CHAPTER 4. HIGHER ORDER LINEAR DIFFERENTIAL EQUATIONS

4.2. Homogeneous Constant Coefficient Equations

In this section we consider homogeneous linear differential equations of the form

dn dn—l
a07y +a; Y
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g +...+an_1%+y=0, (1)

where ag is not identically zero and ag, a1, ...a,, are real constants.
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Assume that y = ™7 is a solution of equation (1). Then we have

e’ (aom" fam™ '+ . +a,_im+ an) =0.
Since e™* # 0, we obtain the equation in the unknown m
agm™ +am™ '+ .. 4+ an_1m—+a,=0 (2)

which is called the characteristic equation of the given equation (1). Now, we
have three cases.

Theorem 1. If the characteristic equation (2) has n distinct real roots mq, ma, ..., My,
then the general solution of (1) is

mix mox mnx
y=cre " + e + .. 4 cpe’m’,

where ¢y, ca, ..., ¢, are arbitrary constants.

Example 1.Find the general solution of the following differential equation

Solution. The characteristic equation of given differential equation is

m>—m?—2m =0.

Hence, we obtain that m; = 0, ms = 2 and mg = —1. The roots are real and
distinct. So, the general solution is

y=c1 + e 4 cge ",

Theorem 2. (i) If the characteristic equation (2) has the real root m occuring
k times and the remainig roots are distinct and real, then the general solution
of the equation (1) is

2 —1 Mm@
y = (01 + cox + 3% + . + ez ) €Mt + cppreMm T + 4 cpe™n.



Example 2. Find the general solution of the following differential equation

dy &Py Py dy
— —b—=+6—+4— —8y=0.
dz* dz3 + dx? + de Y
Solution. The characteristic equation of given differential equation is
m* —5m3 +6m2+4m—-8=0

Hence, we obtain that m; = mo = mg = 2 and my = —1. So, the general

solution is
295(

y = e*(c1 + ez + c37°) + cae” "

Theorem 3. (i) If the characteristic equation (2) has the conjugate complex
roots a = b, then the corresponding part of the general solution is

y = e (¢1 cosbx + cosinbx) .

(ii) If a £ ib are each k—fold roots of the characteristic equation (2), then the
corresponding part of the general solution is

y=e™” [(cl ‘ez +... + ck:ckfl) cos bx + (ck+1 + Ckgox + ... + czkxkfl) sin ba:] .

Example 3. Solve the initial value problem

d2y dy

Solution. The characteristic equation of given differential equation is
m? — 6m + 25 = 0.

So, the roots are m; » = 3 &+ 4¢ and the general solution of given differential
equation is
3% (¢1 cosdx + cosinda) .

Applying the initial condition y(0) = —3, we get ¢; = —3. From the other
condition y'(0) = —1, we obtain co = 2. So, the solution of given initial value
problem is

3% (=3 cos 4z + 2sin4x) .
Example. Find the general solutions of following differential equations.
1)

d4y dzy
29 929 L 9gy =
= 9d332 4+ 20y =0
2)
dy &Py Py dy
CY 988 980 oW
dxt da3 + dx? dx ty
3)
dSy  _d'y d*y d?y dy
— —5——4+16— +36—= — 16— — 32y =0
dab dx?t + da3 + dx? dx 4



