

We simplify
(1) 4a+2b+18=0
(2) 16a+4b+76=0

We solve by taking (2) —2 - (1):
h(2) =8a+40=0 — 8a=-40 — a=-5

We get b by plugging a=—5in (1):
4.(-5)+2b+18=0 = 2b=2 = b=1

Thus h(t) = —5t% + t + 490.



Exercises

Formula for the height:

h(t) = —5t2 + t + 490

When does the ball hit the ground? When the height is 0:
~5+1t+490=0 — tz—é—98:0

Solving the quadratic formula:

1 9800 1 /9801
=L 6+ 98 =155\ 156+ o5 = 70 % 1o

We know 1002 = 10000 and (100 — n)2 = 10000 — 200n + r?.
Thus v/9801 =
1 99 98
t= ﬁiﬁ = t=10 or t__ﬁ

Thus the ball hits the ground after 10 seconds.



