CONTROL SYSTEMS

Dog. Dr. Murat Efe

WEEK 13



This week’s agenda

® Controllabl ity ¢
O Linear State Feedback
O Pole Placement

O Bass-Gura and Ackermann Formulations

O Properties of State Feedback
O Observer Design and Observer Based Compensator



“ Observer (or observability) ca




Y(s) bs* +b,s + b

T(s)= S — =
()= U(s) s +a;s° +a,s+a;

V'+ay"+a,y' +azy=bu" +bu + biu

Given a strictly proper transfer function, you can write
the that describes it. Let &(t) be a

solution of y(t)”’+a, y(t) ’+a, y(t) +a; y(t) = u(t)

Then the overall solution can be written as /

y=b&"+b,E + by //




Canonical Realizations - Controller C.F.

2
T(s) = Y(s) _ bys* + bys + by

U(s) s +a,s° +a,s+ay

y'+ay"+a,y' +ayy=bu" +byu' + bju

Let’s first realize Ea Eta, E+a, E= U

Or equivalently @u a, &’ —a, & -

U(s>~+_(z% s TLs s & /
\G /

|—




Denominator Numerator

Vi+ay'+a,y' +asy=u y=b&"+b,E" +b¢







Canonical Realizations - Controller C.F.
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Canonical Realizations - Controller C.F.

x = Ax + bu
p e G

—as | X 1

Xy |+ 0 |u
0

Denote this by (A, b.C.)

Note that if the transfer function is not strictly
proper, you can always perform the division and

obtain a strictly proper transfer function.



Canonical Realizations - Observer C.F.

b(s) _ Bys” +bys+bs
1(s)= =
a(s) s°+ a;s” +a,s +a;

Y(s)= %S)M (s) where M (s) = b(s)U(s)

(s3 +a;5” +ayS + ay )Y(S) = M(s)

s°Y(s) = M(s) - GIS2Y(S) —a,sY(s)—asY (s)
Y(s)=s"M(s) - als—lY(s) — 02S_2Y(S) — a3s_3Y(s)

Y(s)= S_l{_ ayY (s)+ S_l{_ a,Y(s)+s"{-as¥ (s)+ M(S)}}}




Y(s) = S—l{_ a7 (s) + S—l{_ a,Y(s)+ S—l{— aY(s)+ M(S)}}}




M(s) = (b152 +b,s + b3)U(S)

U(s)—1 02— s 4\(
1+M(s)
I, o) — /

Combining the two parts and removing the differenti
through seeing the simplifications in the diagram
us have the following compact representation...



Xy = —a3X; + byu




Canonical Realizations - Observer C.F.

x = Ax + bu
p e G

Denote this by (A,,b,,C,)

Note that if the transfer function is not strictly
proper, you can always perform the division and

obtain a strictly proper transfer function.



Canonical Realizations

ANNN



1/s

1/s

1/s

the case depends on b

In the observer canonical form,
either directly or after some
mtegrators affects the output The




Thus, realizations

2 If T(s)=Db(s)/a(s), then we have seen that
exists a realization of order n=deg a(s).
Note: Order of a realization (A,b,C,d) is the
number of internal variables associated with it. /




3 If there ar
the denominator are not co
realize the transfer function.

r(s) = 26) _ BE)s+a) _ b(s)

a(s) a(s)(s+a) a(s)

nth order nth order /
realizations realizations

All lead to T(s) but n<n. Notice that transfer
function representation might cancel some
important dynamical information!



Notes on Realizations

x=Ax+bu

4 Let (A,b,C,d) be a realization of T(s) v=Cx+du
P is a nonsingular matrix. Apply the
transformation given as c(1) =P x(1)

Calculating the derivative yields [l PFb R

Rearrangement gives the é: =P APE + P lbu

new realization
y=CP¢&+du

(P'AP,P7'b,CP,d)




Notes on Realizations

E=PAPE+ P7'bu

: . ?
Does it realize the same TF- y=CPE + du

T(s)=CP(s - P‘lAP) Plh+d

- CP(SP_IP _ P‘IAP)_I Plh+d

—CP(P(sP-AP)) PTb+d
= (P (sl - A)P)_lP‘lb +d //
= CPP (sl - A) PP b+ d /

=C(sI-A)'b+d Vo



Important note

Controllability and observability are
sroperties of the

e or
control law




any any




where A is nxn
bis nxl, Cis 1xn and

y = Cx + du dis 1x1

P




~ where A is nxn
@ Given . b is nx1, Cis 1xn and
dis 1x1

icient condition for

Y (s)

U(s)

T(s)= =C(s[-A)'b+d




interval t, <t <t; (u is available).

x=Ax+ bu
y=Cx+du

E—-




. where A is nxn
@ Given ) b is nx1, Cis 1xn and
- dis 1x1

ient condition for

Y (s)

970

=C(s[-A)'b+d




v, d
X = [ 1 } Remember i, = C dve
V.o dt

u=Vcl+1}Cl . _1 O 1
, X = X+| |u
U=V +V_, 0 -1 1




Example - 1
Check the controllability of the circuit.

-- See the cancellation!




Example - I1
Check the observability of the system

Apparently not observable...
See the cancellation below

T(s) = (s+2)

s+ 2)(s+1D)



position in
identify the states of the sys
output measurements.



(A,b,C,d) quadruple is minimal if

| |

ontrollable and (C,A) is observable

1 [




K

u=-Ky+r
Static Output Feedback Dynamic Output Feedback
r L8 = P(s),— Y r i)

3

S

U(s)=-K(s)Y(s)+R(s)

< P(s),

KO

e

u=-Kx+r U(s)=-K(s)X(s)4R(s)
Linear (Constant) State Feedback | Dynamic State Feedback




Linear State Feedback

x = Ax + bu
y=Cx+du

H=—-Kx+r

1 |

x=Ax+b(-Kx+r)
y=Cx+d(—Kx+r)
x=(A-bK)x+br
y=(C-dK)x+dr

Y(s)
U(s)
Y (s)
R(s)
How would you choose K suc

the closed loop TF meets t
characteristics?

P(s) = =C(s[-A)'b+d

T(s) =

= (C—dK)(sI -(A-bK)) b+d

desired

NN



Linear State Feedback

)=C(s]—A)‘1b+d

=
. )=(C—dK)(sI—(A—bK)) b+d

Apparently, the new closed loop poles
are now the eigenvalues of the matrix
A-bK. If you want to locate the closed
loop poles at some desired locations,

several methods would let you do this.







Bass-Gura and Ackermann Formulations
for Pole Placement

Characteristic eqn PO &Pz =s"+a;s"" ++a,

Desired char. eqn. IO |s] —(A- bK)| =s"+ais" " ++a,

where

AN N

N\



Bass-Gura and Ackermann Formulations
for Pole Placement

Characteristic egn
Desired char. egn.

a(s)=|sl - 4 =s"+a;s" " +-+a

n

a(s):‘s[—(A—bK)|=sn ¥ oS ot

K=[0 0 - 0 1} W a(4)

a(A)=A"+a A"+t a,l



Properties of State Feedback

&)
Zeros remain unchanged after state feedback

bis* +b,s + by
3

bis* +bys + by

P(s)=—

I'(s)=

2 2
ST+ apsT +ays + as ST+ osT + s+ o




) State Feedback and Controllability

State feedba

2 2
Dys™ + bys + by bis”™ + bys + by

P(s)=— 5 I'(s)=— >

ST+ apsT +a,s +ag ST+ asT + oS+ a;



Properties of State Feedback

O

Observability is not necessarily preserved
under state feedback.
Neither is the unobservability.

bis* + b,s + by
3 2 1'(s)=— 2
§° +ays” +ay,8+a; $” + QS + 0yS + s

bis* +bys + b,

P(s)=

Observable  P(s) Observable  T(

Unobservable P(s) Unobservab



State Feedback and Minimality

Due to a possible loss ©
minimality is not necessarily preserved.

2 2
Dys™ + bys + by bis”™ + bys + by

P(s)=— > I'(s)=— >

ST+ apsT +a,s +ag ST+ asT + oS+ a;

Minimal P(s) Minimal

Non-minimal P(s) Non-minim



An Example to State Feedback

352 +35—6
PO)=z——FF
1 2 0 1 S +s  —4s+2
£=10 -1 3 x+|3uf|s] - Al=a(s)=5" +5* —ds+2
0 1 -1 1

35?2 +35—6
(s+D°

1'(s) =




Transfer function:

sN3+sh"2-4s+2
ans =
-2.7321

1.0000
0.7321

Bass-Gura Formula

K1l=

0.4211 0.1842 1.0263

-1.0000
-1.0000 + 0.0000i
-1.0000 - 0.0000i

Ackermann Formula

K2 =

0.4211 0.1842 1.0263

-1.0000
-1.0000 + 0.0000i
-1.0000 - 0.0000i

An Example to State Feedback

1+...

a(s) = |S] —A +a

a(s) = ‘s] - (4 - bK)|

=s" +a;s" .

l_|_...

+

=s"+os" 3

K=[a-a a, —a,|Q !

a
96%0%%%6%%%%% %6 %% % %% % %% % %% = n-1
disp( '

alpha=[1331];

a =denOL;

Omega =[1a(2) a(3);0 1 a(2);0 0 1];

K1 = (alpha(2:4)-a(2:4))*inv(Omega)*inv(Wc)
eig(A-b*K1)

Wc1l = [b (A-b*K1)*b (A-b*K1)"2*b];
Wo1l = [C;C*(A-b*K1);C*(A-b*K1)"2];
[rank(Wc1) rank(Wo1)]

; ] -1
a(s)=|sI - A =s"+a;s" +-+a,
dlisﬁ( [1331] 1
alpha=[1331]; : ; 7 n n—
alpha_of_A = zeros(3,3); a(S) — ’S] - (A“l - bA) =S + CXIS +  2E + an

i=1:4
alpha_of_A = alpha_of_A + alpha(i)*A” (4-i); 5 v P ;
K=[0 0 0 1] W a(4)
K2 =[0 0 1]*inv(Wc)*alpha_of A Ixn
eig(A-b*K2) / i -1
a(A)y=4"+a A" +---+a,l
Wc2 = [b (A-b*K2)*b (A-b*K2)"2*b]; ;
Wo2 = [C;C*(A-b*K2);C*(A-b*K2)"2];
[rank(Wc2) rank(Wo2)]



> The zeros remain unchanged (Show this by Matlab)
> (A,b) is controllable, so is (A-bK,b)
> (C,A) is unobservable, but (C,A-bK) is observable

&) ice that you arrived at the same K
3 and Ackermann formulas

4




R(S)@ US) 1 [z
+ S S

An Example
Double Integrator

MO

IS

d
A 4

Position Feedback

/ L

Controllability
canonical form

Al T o«

L

sy
S”+ ks + ks

X2

v

¢

’
r



»help place
@ /.- »help acke

These will let you know the specificatic
and algorithmic limitations in Matlab.




In some applications, not all of the states are
available for feedback, and we do not want
to use differentiators to generate one state

om another. In such cases, we need to use
D generate unmeasurable

4



arver estimates tne state varianles basad
Asuraements of outout and control varianlaes.







Observer Design and
Observer Based Compensators







Observer Design and
Observer Based Compensators




Observer Design and
Observer Based Compensators




& State observers can be designed if and only if
the observability condition is satisfied.




Observer Design and
Observer Based Compensators

If the matrix A-LC
= G is stable, then no

3 matter what the
Y=AX +bu+ L(y-C7) o

initial conditions
are, i.e. x(0) and
Define the error e=x—x x(0); any error

. N N vector (say €(0))
é=(Ax+bu)—(Ax +bu+L(y-CX)) ENETIE R o
e = A(x—'fc')—L(Cx—C?c') and the obser

= (A — LC)e

state x(t)
ultimately.




An Example
Remember, we have studied this before...

x1 (1) = y(7)

(1) = $(0)

xl I
; u
—k/m —-b/ml|x
x=Ax+bu
y=[l 0]
y=Cx 1R
Let's choose, b=2, m=1 and k=2 (in MKS UM




Observer

Error egn.

Matrix to analyze

Char. polynomial

Routh test to fix
regions of |,
and |,

BHS B
5 ol

S
A-IC=
wlml =2

|s]~(A—LC)|=S+I1 - =s2+(2+ll)s+(211+12+2)/

241y s+2

52 1 (2h+5+2)]
s (2+1) 0

2+1,>0 } I >-2
1 (21, +1,+2)

S
20+, +2>0)1,>-2[}-2




I 32




y@®

u(?)

x()

2]

=10l x|

[

OBSERVER

B LT S

PET ST S

By T

B LT Sep

B—

Time{sec)

B LT

15 -

0

()%

1}

x,(0) _
x,(0) 0

|

Edit Miew - Simulation Format - Toals

[Deaa sea|xe]»r

[! obzerver example

File

Correction Term

Sine Wave

)

Time({sec



" [] The answer is obviously’nef

hen how to choose 1.?



] How satisfactory is th

] What sorts of design
specifications can we have B T
on the response of an | o e

observer? Npmun

] What would be our strategy [J ¥ .
to meet those specs? N R R

Time({sec)

/

', we do not choose L
[according towhat'we
gl

h\

ASiamatter of fac
afDItianly, wWerdesi

L‘l
-
b

=
(>
(0>






Observer Design and
Observer Based Compensators

State Feedback
System Observer Control Law

P=lx

¢ = Ax —bKx + b
FE AT oo <Z—3 Closed loop dynamics/

X =(A-bK — LO)X + LCx + br
e anesc]is /4
| = |+l
LC A-bK-LC|%| |b
A

Closed loop dynamics

(in matrix form)
/




Observer Design and
Observer Based Compensators

sl — A
s = Acr| = ~IC sI-(A-bK-LC) Add 1st column to the
2nd column, and

write as 2nd column

sl —A sI—A+bK
- LC sT—A+bK

the 1st row, and wrij

as first row /
—IC :
oMrite

nt as the

~ —
- T
° 5
@ 3
~—t
T =
3 o
" (D
Q)




sI — Acy | =1|sI = A+ bK]|s] — A+ LC]|

] Thus,

] Thus, if the eigenvalues of A-bK and A-LC are stable,

then the internal stability of the closed loop
system is guaranteed.

] The result above shows that the design of the stat
feedback controller and the design of the obsery
are separated from each other. This is known
(deterministic) separation principle.



Given the system

Write the dual the system |

Notice the state feedback control law is

Here is the relation between observer gain
and the state feedback controller gain

Vi

FINGIKE S DYAUSInG either’'Bass=Gura or
\

AGHERNENRN formuias:;..



Observer Design and
Observer Based Compensators

x = Ax + bu
y=tx _~

ANERA\NN

a(s) = |s] — A| =s" + als"‘_1 4.

a(s) = |S1-—(A—bK)|= "o et a,

K=[0 0 - 0 1] a(4)
Ackermann [ ER AR by



An Example

-1 2 0 0
oo SEnE  x=| 0 -2 1 |x+|1u

4 -1 =5 1
y=[l 1 1«

] Design an observer such that

] This is equivalent to find the state feedback gain
for the following system:

z=A"z+C"y *
* 'Y = KnewZ L = Knew
h=bz




a(s)=|sI - 4 =s"+as" 4+ ta,
a(s) = ‘S]—(A—bK)‘ =s"+os" et
!
= K=la-a - a,—a, l|QQ T
) MATLAB Command Window || " M=l ET|f MATLAB Editor/Debe [on e p =] ¢ - (O] x|
Eile o Edite Migw - wfindow - Help @ File  Edit: Wiew . Deh 1 a, d, - d, _|E’|E|
D | & 2@ | @E (W2 Ded| =1 01 a - a, -,
Transfer function: o | BREREREE R |SHCJ£2:: 0 0 - a, 3
252 + 11 5 + 27 .
---------------------- clear all 0 0 0 " a
s"3 + 8 572 + 18 5 + 3 close all
[:1[: _O O 0 e 1 ]
ans = A=1[-128;0-21;4-1-5];
b =1[811]";
-3.9096 + 1.14861 C=1[111];
-3.9096 - 1.14861 d = 8;
-8.18089
[numOL ,denOL] = ss2tf{A,b,C,d};
ans = h = tf{numiL ,denOL}
roots{denOL)
3 3

Wc = [b A*b A=A=b];
Bass-Gura Formula Wo = [C;C*A;C=A=A];
[rank{¥c) rank{Wo}]

L =
s e s e s e e e e e e s B e
3.5692 disp{’ Bass-Gura Formula'}
1.3385 alpha = [1 15 75 125]; %Desired |A-LC| roots are specified here
2.8923 a = denOL;
Omega = [1 a{2}) a{3);8 1 a(2);8 8 1];
ans = Knew = (alpha(2:4)-a(2:4))=inv{0meqga)*inv{[C"' A'=C"' A'=A'=C"']);
L = Kneuw'
bt 5 151515 ) eig{A-L=C)
_5.9808 + 0.8000i le—
-5 _9088 - 8.888081 = B
lI LI—I @ find_L_exam...

Ready | Ready | 331 PM 2




Observer Design and

x = Ax + bu

p= O Transfer function realization

¥ = A% +bu+ L(y - CX)
u=-Kx+r
§=Af+b(—Kf+r)+L(y—Cf) or
X = (A —bK - LC )f + Ly + br Now take the Laplace transform
(sI — A+bK + LC)X(s) = LY (s) +bR(s)
X(s)=(sI - A+bK + LC)‘1 (LY (s)+bR(s)) Insert this into U(s)
U(s)=—KX(s)+ R(s)
=—K(sI - A+bK + LC)‘1 (LY (s)+bR(s))+ R(s)

— _K(SI—A+bK+LC)1LY(S)+(1—K(SI—A+Z)K+LC)1b)R(S)

=C ()Y () +C 4z (s)R(s)




Transfer function realization

C(s)=—K(sI - A+bK +LC) 'L

Cr(s)=1-K(sI - A+bK+LC) b




Using Bass-Gura formula
0 1 0 0 get the following...
x=(0 © 1 [x+|0 u e

U —~2 =3 1

y=[l 0 O]x

CY(s) 1

Pls)y= =
U(s) s(s+D(s+2)




An Example

0 0 1
0 -2 -3
y=[l 0 O]«

Y () 1 2
P(s) = T S _4s* —125—8
Uis) s(s+Ds+2)PCur(s)=——————
() s> 1652 +13s+12
s> +6s°+125+8

s> +65% +135+12

0
1

0 1 0] [o Cp(s)=—K(sI — A+bK +LC) 'L
X = x+|0 |u

Cp(s)=1-K(sI - A+bK + LC) 'b

Cff(s)=




An Example

Step Input Ramp Input

y(t)

rit) and
rit) and y(t)

10

Time (sec) Time (sec)

1
1
1
1
1
1
a— ! —
e 1 e
ot " ot
e I -
1 | 1
L —
e 1 e
r i et
o . |
1
1

10 15 0 0 50

Time (sec) Time (sec)




