L'Hospital’s Rule

A limit of the form

. f(x)
lim
x—a g(x)
where both
lim f(x) =0 and lim g(x) =0
X—a X—a

is called indeterminate form of type §.

Often cancellation of common factors helps:

Iimxz;x—lim&—lim X _1
x—1x2—1 x=1(x—1)(x+1) xo1x+1 2

But not for examples like:

. Sinx . In x
lim —— and lim
x—0 X x—1 X —1




L'Hospital’s Rule

A limit of the form

. f(x)
lim
x—a g(x)
where both
lim f(x) = o0 and lim g(x) = o0
X—a X—a

is called indeterminate form of type .

Often helps to divide by highest power of x in the denominator:

lim )(27_1—Iim17% 1
X—)oo2X2—|—1_X~>002+l2 2
X

But not for examples like:

In x

x—o00 X — 1




L'Hospital’s Rule

L'Hospital’s Rule
Suppose f and g are differentiable and g’(x) # 0 near a, and
f(x)

Jim; ax)

is an indeterminate form of type g or =2. Then
flx) i f'(x)

Jim; gx) xS g'(x)

if the limit on the right side exists or is —oco or co.

(near a = on an open interval containing a except possibly a itself)

Before applying LHospital’s Rule it is important to verify that:
)I(iglaf(x) =0 and )I(iLnag(x) =0

or

lim f(x) =4+oc0 and lim g(x) = +oo
X—a X—a



L'Hospital’s Rule

Find
. In x
lim
x—1 X — 1
We have
iminx=In1=0 and im(x—1)=0
x—1 x—1

and hence we can apply I'Hospital’s Rule:

_ Inx _ Linx
lim = |Imd7: |
x—1 X —1 x—>1a(x—1) x—1 1




L'Hospital’'s Rule

Find
. sinx
lim ——
x—0 X
We have
limsinx =0 and limx =0
x—0 x—0
Hence we can apply I'Hospital’s Rule:
. sinx . =sinx . COSX
lim =—= = lim & = lim = 1

d
x—0 X x—0 ax x—0 1



L'Hospital’'s Rule

Find
. X
XIme 2
We have
lim & = oo and

X—00

Hence we can apply I'Hospital’s Rule:

d o x
. e . e
lim = = lim ‘Zj - =
X—00 X X—00 aX
Again we have:
lim e = and

X—00
So we can again use I'Hospital’s Rule:
X X d Ax

. e . e . ax
lim — = lim — = lim q
X—o00 X' X—00 2X X—00 a2)(




L'Hospital’'s Rule

Find
In x
lim ——
X—00 /X
We have
lim Inx = oo and lim ¥/x = oo
X—00 X—00
Hence we can apply 'Hospital’s Rule:
In x 4 1 3
X~ — lim () _ lim —=0




L'Hospital’'s Rule

Find
: sin x
lim —
x—n— 1 —Ccos x
If we were to apply 'Hospital’s Rule:
| sinx i CosX
x—m-1—C08SX xom sinx
However, this is wrong!

We have limy,_,, (1 —cosx)=1—(—1)=2.

im sinx 0 0
xom—1—cosx 1—(—1)

Before applying I'Hospital’s Rule, always check that the limit is
an indeterminate form J or 2.



L'Hospital’s Rule

L'Hospital’s Rule is valid for one-sided limits and limits at infinity:
f(x) . f(x) i f(x) . f(x)

xoa- g(x)  xoarg(x)  xoeog(x)  x-ree g(x)



L'Hospital’s Rule

A limit of the form

lim (f(x)g(x))

X—a

where
lim f(x) =0 and lim g(x) = +o0

X—a X—a

is called indeterminate form of type 0 - co.

We then rewrite the limit as:

. f
lim (1(x)g(x)) = fim 7%
an indeterminate form of type %, or as
)l(ig]a(f(x)g(x)) ~ x—a 1553(())()

an indeterminate form of type 2.



L'Hospital’s Rule

Evaluate the limit

I|m xInx
x—0
We have
im x=0 and im Inx = —
x—0+t x—0+

Thus we can choose for rewriting to:

lim or lim 5%
x—0+ 1/Inx x—0+ 1/x

We choose the 2nd since the derivatives are easier:

In x . 1/x
l Inx = I — = —X) =
ang xinx= Im +1/x xi>0+ —'I/X2 xl>n8+( X) 0



L'Hospital’s Rule

A limit of the form

lim (f(x) — g(x))

X—a

where
lim f(x) = oo and lim g(x) = c©
X—a x—a

is called indeterminate form of type co — oo.

We then rewrite the limit as a quotient.



L'Hospital’s Rule

Evaluate the limit

lim (secx —tanx)
X—(m/2)—

Then limy_,(r/2)-secx =oco and limy,_ (/) tanx = co

We use a common denominator:

. . 1—sinx
lim (secx—tanx)= Im ————
X—(m/2)~ x—(m/2)- COS X

Now limy_,(r/2-(1—sinx)=0 and limy, /- cosx =0

Hence we can apply I'Hospital’s Rule:

. . 1 —sinx
lim (secx—tanx)= Ilim ————
Xx—(mt/2)— x—(m/2)— COS X
—COSX

x—(m/2)~ —Sinx



L'Hospital’s Rule

A limit of the form
lim [£(x)]9)

X—a
is an indeterminate form
» of type 00 if limy_,5f(x) =0and limy_,9g(x) =
» of type co® if  limy_,5f(X) = oo and limy_, g(x)
» of type 1 if limy_5f(x) =1andlimy_59(x) =

Each of these cases can be treated by writing the limit as:

lim [f(x)]19%) = lim gn([/xe™)
x—a X—a
= lim eg( )Inf(x) _ ellmXHa(g(X) Inf(x))
X—a

Other types are not indeterminate forms: 0, 1% and co'.



L'Hospital’s Rule

Evaluate the limit

lim x*
x—0+
Then limy_o+ X =0.
We write the limit as:
lim x* = lim e"*
x—0+ x—0+

— eIimx_,o+ (xInx)

=1



L'Hospital’'s Rule

Evaluate the limit lim (1 + sin 4x)%tx
x—0+

Then limy_,0+(1+sind4x) =1 and lim,_,o+cotx = oo

We write the limit as:
lim (1 + sin4x)% = |jm gn(1+sin4x)x
x—07+ Xm0

gliMx o+ (cotx-In(1+sin 4x))

[ : . In(1 in4
im_(cotx -In(1 +sin4x)) = lim "0+ SN4X)
o x—0" tan x

Now limy_,o+In(1+sindx) =0 and limy_,+tanx =20

Hence we can apply I'Hospital’s Rule:

: 4cos4x 4
i In(1 + sin 4x) _ i 14sindx (T) _
im —— = = lim 72_—_4
x—0+ tan x x—0+ (sec x) 1

Thus  limy_o+(1 + sin 4X)C°tx = et



