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In this chapter,

« The response of a circuit to the exponentially varying
Input,

« Transformation of a circuit containing capacitor and
Inductor to a simple resistive circuit,

* Impedance and admittance

will be learned.



Motivation

Pr®  {]1c(D)

C =< L

How can above circuit (ac) be analysed as a direct current

(dc) circuit?
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C —< L

How is the equivalent resistance (impedance) of the circuit including
resistance, inductor and capacitor calculated? Is the resistance

dependent on frequency in such circuits?



Representation of Input by Exponential Functions

In applications, many circuit excitation can be represented with exponential
functions. Thus, a periodically changing signal (ac) and direct signal (dc) can
also be represented by exponential functions.
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e(t)=E_e*

s=a+jb complex number

» () s=a+jo complex number
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Complex Numbers-Reminder

A vector (A) on a plane can be expressed in terms of its components.
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The vector A can be represented by a complex number in the complex plane.
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Complex Numbers-Reminder

Relationship between complex number, trigonometric and exponential functions:

Imaginary axis 4 |

el =cos@+ jsiné

0 60— -6 _ o
. . e’ =cos@— jsiné
_ _ -0 Rel axis
sin(—@) = —sin(O)
cos(—6) = cos(6)
el? 710
Ccosf =
. eld _g 10
_ _ _ sin @ = :
Trigonometric functions: 2]
sin(at + @) = cos(at + ¢ — 72/ 2)
Note:

Acos(at) + Bsin(at) = A% + B? cos(wt —tan*(B/A)) | @ (B/A)  must

be represented as
rad unit




A periodic function can be expressed by exponential functions.
s e(t)
--------------------------- . e(t)=E_cos(at+¢)

T\ m
\ 27

W=—=270

Em

v

¢ = phase angle

o = angular frequency
ks T = periyod

v = frequency

e(t)=E,cos(wt+¢) ——> e(t)= %[ej(mm 4 iettg)

E E. _ E )
e(t)__ J¢e](a)t)_|_ e J¢e J(a)t) eJ¢ e](a)t)_l_ _me 19 e j(at)
2 2 2 )
_ _ Amplitudes:
e(t)=E,e“Y +E g /Y E, E%em E, E%e-w

E, and E, are amplitides represented by complex numbers

Expressing voltages, currents, or current-voltage, voltage-current ratios in a
circuit with complex numbers makes calculations quite simple.




Other functions can also be represendet by periodic function.
sin(at + @) = cos(wt + ¢ — 7/ 2)

COS SsIn
m o
Note:
. - tan'i(B/A) must
d=—m/2 be represented as
rad unit

Acos(at) + Bsin(at) =V A% + B2 cos(at —tan(B/ A))
| Acos(at) + Bsin(a)t)]2 = A’ cos’ (at) + B* sin®(awt) + 2 AB cos(at) sin(at)

sin(x)cos(y) = %[sin(x +y) +cos(x — y)]

sin®(x) =1—cos*(y)

[ Acos(at) + Bsin(a)t)]2 = (A? —B?) cos” (at) + B* + 2 AB cos(at) sin(at)



COS sin

ot
o2
=90°
Sine function is 90° (or =/2) behind of cosine function.
sin(at) = cos(wt — 7/2)
d sin(t d cos(t :
(t) = cos(t) (t) = —sin(t)
dt dt

Cosine function is 90° (or t/2) ahead of sine function
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Example-4.1: Express the following waveform as an exponential stimulation
(function).

e(t) =100e ™ sin(2t + %)
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Solution-4.1:

First, the quantity sin(2t+=r/4) is converted to cosine form.

sin(x) = cos(X — 7/ 2)

el g1
CoS @ =

. T T /4
sin(2t +—=) =cos(2t + — — —
( 4) ( 1 2)

e(t) =100e*' cos(2t + % - %) =100e™* cos(2t — %)

ej(2t—7z/4) +e—j(2t—7z/4)
e(t) =100e™
(t) { >

e(t) =506 7*e*12) 4 50g) 7t (3 12)

S= - (21]2) 13




Expression of a Periodic Function with Exponential Functions

4

,e(t)

___________ A

e(t)=E, e
s=0+jb (pure) complex number:

t e(t) =E, e M =E e

»

+ e(t)

AVAVAVA

»

e(t)=E_e™ =E_e' =E_Sin(at +¢)

e(t)=E_e*

s=a+jb complex number:

e(t)=E_e " =(E_e™)sin(bt)
e(t)=(E e ™)sin(wt)

e(t)=E, e

s=0 (0=0)
e(t)=E. e ' =E_ 14




Response of Individual Circuit Elements

Let's look at the most general situation where stimulation is eSt. Suppose a current
I(t)=lest is applied to the following circuit:

V10,

Jix(0)

-

Jic)

J1c(®)

]

v(t)

|

Each of the circuit elements will see a common voltage of v(t)=Vest (V is the

amplitude of the voltage).

| (t)_v(t) \F/e st
dv(t)
() =C—2=

: 1 1
I () ==|v(t)dt=—"Ve" =1,¢e"
()= v(tdt=— L

st

=6

=CsVe™ =1 _e*

Amplitudes of current and voltage:

i:R:RR:l
| G
V _ 1 R

l. |sC

v sL=R




Response of Individual Circuit Elements-2

T e ]

i(tH)=lest R == ljeC jol  V(t)=Vei«

If a circuit has an exponential stimulator (source), the resistance of the circuit is
not constant! It is a function of frequency s of the source.

- - i(t) — IRejwt
s=frequenc 1(t)=1e’  v()=Ve' .
q y ((0) ( ) ( ) V(t) :Veja)t
R . Vv
—WW'— Resistor: — =R, Independent of frequency!
| (Real)
C
. _ V 1
_I F Resistor of capacitor: =~ C =R. Decreases with frequency!
e Jo (Complex)

—000— Resistor of inductor: = joL =R,  Increases with frequency!

C
o Vv
I (Complex



Response of Individual Circuit Elements-3

0l O]
i@ r c == L v(t)

In general the resistance of the elements in the circuit is the function of s
(frequency) and also the relations between the amplitudes of the voltages and
currents the voltage-current relations is represented in frequency domain.

V V
lp=—=> —=R Ve =Rcl¢
R . *
V 1 (1Y, (1Y,
IC :CSV:> IC :SC =RC VC_(RJIC_( Ja)lec— JRCIC
1 V
=—V :>|—=SLERL V, = joLl = jR I,

R, and R. complex number; a vector!



Impedance and Admittance

LY LV g1
R . G

For many applications, the ratio of the voltage between the two ends to the
current is important. This ratio is called impedance and is indicated by the
Z(w) symbol.
Vv vV Z(0) =
Z (a)) | Y (a))
V
—= Z (o) Impedance

The unit of impedance is ohms

Admittance is the incerse of Impedence.

Y (o) = 1 Admittance

(50) 18



Impedance and Admittance

DC Current and Voltage

. . V
Equivalent Resistor T =Ry

Equivalent Conductor Geq — R_

€q

R,, =constant

AC Current and Voltage
R L

AW~ T —
e(t)TQ i —=C

Empedance \T/ =Z(w)

Admittance vy (w) = 1
Z(@)

Z(w) = function of frequency(w)!



IO
V(=R

e(t)=E et
=E Sin(at+¢)

Q

V
R, == R =constant
L

V =RI

R=1Q
»=50Hz
®»=1000Hz

=> R=1Q
=> R=1Q

Impedance

i(t) = le®

o) O :

R =Y sl = jol =27 (o)

L\/:(jcoL)I

L=1H
»=50Hz
®»=1000Hz

=> /=500
=> /=1000Q2

B:j|ZL|A

v(t)=Ve"
+ ] i
e(t) O —=cC
v 1 1 .1
RC=I=§=J.COC=—J@C=ZC(@)
vo(-iL)
wC
C=1F
»=50H7 => 7=0,02Q
»=1000Hz => Z=0,001Q
B=—j|Z.|A
A



Let’s find impedance and admittance of the circuit below by applying
Kirchhoff's Current Law (KCL).

Liz®  []ic® 1?[&)'":['
1(t) R cC =< L v(t)

Kirchhoff's Current Law (KCL):

1(t) =i, (1) +i. (1) +i, (t) =%v(t)+c dv(t)

+= j v(t)dt

If the frequency-dependent values of the circuit elements are replaced :

i(t) = (£+ joC + —— 1 Vel = gl
R JoL

Impedance Admittance
Z(w)=v= : L _ Y(a))zlziJchoCJri
| 1/R+ jowC +1/ joL V. R joL 2t




By converting a circuit having a periodically changing source into a frequency
domain, we can analyze it as a constant excited circuit consisting of only resistors.

Transformed Circuit

In Time Domain In Frequency Domain

VM [ J1) R e I
imo» r C =< L | (D ReS R-—-—CR=jlEL
i(t)=lel v(t) y o =110 =
V(t):Vejwt I (t) = ? ) I = E v(t) =Ve!@=t v

dv(t V Vv
dt R. 1/ jwC
: 1
|L(t):Ejv(t)dt j ) :;/ _V
L Jolb 22




Parallel Circuit

Let’s look at the following circuit with excitation Aelet

R L R joL
— T — —— T
— MWW~ :> —VVWW—
+ : + TN\
OO o —C EO " ljwC=x
In Time Domain In Frequency Domain
di(t)

e(t) = Ri(t) + L

+ j(t)dt —E =Rl + joLl +(1/ jaC)I
B E E
R+ joL+1/ joC) Z(w)

dt

The denominator is equal to the series impedance of the circuit. The current as a
function of time can be found by multplyind elet;
: - E -
I(t) = el = . : e 23
R+ jJoL+ 1/ JoC)




Tepkiyi bulmak icin gerekli basamaklar:

1- Uyarim AeStbi¢iminde tanimlanr.

2- Devre doniistimii yapilir (zaman bolgesinden frekans bolgesine).

3- Uygun Kirchhoff yasasi denklemleri (KAY veya KGY) yazilir
ve frekans bolgesindeki tepki bulunur.

4- Frekans bolgesindeki tepki est ile carpilarak zaman bolgesindeki
tepkiye (zaman fonksiyonu ile ¢carpilarak) doniistiiriiliir.

Transformation to Frequency Domain
| di(t) -~
e(t) = Ri(t) + L i j(t)dt — E =Rl +sLI +(L/sC)I

J

E et (& | = E __E
R+sL+(1/sC) R+sL+(1/sC) Z(s)
e —

i(t) = le =

24
Transformation back to Time Domalin



Example-4.2: Find the current through the capacitor i-(t) for the current source
I(t) a) 10e2t and b) 10A in the circuit below.

()| J
i(t) 10 IF == V()

25




Solution-4.2:

(a) i(t)=10e

Time Domain

()|

|

l

Current on capacitor:

i(t) =10e" = le® -
| =10;5=-2 } = e =

S
2 1=

1+s

Frequency Domain

+
on@O 1o F=Z v o 1@ 10

Ic |

1/s —

™~

+

| =(Amho)V +sV =V =

S
| . =sV =——1|
© 1+5s

2
—510)=20

|
|

1+s

i (t) =206




(b) i()=10 A

Time Domain Frequency Domain
I (t |
0} J c | +T
1(t) 10 1IF =< Vv(t) |:> | 10 s =< V
I

| =(@Amho)V +sV =V =——

S 1+5s
Current on capacitor: |C =SV = —— |
) 1+s
1(t) =10e™ =10 S :
(t) }:> L=V =—"I=0 O]i.(0)=0
| =10:s=0 1+s
Capacitor acts as an open circuit in steady state (impedance (Z) for s=0 goes to infinity)
O

=0 |

I(D 10 “<Re=» ) |(D 1Q

27




Sinusoidally Varying Sources

In this section sinusoidally varying source (sinmt, coswt) will be investigated

bi¢cimindeki bir kaynak gerilimi ile uyarilan asagidaki devreyi diisiinelim. Consider
the following circuit which is stimulated by a voltage source in the form of

e(t)=E, cosmt .

Source voltage can be defined as the sum of two exponential functions.

R L
—\NVV\/——FOUW—
+() e(t)=E, coswt /'m —

~C

In time domain

e(t) = E, cos(wt + ¢)

e(t)=Ee'V +Ee )™ >

(E,/2)e"
+
(E,/2)e

R sL

— N——
/|\‘ 1/sC —

’

In frequency domain

—> e(t) 2%

|:ej(a)t+¢) + e—j(a)t+¢) :|



Sinusoidally VVarying Sources

R joL
—— T
(En/2)e”
; /-l\ 1/]0)C J—

(En/2)e ™

In frequency domain

E
E=(R)I L)l +(1/sC)I —
( ) +(S ) +( > ) :> | R+ joL+1/ joC

Response can be calculated using the superposition principle :

S= Jw S=—]w
E, /2 E, /2

'" R+ joL+1/ jaC > R- joL+1/(- jaC)

29



E, /2 - E._ /2

Currents: |, = : : , = _ :
R+ JoL+1/ joC R— joL +1/(—jaC)

Currents can be _ i6 B i0,
Il_“l‘e |2—“2‘e

represented by
exponential functions: E /2
I — m
L @mipl 1 " R+ j(wL+1/@C)
l,,|= . = . .
08 ((aijb) (amjb)] Jat +b? 1]=y(a+ jb).(a- jb)
Amplitudes: |I1|:|I2|:\/ ; En/2 == | =a’+b’
R+ (oL +1/ oC)
L—1/&C ez_tanl(gj
Phase: 91:—92:—tan‘1(w — j

Currents Iin time - PR _ e
domain: Il(t):‘ll‘ejleja) |2(t):‘|2‘e g7 1@

Total response can be _ _ ety ey
expressed as a superposition 1(t) =1, (t) +I,(t) = | [el At+6) | a-i(et+f ]
of two currents:

30



Using the amplitudes and phases relation current in time domain can be written:

1(t) = 2 By /2 2
\/R +(wL +1/&C)

Total response can be determined by amplitude | , and phase angle 6,

cos(amt +6,) =1_cos(awt+6,)

Impedance Z(jo) and admittance Y (jo) are complex number if the driving
force is periodic function of time.

Impedance admitdance

Z =R+ jX Y=G+jB

T T
resistor reactance conduction susceptance

R and G are the real components of Z(jw) and Y(jo) and are referred to as
resistance and conductivity, respectively.

X and B are the imaginary components of Z(jo) and Y (jo) and are referred
to reactance and susceptance, respectively.

. 1
Inductance and capacitive reactances: X, =olL X; = -

. 31
Inductance and capacitive suseptances: B, = —iL B. =wC
(0)



Example-4.3: Find the current in the capacitor i-(t) for the current source
I(t)=10cos2t in the circuit below.

I
i(t)=10cos2t (D 10 1F == V()

32




Solution-4.3:

o) ] ]
i(t)ZIOCOSZtCD 1Q 1IF =< v(t) 10A CD 10 j2mho=2 V
Time Domain Frequency Domain
_ 9 V V 1
i(t) = let s=2] | = +—=V = — |
| =10 1Q R 1+2]
11 1 X
Re == 57E - - j
©TsC 2jaF) 2] |C=ZJV:>|C=1+2j|
Ge =2)(1F) =2] mho Amplitude: | =10
|. =8+4] L 200 __20jQ-2)) _40+20j g .

© T 1+2j @+2j)@a-2j) 5

Io|=4/(8+4j)(8-4]) =80 =45 D
tan~'(4/8) = 26,6° |C _ 4%61(26,6 )

i()=1,c08(2t+6°) — i (t)=4/5c0s(2t+26,6°) 33



The current passing through the capacitor i-(t) leg 26.6° behind the current i(t)
that stimulates the circuit.

it) -

»

Ic® ]| i (t) =45 cos(2t +
|(t) =10 COS(Zt) 10 1F —

™~

\’) 34



Example-4.4. Find the voltage on the inductor for the direving voltage a)
e(t)=10cos(2t) and b) 10V in the circuit below

10
()
e(t) O 1H \i(t)

35




Solution-4.4: (a)

103 10

t - J + 2 J

e(t):lOcosZt(? 1H v(t) E CP s ohm v,
i E=1Q|+S|:(l+s)|:>|:i
s=2] E=10 s 1+s

V,=—E
1+5
20 26,6°
V — — 4 5eJ ,
- 1+ 2] f

(b) Constant voltage (10V): Vi (t) - 4\/6 COS(Zt +26,6 )

The constant voltage is can be represented as 10e% . By placing s=0, V, =0 is
obtained (V| (t)=0).

In steady state, the inductance acts as a short circuit. For s=0, the impedance of the
Inductance appears to be zero. Zero impedance means short circuit.




