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Methods of Analysis and Circuit Theorems
Content

 Direct Implementation of Basic Laws
« Source Representation and Conversion
« Mesh Analysis

« Nodal Analysis

« Mesh and Nodal Analysis in Circuits including Dependent
Power Sources

 Y-A and A-Y Conversions
 Superposition Principle
 Thevenin’s and Norton’s Theorem



In this chapter,

e Circuits including only resistors will be analyzed,
« Systematic methods for circuit analysis will be

developed,
- Direct Implementation of Basic Laws
- Mesh Analysis
- Nodal Analysis

« Source conversion,
e Thevenin’s and Norton’s Theorems

will be learned.



Motivation

What is the current in the circuit below?
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Motivation

What is the voltage between points A and B and the current passing over 10Q in the
circuit below ?
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Solving this circuit is not as easy as it seems?

No matter how complex the circuit is, is there a way to analysis of the
circuit in a systematic way? 6



Methods of Analysing Circuits

* Direct Implementation of Basic Laws (Ohms’s
Law and Kirchhoftf’s Laws together)

* Mesh Analysis
* Nodal Analysis



Direct Implementation of Basic Laws

« Most generally, an electrical circuit consists of one or more sources
(current and voltage), which supply power to the circuit, a multiple of
loops and a of junctions(nodes).
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« Known quantities usually are the voltage of the source voltage (e(t)) and
the current of the source currents (i(t)).

« Unknown quantities usually are the currents of the voltage sources, the
voltages of the current sources and the voltage (vs(t)) and currents ( i,(t) )
on the circuit elements (resistor).



Direct Implementation of Basic Laws

The equations for finding unknown quantities can be classified: Th_e ObieCtiYe is to
write equations as

 Kirchhoff’s Current Law (KCL) equations, many as the number
» Kirchhoft’s Voltage Law (KVL) equations, of unknown in the
- Current-Voltage equations of circuit elements (Ohm’s circuit

The total number of independent equations must be equal to the
number of unknown guantities!

Number of the independent equations as the following:

1. The number of independent voltage-current equations of the circuit
elements is equal to the number of elements

2. The number of independent KCL equations is equal to the number of
one less number of junctions .

3. The number of independent KVL equations is equal to the number of
Independent loops (nodes) (An independent loop is a loop with a
KVL equation containing at least one unknown voltage not found in g
other equations).



Steps to Follow In Circuit Analysis

There are two circuit combinations that make it easy to identify
variables:

Series Circuits

a Ry b R,
_____ _O_._\NW\’ PY JWWW—==-- Common Current

0 VAR R VAR (1)
Paralle Circuits
_____ N by T
’ ' ' C Vol
ry T
V_ R1 V_ CP Is V_ R2 ommoR/)o age
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Mechanical Equivalent of an Electric Circuit

Current and Voltage Mechanical Equivalent
A B Ry C D R, E A B Potential Energy
h“UchC 5 U =mgh

t\ R
Ul UE\E

0k \Re
H TG
+E-V -V, =V, =0 Uy —=Upge =Upe =Ugs =0

E=V,+V, +V, Upy =Uge +Upe +Ugg
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Choosing the Potential Increases and Drops

a R

l Moy

Qo —

If the current is flowing from
a to b via resistor R, point a
has a higher potential than
point b; otherwise the current
does not flow through the
network!

Since the voltage source
provides power to the circuit,
the direction of the current is
from a (negative) to b
(positive).
Note that this is the opposite
of the above situation
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Choosing the Potential Increases and Drops

Since the voltage source

he | provides power to the circuit,
the direction of the current is
from a (negative) to b
(positive).
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Note that current is in the
same direction

l +Vab I | l'vcd l |

Potential rise Potential drop
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Example 2.1: Find the unknown voltages (V,, V, and V;) and currents (I, I,
and [;) in the circuit below. Also, write an equation for the power

balance that shows that the power supplied by the sources is equal
to the power absorbed by the resistors.

200
—— MWW
I, V, “2 s

N
E=140 C) V,Z2 60 V,= 5Q 1) I=18 A
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Solution:The first thing to do for the solution is to determine the reference
directions for unknown voltages and currents.

« Since the 140V source and the 20Q resistor are connected in series,
the current |, passes through both. Therefore, the voltage V, is as
shown (the point where the current enters is positive and the point
where it exits Is negative).

 The resistors 6Q, 5Q and the 18A current source are connected in
parallel, so they see a common V voltage (V,=V;) Accordingly,
directions of currents |, and |, are determined as follows.

200
T+ |
I, 7 V. H, Hs
+ 1 N N +
e=140v O V, 26Q V,=V,2 50 Vzd} 18A
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1. step:  First group equations are voltage-current relations of the elements
(resistors). Since there are 3 resistors in the circuit, 3 Ohm's Law
equations can be written:

20 Q Resistor: Vl — (ZOQ) Il @
6 Q2 Resistor : V2 — (69) | 5 @
5 Q) Resistor : V3 — (SQ) |3 :V2 @
2002
——/\WW
I, * V, H, s
+ + +
E=140V (O V,26Q v,2502 (] 18A
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2. Step:  KCL equations are written. Although the number of junctions (nodes)
appears to be 4 (a, b, c and d), there are actually two (ab = A and cd = B).
2002
oy a A b
IR VARE ] I
1 Vl 2 3
+ + +
Qe=1ov v, 262 V, 250 (D 1sA
C B d
2002 A
— /MWW — — KCL for junction A:
, 1 L —1,—1,+18=0
+ +
<> E=140V  V, 5Q 18K (4)
) ) KCL for junction B will be
the same as junction A
(Number of independent
B —1,+1,+1,-18=0 junction is one less).




3. Step: KVL equations are written. The only independent loop in the circuit is the
loop on the left (I) (Other loops (Il and Il1) are not independent because they
give the same unknown).

200 3 A b

1) 18A
"
-1
C B d

K VL equations (1): +140-V, -V, =0 @
KVL equations (II): > Same!

(Loops Il and Il are not

I |
KVL equations (111): Independent loops!)
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The solutions of the above five equations can be found by any method.

Ohm’s Law (R,) V, =(20Q)1, - )
Ohm’s Law(R,) V2 — (GQ) |2 @
Ohm’s Law(R,) V, =(5Q)1, .G
KCL equations (For A): |1_|2_|3+18:O'“"@
KVL equations (For A): 140 _V1 —V2 —0 @

It is usually written in either KCL or KVL equations to eliminate either current or
voltage variables (equations 1-2-3 in equation 4):

1 1 1
V-V, ——V +18=O____<: )
200" 6Q ° 5Q °

From Eqgs 5 and

V,+ V,=140 _
:> V,=80V;
-3V, + 22V, =1080 V,=60V found

Akim denklemlerinden (1-3), akimlar |,=4A, 1,=10A ve I,=12A bulunur.




Write a statement for the power balance indicating that the power supplied by the
sources is equal to the power absorbed by the resistors.

Currents: |, =4A, |,=10A and I,=12A can be found

V,=80V;
V,=60V bulunur.

|,=4A 2002
+V1:80-\/ l |2:10A l |3:12A

+ + +
e=1a0v O V,=60v 2 6Q Vv, Z 5Q 1) 18A

Power Supplied Power Consumed

20




Power balance can be calculated as follows:

Power supplied to the circuit:

\oltage Source: P=E.I=(140 V).(4 A) = 560 W
Current Source: P=E.I=(60V).(18 A) = 1080 W

Total: 1640 W

Power Consumed in the circuit;

5 Q Resistor:  P=RI?=(5 Q2).(12 A)? = 720 W
6 Q Resistor:  P=RI°=(6 Q).(10 A)>= 600 W
20 Q Resistor:  P=RI?=(20 ©2).(4 A)?> = 320 W

Total: 1640 W
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Example-2.2: The following circuit contains a 30V constant voltage source on
the left loop and a current dependent current source (supplying
current proportional with 1) is connected to the current on the
right loop. Find unknown voltages (\/, and V) and currents (I, I,

and 1)
—— W\ 3
LV, , P,
:
E=30v O V, Z 4Q 100
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Solution: The first step for the solution is to determine the reference directions
for unknown voltages and currents.

« The circuit has 3 resistors, two junctions and two independent
loops.

» Three Ohm's Law equations, one KCL and two KVL equations can
be written.

e Although |, and 21, currents are unknown for now, we can take
reference directions as follows:

30 Il junction 2l
_.—wvw <>
I + B llz + V3 ) T |3
+ -
e=30v O C\ C\ Vv, 100
_ +
l. loop 11. loop

- - 23
[1. junction




Step 1: First Group equations, there are 3 Ohm's Law equations:

Ohm’s Law (R,) V, = (3@) PR (1)
Ohm’s Law (R,) V2 — (4Q) | 5 @
Ohm’s Law (R5) V4 = (10Q) (2 |1) ..... @
o . l, =21,
l, V, P + V, 1 l;
E=30v () VZ 40 v, £ 100
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Step 2: KCL equations are written. The number of independent junctions is one

(junction A)
3C2 A 2l
——WW 4—\>
IRV PO ]
1 3
-+ + i
E=30v (O V, Z 4Q v, = 100
i - +
B
KCL for junction A: |1_|2+2|1:O

()
KCL for junction B:

Equation 4 and 4' are same! 25




Step 3: Write the KVVL equations. KV L are written around I and 1 loops

I_’ + _ 1|2 + N _
! Vl V3
+ N )
E=30v () C\ V, = 40 v, = 100
i - +
L|Oop |L|00p
A ¢ B

KVL for loop I:
(Starting from A to point A) 30 _V1 _V2 =0 @

KVL for loop II:
(Starting from B to point B) V2 —V3 —|—V4 =0 @

26




The solutions of the above five equations can be found by any method.

From current egs. (1-3), the currents |,=2A, 21,=4A and |,=6A can be found

From egs. 5 and 6: V,=24V
V,=64V
V,=40V can be found
——\WW <>
I + - l |2 + \/ -
: \ Vs
+ +
=30V () v, Z 40
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Comment: Example-2.1 and Example-2.2 illustrate the application of the
method of Direct Implementation of Basic Laws in the easiest and

clearest manner.

The obtained equations can be made more compact by two
simplification.

1- Defining the current variable in terms of the voltage variable (or
vice versa): such a simplification will allow it to be written without
the need to explicitly write Ohm's Law. Using KCL for junction A:

L—1,—1,+18=0 (3 ) > ﬁvl_ivz_évﬁls:o_...@

602
2002 A
—— MWW O
I, Vl_ }, s
+ + +
e=140v O V,Z26Q Vv, T o0 d 1=18A
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2- In the second simplification, the need to write either KCL equations or KVL
equations iIs avoided by selecting the variables in terms of other previously

selected variables.
For example, in Example-2.1, the voltage V, is 140-V,, (from KVL).

1., 1, 1
ViV, 2V, +18=0 (6) v V, =140-V,
1 [ : | 1 1
—(140-V,) +—V, +—V, +18=0
200 6Q > 50
200 /
——— W
I]_ + V]/ 1'2 1'3
+ + +
e=140v O V262 Va2 (D I=1eA
‘ KVL
29




10€2

WWW————
Vot
kee: 4+l —-1L,+1,=0
. . . 30-V, -V, =0
+—V,——V,+—V, =0 Vi =30-V,
3Q 40 100
. 1 1 1
KCLintermsof KVL: —(30-V,)——V, +——V, =0
3Q2 4C) 102
+V,+V, =0
2L g0-v)-tv-Lvoo v=-v
3Q2 4€) 10Q2
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Example-2.3: Find the voltage between the terminals of the 2Q resistor in the
circuit below. To facilitate the solution, specify all currents in terms
of voltage variables and use the KVL equations when selecting

variables.
150
VW

502 50
——— MWW WW—C(O

) 25V

10

+ V=2 20) 10 CD 5A

30V
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Since the voltage on the 2Q resistor is requested, let’s show it as V, and the other
unknowns as V, and V. Other voltages can be expressed in terms of these voltages.

R:=15Q
—AWW—
Vs
C\ 111. loop
A 50 o o) P c
*—— "W, N VW U
, |1 ) V2 1 V3 +25V
R=1Q) § ; ,
T Oviren O 30w
.\ ) ;
' 2
Voltage between resistor R, (1. loop KVL): V., =+V, -V, +30 @
\oltage between resistor R, (11. loop KVL): Vo =+, -V, =25 @
Voltage between resistor R (111. loop KVL): Vi =+25+V, =V, @ >




2. Step:  Currents at intersections must be written. There are 4 junctions (A, B, C
and D), so 3 independent equations can be written.
R:=15Q
WW———
+ - |5
(V,-V;-25) = —L=1=1;=0
l+1,+1,=0
A <1 Q) !2_ B,_!g;’ o502 +1,—1,-1.-5=0
S e W O—
: C Vot , - Vs~ Tosv b,
R1:1Q V., -V.+30 +
2 1 =
ViZ2Q  y y,05 SRELQ (DOA
+ - -
30V
_ D
1 1 1
KCL for junction A: E(VZ -V, +30) +5V2 +F(V2 -V, —-25)=0 @
1 1 1
juncti - ——V,—V,—V, =0
KCL for junction B: 50y 2 ZQ 1 SQ @
KCL for junction C: _F( —Vp +V, +25)+—V (Vl —V;-25)-5=0 @




If we multiply denominator of the equations by 30

— 30V, +38V, — 2V, = -850
~15V, =6V, —6V, =0
—30V, — 2V, + 38V, = —650

Common solution of multivariable
equations can be done by using
determinants and Cramer Rule:

A X AR X, +apX; = b1
Ay Xty X, + 85X, = bz E> X =
Ay X + 85, X, + Ay X; = b3

V/, potential:

b a, a; &, b a,

b2 a22 a23 a21 b2 a23

b3 a32 a33 X. = a3l b3 a33 X. =
2 3

4 A, Ay A &, Ay

a21 a22 a23 a21 a22 a23

a3l a32 a33 a31 a32 a33

-850 38 -2

0 -6 -6

650 —2 38 _-360000 _,, .,

-30 38 -2| 36000

-15 -6 -6

-30 -2 38

Ay
a'21

a31

Ay,
a'22

a32

bl
b2
bS

Ay
aZl

A

A
a22

a32

34

A3
a23

a33




Example-2.4: Calculate the current through the 15Q resistor in the circuit below.
To simplify the solution, specify all voltages in terms of current
variables and use KCL equations when selecting variables.

150
N
=2
50 50
——— MWW WW—C(O
25V
10 20) 10 (D5A
.

30V
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Solution: Let us express all voltages in terms of current variables

equations in the selection of variables. First, we define currents I, I, and I.

Other resistors can be found in the KCL equations.

and use KCL

150
VWW, Ohm's Law was
- oe— Il expressed in
closed form in
GOOD egs. 1-3.
A | L+, BO B (+11715+5) 50 C
*—— W\, —WW—(—+
] TV, V, -
2 3 25V

- -

21 210
+ Q

30V } (+15-15-5) 1. loop

2Q C\ L2 (QD5A
0op 1, | :

Loop I: +30-VE-V, V=0 | 430—(1Q2) I, —(5Q) (I, +1,)—(2€2) (I, — |

-5=0.(1

Loop I1: v +25+v= v =0 |+ (15Q) |, +25+(5Q) (I, + 1, +5) +(5Q) (I, + IZ):O...<2:

Loop HI: +v*-v=-25-v=-ol +(2Q)(l,—1,-5)—(5Q)(l,+1,+5)




System of equations giving the currents (three equations three unknowns):

51,+81,—21, =40

—251,-51,-51,=50
ol,—21,+8l,=-60

KCL for junction A:

Ay X T, X, +a3X3 = bl
Ay Xp T8y X, + 85X = bz

Ay X; + 85, X, + 853X = b3

From Cramer’s Rule, the current |,:

40 8 -2
50 -5 -5
60 -2 8| —2000
5 8 -2 1000
25 -5 -5
5 -2 8

X =

-2 A

bl
b2
b3

A,
a22

a32

A3
a23

a33

Ay
a21

a31

A
a22

a32

A
a23

A3

The minus sign indicates that
the current |, Is In the
opposite direction to the
selected direction.




Real Voltage Sources and Source Conversion

Power sources used may approach the ideal, but never be ideal!
Ideal Voltage Source

+ =0 l Vi,
E, () R=00 -

0

An ideal voltage source tries to keep the voltage
¢ constant even If the load R is zero, which is
— unrealistic.
+ [=o0
E, C) " R=0 Eo =Rl
R—>0 E, =constant=0.c0
¢ 38

Not Realistic!



Real Voltage Source and Source Conversion

Real (\Voltage) source and its |-V curve: E .. Open Circuit voltage
Isc: Short Circuit current
.............. Ideal Case
E
slope =R, =——=
R, =0 s
J
Real e
Line equation of above |-V grafic:
Case
V=E,_-RI
R I Equvalent circuit for above equation:
0
— W
+
3 v +E.-RI=V ..(1)

0oC

MY

A real Voltage Source, can be modeled
with an ideal voltage source (E,;) anda 54

O serial resistor (internal) (R,).



Real Current Source and Source Conversion

Power sources used may approach the ideal, but never be ideal!

—

b D

0]

%

—

b D

2

o

—

Io CD VAB:OV

[=00

Not Realistic!

Ideal Current Sources

A

R=00

B

R

- R=0

E ,

v

An ideal current source tries to keep the current
constant, even though the load R is infinite,
which is unrealistic.

0]

| =E /R

R—o |0=O/OO 40



Real Current Source and Source Conversion

A real (Current) power source and its |-V curve: E ¢ Open Circuit voltage
... Short Circuit current
Vi R —, ldeal Case ™
=
Load E | E
oC :
ML AN  Slope =R, =——=
+ |
Source |y, R ! >
i % } - R=0
_ : l
Real E f th IlSC ( ) in th h
xpression of the line (in current) in the 1-V grap
Case above: 1
l=1_—=V
R
I 0
. Equvalent circuit for above
‘ + equati(in

—v ..(2)

Izlsc_
R

A real Current Soure, can be modeled
with an ideal current source (I;.) anda 44
parallel resistor (internal) (R,).

()
-/
Py

<

SC




Important Note!

Ideal sources can not be converted to each other. In order to be converted
sources must have internal (R,) resistance!

+

E_()

AW

Ideal source

& A

Real sources
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Source Conversion: Voltage to Current

Devrelerin her ikisinin de aym fiziksel kaynag1 gosterdiginden c¢ikis ucu
grafigi (I ve E) ozdestir ve biri digerini temsil etmek {izere kullanilabilir.

Ro |
—— W —
+ ‘ +
+

Eoc () V <:> ISC CD RO V

Voltage Source Current Source

V=E_ -RI ..(1) |=|sc—RiV @)

0
R — EOC
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Source Conversions

To convert any Voltage Source indication to Current Source indication:

1 E. V
Current Source: | =] —=—V =] -GV | = —
SC R SC 0 R R
0 (0] 0]
E 1 o
If: |SC ——° and GO = __  Then the above circuits are
R, R, identical to the I-V graphs.

\Voltage Source:

To convert any Current Source indication to Voltage Source indication :

I i Then the above circuits are
G °T G identical to the |-V graphs.



Example-2.5: Convert the following voltage source to an equivalent current
source (a) and the current source to an equivalent voltage source

(b).
ER )
; .
@ 56V() % :> 1=2(D) R,=?
: 20
—WW\— °
O ,) O _
(b) 4Q 2 1=2A () j> O v
20 ¢
o —— MWW—

45




Solution: (a)
V=56V  R,=20

V. =RI_ => (56V)=(2Q)I_

OoC 0 SC

U

11 | =28A

O T O

” 20 ) |=28A
WWW—— o

56v+(g v £> D £R0:29

46




Solution: (b) |,.=2A R =40

Voc = Rolsc —> Voc = (4 Q)(ZA) =8V

1 1

G,=—= =0.25mho
R 4Q
O ? G _
102 1=2AQ0) :> O sv
4Q 7
: ——— MW —

a7




