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Phasor Diagram Methods
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Phasor Diagram Methods

Phasor Diagram Method is a practical method used to analysis circuits when the
current and voltage sources in the circuits are all supplying sinusoidal signal with the

same frequency.
i(t)=+/21__cos(at + 6)

b=|l|sing T ] ™=y

A /N N\
0

a i o
a=|l|cosd 4@F\/

A t b ted b I
nunr)r/]b(\alrec or Icai ae_lr_epjrek;ene y a compiex |(t) :ﬁ@ Cos(a)’[ +@)
. _ . /
1]=4/(a+ jb).(a— jb) 1=1./0
=+a’+b?

0 — tan-! ( b j A=rmssphaseangle
a

A
v




Representing Current and Voltage on Phasor Diagram
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1(t) = J21 . COS(at + @) e(t) = J2 E, . cos(at + f)

Phasor representation: | = | L« E=E/Zp

Phasor Diagram method uses | and E quantities to represent sinusoidal currents

and voltages; They have magnitudes equal to RMS and an angle equal to the value
of the argument (phase angle) at t=0
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Phasor Diagram Method
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Phasor Diagram Method
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Phasor Diagram Method-Calculations-1

Conversion from Phasor Diagram notation to Complex Number notation:
A=|AZ0 —> A=|Acosd+ j(Alsind)=a+ jb

Conversion from Complex Number notation to Phasor Diagram notation :

A= \/(a+ jb).(a— jb)=+/a? +b?
A=a+ijb —> e—tan{ﬁj @A:‘A‘ZQ
Operations: 4
A=AL6, Yt ]
B=B/6, b [ Al a=|Alcose
Division: of ol b= A|Sin8
A |AZ8, “ ——
— = =(|Al/|B|)£(6, -6, a | X
B |B|ZHB (| | | |) ( A B)
Multiplication:
AB=(AZ0,).(B£6,)=(AB)£(0,+6 v Any vector A, can be
( A) ( B) ( ) ( A B) represented by a
Addition/Substaction: complex number.

AtB=(AZ6,)%(B£6,)=(a,+a,j)x(b+b,j)=(axb)+j(a,+b,)=c+ jd
8
A+B=+c?+d*Ztan*(d/c)



Phasor Diagram Method-Example

Conversion from Phasor Diagram notation to Complex Number notation:

A=5,30° ——> A=5c0s(30°)+ j(5sin(30°)) =4.3+ j2.5

Conversion from Complex Number notation to Phasor Diagram notation :

A=3+ j4 — |Al=(3+j4).3— j4)=V3+4* =5 E— B = MA
f=tan™ (ﬂ) =53.1°
Operations: 3 A.B=[2.5|
A =5,30° 11
B =2./60° 28 bl
Division: ) ) 300 )
A B0 =(5|/]2]) £(30° ~60°) =252 -30° 43 X
B |2/«£60°
Multiplication:
_ 0 o)\ _ 0 o)\ _ 0 v a= 5 COS(BOO) = 43
A.B=(5-30").(2£60°)=(5.2) £(30° +60 );11%90 b = [5|sin(30°) = 2.5

Addition/Substaction:
A+B=(530")+(2£60°)=(4.3+ j2.5)+(1+ j1.73) = (4.3+1)+ j(25+1.73) =53+ j4.2

A+B=./(5.3)? +(4.2)* Ltan"*(4.2/5.3) = 6.8./86°




Phasor Diagram and Complex Representation

yA J
2 ______ B=1+21

A

Multiplication:
Phasor Diagram

B= (\/'3426").(\/5463") - (\/5.\/5)4(26" +63°)=5.90°

Division:
Phasor Diagram
A |5 £26°
B 5463

:(|5|/|5|)4(26° —630) _1_37°

A=2+j  A=5/26°
B=1+2] B=5.63

With complex numbers:
AB=2+ ).+ j2=2+4j+]-2)=(2+4)j+ ]—-2)=5]

AB|=(5]).(-5]) =25 =5 H:tan‘l(gjzgo"
A.B=5.,90°

With complex numbers:

A_2+j_ (2+]).(1-j2) 2- Aj+j+2_4-3j _4-8)_, . 3/5]

B 1+j2 (1+j2).1- 12) 5 5

> 3/5) .,
‘ ‘ J(415) +(-3/5) =1 o=tan’ (Msj 37

A o
E-M—S? 10




Phasor Diagram Method

The relations between current and voltage in circuit elements, such as resistance,
Inductance and capacitance, are adapted to the equations that define transformed
circuits. Relations involving impedance and admittance parameters can be given:

Complex number

Resistance: V =R.l

Inductance: V = jwlLlI

Capacitance: VZ.L| :'jil A=a+ b
JoC wC JA= j(a+ Jb)=—b+ ja
(-)NA=())a+]b)=b-ja
In circuit elements such as inductance and capacitance, By multiplyin a vector by j (-})

is the rotating it by 90° (-90°).

there is a 90° phase difference between the current and

the voltage (the voltage in the coil is in front of the
current and the voltage in the capacitor is behind the

current)..
) For general case: V=7l Z: Impedance
11

(Depending on the value of Z, the voltage may be in front of or behind the current)



Resistor

When the current vector | is multiplied by a scalar number R (positive) the new vector
V will be in the same direction as | only its magnitude has changed. This means that
the current and voltage on the resistor are in the same phase.

V=RI
im R
it)=1_sin(wt+0) =MW —
i(t) =21 sin(et +6) e(t)

rms

e(t) =Ri(t) = E,_ sin(wt + 0)

1(t), v(t
|()V() VR:RIZRIZHO _126°

t /V =VZ0

\Voltage and current are in
the same phase - where
one is maximum and the
other is maximum. (Plotted
for R>1) 12



Inductance

When the current vector | is multiplied by a imaginary number (joL) the new vector
V will be 90° ahead of | vector, the magnitude has changed by wL. This means that
the current and voltage on the inductor are out of phase (current is behind the

voltage).
| . i) L
() =1,sin(et+0) ——guup——y > V= joLI
e(t)
e(t) = L% =E,, cos(at +68) =E_ sin(wt +)
I(t), () V = joLl = wL£6+90° . | =1£6°
t NAr
| =1£6°
\Voltage v(t) is 90° V, =VZ£6+90°

ahead of current i(t)
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Capacitance

When the current vector | is multiplied by a imaginary number (1/joC) the new
vector V will be 90° ahead of | vector, the magnitude has changed by 1/®oC. This

means that the current and voltage on the inductor are out of phase (current is ahead
of the voltage).

. _ i) C 1 1

| |(t):1m3|n_(wt+9) H V:ja)—c --JEI
i(t) =21 sin(wt +6) e(t)

e(t) = é j i(t)dt ﬁ cos(at +6) = E,_sin(wt + 9)
I(t), e(t) j

l.=12£6°
! I =1.6° g
V. =V~£0-90°

\oltage v(t) is 90°

: _ V. = joLl. =oL£6-90°
behind of current i(t)
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General Case

When the current vector | is multiplied by a complex number Z the new vector V will
be 6 ahead or behind of | vector.

V=/ZI
i(t)=1_sin(at+0) it _
——(RLC—— b av=z
1(), e(t) e(t)

L, =1.6°

In general there is 6° phase
difference between voltage
v(t) and current i(t)

Z complex number defines how much V vector will rotate belirler. 15



Example-5.2: Find the current i(t) in the circuit below. Use phasor diagram
method and draw phasor diagram showing the circuit voltages and

current.
30
Vr(t)
e(t) =10v2 cos(2t) O U8 F == V(1)
i(t)

16




Solution-5.2:

30 w=2 rad/s
Vi e(t) = 1042 cos(2t) — V =10.0°
1020°0) 8lj2=-j4Q =% /. Resistor: \/ = 3]
| capacitor : \/—_1 l __1 | =-j4l
= C
Jo i2( )

Kirchhoff's Voltage Law (KVL): V, +V.=10£0°

31— j41 =10£0° = 1(3— j4) =10.0°

~10£0°
(3 j4)|
: . - 10£0°
3—j4)=|(3-j4)|£—tan"(b/a)° | = =2/53.1°
(3-i4)=|(3-j4) (b/a) —
3—j4)|=(B—j4).3+ j4) =(3° +4°) =5
(3~ j4) =3~ [4).3+ j4) =3 +4°) WYY

Z—tan(b/a)° = £ —tan*(-4/3)° = -53.1°

(3— j4)=5/—53.1° )




Phasor Diagram Method Current-Voltage Relations

3Q2
VR \\\\/R — 3'
0 S | =2./53.1° 0
10£0 CP 8/j2=-j4 Q=% V.. | ;1040
| =2.53.7° 6=36.9°
Resistor Capacitor RC "V =-j4l
V, =3l )
| =2.,53.19 | =2.,53.1° ~ o f .
/453.10 / | =2,53.1 Vi +V; =100
V. =-j4l
Current and Voltage in phase. Current is 90° behind voltage Current is 53.1° behind voltage

The phasor diagram representation shows the phase vector of three voltages and one
current. Note that the sum of \; and V. constitutes the source voltage and vector. V.
IS 90° behind I; V; is in the current direction (in phase).



Phasor Diagram Current-\Voltage Relations  Phasor Diagram Representatior

i(t), v(t) ‘
i R V. =RI
Resistor —ANW—— t . ,
V 0
i(t)=1_sin(at) o ; t . =1£0
oltage and curren 0
e(t) = Ri(t) = E,, sin(at) are ingphase V; =V £0
i(t), v(t) o
i L V, = Jol
Inductor ——OIN— L ‘ ,
V 0]
i(t)=1_sin(at) I, =1£0
: Voltage is 90° _ 0
e(t) = L% = E,_ cos(at) ahead of current VL =VZ£30
i(t), v(t) j le=1£0°
. C V. =V/-90°
: l t
Capacitor ——] ( I—
v 1 1
i(t) =1,,sin(et) Voltage s 90° V. = j_a)l =—] ;I

e(t) = éji(t)dt =—E,, cos(at) behind of current



Example-5.3: In the following circuit, find the value of the current value of
source required for a voltage of VV=10L_0° V using the phasor
diagram method.

P ] I
|<DYR:O.3 Y06 —— v Y, =-j0.2
mho mho l mho

20




Solution-5.3:

Resistor:

Capacitor:

Inductor:

Kirchhoff's Current Law (KCL):

l. =6.290° 4

| =2£-90°"

P llc] N V =100°
| D Y03 Y06 V Y, =-j0.2 mho
mho mho l
|, =0.3V =3£0° j6=6.—tan(6/0)° =6.,90°

l. = j0.6V = j6=6-90°
=—j0.2V=-j2=2/-90°

IL

=1, +1.+1

—tan"(6/0)° =—tan"(o0)° =90°
—tan"(=2/0)° = —tan *(s0)° = —90°

| =3+ j6+(-)J2) =3+ j4=5,53.1

| =3+ j4=5,53.1°
Ak

I =3,0° E=1020°

i(t)=5

2 cos(awt +53.1°)

There is 6=53.1° phase shift
between applied current and
voltage 21



Circult Reduction

Like resistive circuits, complex a.c circuits can also be reduced to equivalent
resistive circuits. Let's consider the circuit below. The equivalent impedance of the
circuit from points a-b:

T | 2E vt
RLC
Source CPE Circuit Z =R+ jX
O b Y=G+ B
| =EY =GE+ jBE
E=1Z=RI+ jXl
a O———= Z ao_l> Y
I
R
= E G |B
jX
22
b O b O



Example-5.4: Angular frequency of the driving source is 10 rad/s, find the input
impedance of the following circuit.

100
0 —NWV
10Q
Z(s) - == 0.001F 30Q2
1H
O

23




Solution-5.4:

Sl
° —MWW——
Z(s) — ’_\50.001F 300
1H
© “»b’ " »a’

To the right of line aa’, the 30€2 resistor is parallel to the 10Q2 resistor and
the series arrangement of the 1H coil. Impedance of series:

w=10rad/s 10+ jwl.0=10+ j10=14.14/45"
Admittance: L =0.05-j0.05
14.14 /45°

The total admittance of the circuit elements to the right of aa is:

Y, =0.05—-j0.05+ 30% =0.0833- j0.05=0.0970, —-3171°

24




Impedance of the right side of the line bb’

1
_|_
0.0970~ -3171°

Zb=10+i:10
Y

a

—) Z, =18.83+j5.30=19.6015.7°

Admittance of capacitor: Y, = jw(0.001) = j0.01

Input Admittance: Y = j0.01+i = j0.01

+ _ = 0.0492 + j0.0038
Z, 19.60./15.7

Y =0,0492+ j0,0038 =0,0493/—4,4°

= 1 =20.2/4.4°

Input impedance: Z = 1
Y 0.0493/-4.4°

25



Example-5.5: Find the current i,(t) of the following circuit.

30 40
—— W WW——
TN g IH

e, =30v2 cos@) () iy (t) 20 () e,=202cos(@t+90°)

— 1/32F

26



Solution-5.5;

3Q 40
—— W e
N gl H ~—
e, =30/2 cos(8t) <> 1(t) 15(t) C) e, = 20+/2 cos(8t +90°)

— 1/32F

Transformed circuit in frequency domain:
Z 3Q

e, =30.0°

oy gm

l, () e, =20./90°

=+]20
—~Z=4/]=-j4 Q

Mesh Current equations: _ ] ] _
3+ 18— 4, -(18— 4l =30

~(j8— j4), +(4+ j8— j4)1, =—j20

27



e, =30.0° d i e, =20290°
—~Z=4lj=-j4Q)

Mesh Current equations:

(3+ j8— j#I, —(j8— j4)1, =30
~(j8— JH)1, +(4+ j8— j4)l, =—j20

After simplification:

3+ j4)l, —j4l, =30
—j4l, +(4+ j4)l,, =—)20

|, meshcurrent | =1, =7.65/—35.8°

Current as a function of time:

i (t) =7.65

2 cos(8t —35.8°)

28



Example-5.6: The following circuit is the equivalent circuit of a load fed from
two sources. The sources are considered as ideal voltage sources,
load and driver’s impedances are given in the figure. The voltages
of the 1st and 2nd sources are 460V and 451V, respectively. The
voltage source-2 follows 5° behind the voltage source-1 from.
Using the Mesh Current Method, find the load voltage, load
current, and current supplied by each source.

1.4+j1.6 Q 0.8+j1.0 Q

e, =460cos(8t) () 1,(t) E, 1,(t) C) e, =451cos(8t —5°)
Z,=11.66+j8.75 l

29




Solution-5.6:

14416 Q

}

e, =460cos(8t) <>

0.8+j1.0

() e, =451cos(8t —5°)

Transformed circuit in frequency domain:

11(t) E, 1,(t)
Z,=11.66+]8.75 Q l
1.4+j1.6 © 0.8+j1.0 Q

|

7N

E, =460.0° !

<> Z,=11.66+j8.75 Q
I

() E, =451/ -5°

Mesh current equations:
|. Mesh

[1.4+ j1.6)+(11.6+ j8.75)]I, —(11.66+ j8.75)I,, = 460,0°
Il. Mesh —(11.66+ j8.75)1, +[(11.6+ }8.75)+(0.8+ j1.0)]I ,

—451/ -5



1.44j1.6 Q 0.8+j1.0 Q

|
T N(Y)

Z,=11.66+j8.75 O
I

E, = 460.£0° E, =451/ —5°

Esitlikler basitlestirilirse
(13.6+ j10.35)1, — (11.66 + j8.75)I,, = 460.£0°

—(11.66+ j8.75)I, +(12.46+ j9.75)1 , =451/ —5°
Meshcurrents | =1, =195/-5.2° |,=1,=-17.8£4-76.4°
Loac current: | =1, -1, =30.4£-38.9°

Load voltage: E, = Z, =30.4.—38.9°(11.66+ j8.75) =444/ —2°

The load voltage is 444V and the load current is 30.4A. The generator-1
provides 19.5A to load-1; Generator-2 provides a current of 17.8A 3l



Example-5.7: Find the voltages V, and V, in the following circuit by applying
Node-Voltage Method

Y -=]J0.2mho
2 Y
T o
Z, =100
54300® V, G=0.1mho V/,
20.£90°

| l

b

32




Solution-5.7:

a Y c=j0.2mho
| [
T "
Z,=j10Q
5/30° V, G=0.1 V,
l mho l 20./90°
b
After source conversion: | Yo=i0.2.mho 1]
N -=j0.2.
| [
| { ) ~ - 20/90°
‘ T I jo| 1=E/z =705 =240° A
c=01 mho
5/30° Vi ) \Z (T 2207
mho 1 1 _
l l YL=Z—L=E=—JO.1 mho
KCL: B
|. Node: (O.1+ jO.Z)V1 — (jO.2)V2 =5./30°
1. Node: —(J0.2)V, +(j0.2- j1.0)V, =2.£0°

33

V,=38.8,80.1"V V,=58.0/76.7°V found.



