CHAPTER 2. FIRST ORDER DIFFERENTIAL EQUATIONS

2.10. Lagrange-Clairaut Equations

Definition. A differential equation of the form

y=2f(y)+9) (1)
is called Lagrange differential equation.

Let p = ¢. Then from equation (1) we have

y=xzf(p)+ 9 (2)

Differentiating equation (2) with respect to x, we get

Yy =p=flp)+ wf’(p)% + g'(p)%
or
/ / dp
p=fp) = @f(p)+9'@) 5 -
Solving for p’, we have
dp _ p—[f() R 3)

dz — zf'(p)+4(p)

Let us assume that we can invert this function to find z = x(p). Then from
equatin (3) we get

dv _zf'(p)+9')
- p—fp) 7P fle)#0

. de.  f'lp)  4(p)

= Tz =
dp p—flp)  p-fp)

which is a first order linear equation for z(p).

Solving equation (4) it is obtained a family of solutions

x=F(p,c)

where ¢ is an arbitrary integration constant. Using equation (2) one might be
able to eliminate p to obtain a family of solutions of the Lagrange equation in
the form

o(x,y,c) = 0.



If it is not possible to eliminate p, then a parametric family of solutions with
parameter p is obtained as

{ x=F(p,c)
y=F(p,c)f(p) +9(p)

We assumed that p — f(p) # 0. However, there might also be solutions of
Lagrange’s equation for which p — f(p) = 0. Such solutions ara called singular
solutions. To find singular solutions solve p — f(p) = 0 for p. Then substitute
into equation (2).

Example. Solve the following differential equations.
1)
_ 3 Y
Yy = 2:cy +e

Solution. Denote 3’ = p. So, we have Lagrange equation

3
Y= ixp—i—ep.

Differentiating both sides of Lagrange equation with respect to z, we obtain

o 1 3 d
Y

_p=1[2 p| 28

2P (296 ¢ ) dx

Inverting this equality we obtain linear equation

d 3 2
—x—l—fx:—fep, p # 0.
dp p P

The integrating factor for linear equation is
Ap) = p*.
So, the general solution of linear equation is

2eP c
x:—p—S (p2—2p+2)+1§.

Thus, the general solution of Lagrange equation in parametric form
2eP n 4eP  4eP n c
r=-——4 — — — 4+ —
p p  p P
= -z eP
y=357p +

If p = 0, then singular solution is obtained as y = 1.



2)
y=a(l+y)+y?

3)
y=z(p’+2p) — (P*+2p—1)

Definition. The differential equation in the form

y=azy +g(y) (5)
is called Clairaut equation.
Letting y’ = p equation (5) is written as

y=ap+g(p)

The Clairaut equation is a particular case of the Lagrange equation. Differenti-
ating both sides od Clairaut equation with respect x, we get

B dp ~, \dp
p—p+xdx+g(p)dx
or d
/ 74
hac
($+g(p))dx

d,
If d—p = 0, then we get p = ¢. So, we find the general solution
x

y = cx + g(c).

Solving x + ¢'(p) = for p and substituting into Clairaut equation, the singular
solution is obtained as

y=ap+g(p)
Example. Solve the following differential equations.
1)

y=azy + ()’

Solution. Letting 3’ = p we get Clairaut equation

y=ap+p?

Differentiating both sides with respect to z, we have
dp
2p)— = 0.
(x + 2p) I

d,
If d—p = 0, then p = ¢ and the general solution of Clairaut is
T

y:caz+02.



If £ +2p =0, then p = fg and singular solution is

-
y=-7
2)
y=ay' +V1+ ()
3)

y=axy +siny



