Kumiilatif Dagihim Fonksiyonu (Stirekli)

« Xsiirekl1 bir rastgele degisken olsun. Bu durumda kiimiilatif
dagilim fonksiyonu su sekilde tanimlanir.

F, (X) =Pr[X £ x]
» Tipik bir KDF su sekilde goruntir:

Fy(X)

—

1.0
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Kiimiilatif Dagilim Fonksiyonu (kdf), F,(x)

Fx(X) = Pr[X £X] RO

L //_
Ozellikler /
1.0<F, (x)<1 — -

2. Ml F, (X) =1, XIme F, (x)=0

3. Herhangi bir Ax > 0 i¢in monotonik artan fonksiyon
F, (X+AXx) > F, (X)

4. Prla< X <b]=F,(b)-F, (a)

5. h >0 icin F, (x) sagdan siireklidir
F, (a) = Ihlgg F.(@a+h)=F,(a")

6. ImPrla< X <a+Ax]= Al)i(LnO[FX (a+Ax)-F,(a)]=0

AX—0



Olasilik Yogunluk Fonksiyonu (oyf), f,(X)

dFy (x)

1:x (X) — dx

F, (X) =Pr[X <x]= _Xf f, (z)dz

Pra< X <b]= T £, (x)dx

Ozellikler:
f, (x)=0 K
j f, (x)dx =1 /Wk

a+Ax

Prla< X <a+Ax]= [ f.(x) dx=f (a) Ax

Dikkat  |imPrla< X £a+Ax]=0

AXx—0



Surekli ve Kesikli Rastgele Degiskenler

 Sirekli rastgele degisken X gibi bir girise sahip olan bir analog
sayisal ¢eviriciyi diistiniin:

X
—— ADC —— K

— Bu durumda ¢ikis, K, girise karsilik gelen ve sonlu degerlerde
orneklenmis kesikli rastgele degisken olur.




OYF ve OKEF:
« OKEF yaklasik olarak su sekilde yazilabilir:

L, +A
fe[k]=Pr[K =k]=Pr[L, <X <L, +A]= | f,(x)dx

Ly
« Kiiciik pozitif A i¢in
f [kl = T, (X)A
— Sonug olarak, f[K] £ 1 i¢in, fy(X) 1’den biiyiik degerler alabilir;
ancak, her ikisi i¢in de hala asagidaki esitlikler saglanmalidir:

j f, (x)dx =1
kiofK [k] =1 f. [K]
f(0) ?
N 1T
g e 8



Baz Siirekli Rastgele Degiskenler

Birbicim Rastgele Degisken: parametreler a, b

Olasilik Yogunluk Fonksiyonu:

fx(X)
as<x<bh _ 1/(b—a)

1:x (X) = m’

0 diger

[ £ (dx=1 . b

Kiimilatif Dagilim Foksiyonu:

F, (X) =Pr[X <x]= j f(z)dzj —dz

0, X<a .0
XX
X—a
F,(X)=<——, a<x<b 1
(9 =1-— )
1, X>Db




Ornek: a=0,b=10ise Pr[2 < X < 6] nedir?

fy(X)
1/10

X

0 2 6 10

Pri2< X <6]= [ f, (x)dx = j:%dx — %

Alternatif olarak,
pr2< x <6]=F,(6)-F, (2)=06-0.2=0.4



Ustel Rastgele Degisken: parametre A
Olasilik Yogunluk Fonksiyonu:

fy(X)

— e—lx
" e x>0
* _ © X .
[[ £ dx =4[ e dx =1 .

Kiimiulatif Dagilim Fonksiyonu:

FX (X) — PI’[X < X] = J._Xoo fX (Z)dZ _ ﬂ,J.OX e_ﬁ,zdz _ _e_lz

X —AX
o=1-¢

0, X <0 F(X)

|:X (X) {1_ e_ﬁx X > O / 1—e1x

Dikkat : Pr[X > Xx]=1-Pr[X < x]=e™"




Ornek:

Yazic1 kuyrugunda bekleme stiresi tistel bir rastgele degiskendir.
X = bekleme zamani
. (x)=2a™ x>0

fx(x)

@ Pr[T <X <2T] L
- fZT ledu=e"" —e?"

T X

(b) PriT < x <2T]=F(@T)-Fy (1)

_ —-\T
=1-e T —1+¢ Fy()
— oI _g2IT / 1—e i
1 .
= = ise X

Pr[T< X <2T]=e"-e? =0.233



Hafizas1zhk Ozellig'i

t saniyesinde calisir durumda olan bir sistem 1¢in bu
zamandan sonra h saniye daha calisir durumda olmasi

olasilig1 toplam h saniye calisir durumda olmasi olasiligr ile
aynidir.

e Siralama (queuing) teorisinin uygulamalari; habelersme ve
bilgisayar aglar

Pr[{X >t+h}-{X >t}] B Pr[{X >t+h}]

Pri{X >t}]  Pr{X>t}]
- e:_(:h) =e " =Pr[X >h]

Pr[X >t+h|[X >t]=
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Gausyen Rastgele Degisken: parametreler m, o

Olasilik Yogunluk Fonksiyonu:

1 _(X_m)z
f, (X) = e 20 | —00 < X <0
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Kiimilatif Dagilim Fonksiyonu:

X

Fo(x)=Pr[x <x]= | f,(z)dz

0.841
0.682 0.500
0.159

m-c m m+o



Gausyen Rastgele Degiskenler I¢cin Olasiiklarin Bulunmasi

F, () = Pr[X Sx]:q)(x_mjzl_Q(X—mj

O O

2
y —szz 1 o Lz

@(y)% [ e Q) =1-(y) = () | e *

Gausyen yogunluk simetrik oldugundan:

D(-y) =Q(Y) Q(-2) =1-Q(2).

Bu fonksiyonlar tablolar halinde
sunulmustur.

Yaklastirma: y 2 2 oldugunda Q fonksiyonu sdyle yazilabilir
1 e_y2 /2

1 © _—7%/2
=—— | e dzr ——
Q) === J, oy
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Tablolar
Tahle of O} function values

x Gixy x 2ix) X gix) ¥ Qix)

0y S.0000F-5] Lo 1 38a6E-01 200 2275002 s.000 2 §eRSE-07
A 49202841 102 1. 33860-01 208 XIMB2E-T 20 1 ABRIE-07
0 4 84050 104 14917101 A0 B TEGEADZ 5200 S hnddl-08
s 4. T608E -1 Lo 14437501 205 ESTTRE-NZ 350 5.7 E-DS
08 L6E12E-H] L08R 1A TE-01 230 EAWIEE-02 A0 333ME-08
1y 4.6017E -Gk 110 1335 7E-1 2238 F2MMEAZ 250 1 RouhE-Ng
1l 4.5224E-01 112 1.3136E-1 2,30 EOT24E-02 ia0 1OTIRE-DS
014 A44433E-0] 114 137 14E-0) 235 Q3RATE-DA 2700 540 E-09
g 4.3044F-01 116 133020 240 RASTIE-0A AR0 3 3137E-00
L1 < 2858E 40 118 1 1MaE=01] 14% T 1428E-03 540 1 RITIE-09
025 4.2074E-131 1200 11507603 250 6 2ETE-D3 600 S RAFVE-T0
0.2 A4 12ME-T] 1.22 1LI123E- 285 EARGIE-03 610 53034E-10
014 4.0517E-(1 1.24  10T40E-0 26l 4ae12E-03 6200 2RIIIE-10
b 3974350 1,26 103304 265 40246503 f A0 1 4ERIE-T0
028 FESTHE-H] 1.28  1.002T7E-01 270 FA6T0E-03 6,40 T THREE-11
03y 3.8200E-41 1300 SalBOE-02 278 FUTURE-NA 650 40160E-11
032 3.7448E-0 1,32 93RO 280 Z5551E-03 Ba0 2055RE-11
034 3.6693E-01 1.34 90123E-02 185 21860003 6,70 1043 1E-11
036 3594254 1.36 K60l SE-02 200 P RGSRLE-03 680 5 23NGE-12
AR 35197801 1,38 8A793E-02 29%  FARRYE-DA 640 2N E-12
L4y 3 44581 140 BOTSTE-02 300 F 3400001 700 1.XTGRE-12
042 33724E-H 1,42 7.7RMI-0Z 305 E14421-03 70 623TRE-13
4] 32997801 144 7.4934E-02 S0 QTR 7.200 ZA0IGE-13
46 3.2276RE-H] 146 7TIT45E-02 IAE R 163SE-0d T30 1 AIREE-13
048 3.1561E-H] 148 6437602 320 GATI4E-04 .40 68MIE-14
(5 30854E-01 150 éa80TE-02 325 S TTO3E-M .50 Z.1WHE-14
083 30153E-G¢1 1.52  a4235E-02 A0 4 R342E-04 T.a0 1 ABTE-14
054 2H460E-H 1.54 6. 1780L-02 335 R0 70 6ROGIE-1S
56 ZETTHE-0] 156 59380F-02 3400 3 36831E-04 THO FAMS4E-15
058 Z28096E-H] 1.5% 5.T053E-02 345 TRO29T-14 790 1 3MSE-15
(ady 27425 -0 L&l S 47e0E.02 340 23383004 .00 62Xk
06T TETOIE-H] 162 5.3616E-02 355 LY9262E- 10 2 7480k 16
Ol 26109E-H] l.&4 50503602 3460 ESST1E-04 820 1 MHLYE-IA
(a2 546301 166 48437E-02 6% BI112E-D4 #.30  5.1036E-17
LA T 4K25E.d0 165 4647902 370 A RGE- K40 2T3ME-1T
0T 24196801 170 4 45651E-02 375 BR41TLE-DS 850 S4TRE-18
07T T3576RE-¢] 1.72 4. 2716E-02 A0 7234BE-03 f.a0 39838E-18
074 2 2U65E-0 1.74  40U3ME-02 R R R B B0 16sdE-18
076 2.2363E-1 1,76 392041502 A0 4 RERE-0E R0 G EHBLE-TY
0LTR ZI770E-0] 1.78  3.7538E-02 305 OOTRE-NE o0 2792319
O 20186841 .80 3 3030E-02 400 L 1eT b0 Q00 1 MReE-19
ORI 206711 182 34380102 400 TO6SKE-DS 410 &5ehalE20
84 2O045E-01 184 3 IBR4E.02 420 F3346E-05 B0 1 TRSTE-2N
06 LO489E-r] |86 3 1M3E-02 430 BA30GT-0G 930 TOIFIE-21
(LRE  1RO43E -G 1.BE%  3A034E-02 440 54125506 HA0 2TIEIE-21
(4 L BA0AE -] 190 2HTITE-OZ 450 3 IYTTE-DG BA0 1wEE-2T
043 [ 7ET9E-H] 1.92 27429002 460 T 1251046 B.60 3 H9TIE-22
ad [L7361E-01 L84 2at90E-02 470 ES00RE-D6 .70 1.5075E-22
49 LO%S3E-H 1596 2 A9GEE-02 480 TU3ZIE-07 LR0 SAZ93E.23
098 16354E-1] 1.9 2 IRSIE-02 490 4. THIRE-DT 090 2 ORI4E-23

‘Table of invese ) functinn values

i a=0 [ ox=0anh ox=0 I

1 11816 T 5, 1943 13 T MBR 14 BOER

2 23263 # 4120 LE] T AI06 20 Q2623

3 IAr2 i 200TH 13 T4 21 GADED

4 371 16 06,3613 i §.x221 24 D418

b A 2649 11 7060 i7 BA938 23 RATI0

] 4. 7534 12 70348 i% R.7573 24 1k, 19490

Table of eodunction values

x off X} x LLEY x off %) x LEN
[iEETH [T [T A28 [T T4 1.20 [N
LKL 001128 4l 043797 (&1 TR 1.21 191206
1K} 2] D257 142 .£4747 iR (L75381 1,22 LR A%
.43 NA3384 043 DASGRD (L83 LTF52 1.23 HO1R05
0. 00511 034 LABG23 (.21 76314 1.24 192051
045 DASe3IT 145 7548 (LES BT TMGT 1.25 152250
0.0 0WTE2 .dé (IR 086 (L7760 1.30 93401
047 O.AFTRES .47 {49378 {L&7 (TR 1.35 194378
08 IRGERE LEH] .50275 (LEE I TRAGGS 1.40 0.95229
0.4 0103128 .49 51167 iR (L TOEEA .45 DYET0
01 |4 011246 1,500 52050 (90 £, TR0 | 1.50 GHnak]
0.1l 0.12362 051 52024 (9f (L ROLEE 1.55 197162
012 0.1347a 052 BA3T00 (92 (LRGTT 1,60 97633
013 014587 .53 546486 053 (L8156 1.65 DL9RN03E
014 0.15645 .54 {55404 {194 EE1627 1.70 198379
0135 0.1 6Bk 055 56352 (95 (LEMIRY 1.75 DS866T
016 0.1 Tdkix] .56 57162 .96 (L82542 L.80 DaRI09
[N 0] Bt 57 57982 (X% (LHTORT 1.85 918
018 030 .58 58792 (L9% i R3423 150 1.99279
014 021184 .59 {59504 0.9 (L3851 195 DOUHER
[HE 0, 222T {168 LER LR 1.1 CLR42TD L 099532
011 0.23352 [EX LA1168 108 (L EAGEL X058 LR il
0 10, 24430 062 [ELE S 1402 (LR30E 21 9702
0.23 025502 063 BA2T05 1.n3 (LES4TE 215 099764
024 0265 T 4 A3459 1.04 (LRTEAS X0 BO9RE4
025 027833 65 Ad203 1.05 (ERGT44 2,25 199854
026 0. 3R65) [N LHAU3E 1.6 (& 14 130 DUNRER
0.7 02742 67 65663 1.07 (LRGYTT 135 LRI
018 030 THE 063 LOG3TR 1.08 87333 .40 190931
0.2 031828 LR DOTORE (RIL] (LATEHD 245 D.a9947
0.3 032863 0,70 BaETTRO 1.1 (LERIN] .50 {,10459
0.3l 033841 T AR46T 1.EE (LRRIS3 355 9069
32 034913 [ Al 69143 1.12 (LRE6TY 160 .9997h
0.33 035928 073 DAYE10 1.13 (LERGUT 265 099982
034 036936 074 70468 154 (LR T 19997
0.35 0374938 078 71116 1.Es L0 B 275 949990
.36 038033 074 71754 1.E6 (LRG0 10 [ER L
037 0340 nm 072382 .17 LTV TKS LR YN
n_38 044Kk n78 73001 L% LA 2 290 4.999565
.34 041874 079 73610 109 (L9TRT PR ] 199997
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Ornek:

X, ortalama degeri m, standart sapmasi o olan Gausyen bir
rastgele degiskendir.

a) Prim—20 <X <m+20]=?

Prim—20 < X <m+20]=1-Pr[X <m-2c]-Pr[X >m+20]
m+20-—mj
O

=1-2Pr[X > m+20]:1—2Q(

=1-2Q(2) =1-4.56x10" = 0.9544

b) m = 5 and variance ¢° = 64 ise Prf[m — o< X < m + ¢]=?
m=5and o= 8 i¢in
Pr[-3< X <13]=1-Pr[X <-3]-Pr[X >13]=1-2Pr[X >13]

= :1—2Q(13’T_5J =1-2Q(1) =1-2x0.159 = 0.682
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Ornek:

a =102

Hab.
Sistemi

V

my=0

O'N:2

(@) V=500 ise Pr[Y <0]=?

Pr[Y <0]=Pr

=0

Q-fonksiyon ta

oV + N <0]=Pr[N < -5]
;

‘—SJ - (255 = Q(2.5)
\ON

blosundan:

Q(2.5)=6.21x10"

Y=aV+N N Gaussianr.d.
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(b) Pr[Y <0]=10"°yapacak V nedir?
PrlY <0]=Pr[aVv + N <0]=Pr[N <—qVv]=10"°

—aV oV
O =Q| — [=10"°
( On j Q[JN]
Ters Q-fonksiyonu tablosundan:

-2
Q(ﬂj 100 = 2 102\/ = 4.7535

Oy O\

.V =950.70
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Gausyen r.d. ler I¢cin “Hata Fonksiyonu” nu Kullanarak
Olasiliklarin Belirlenmesi

[liskiler:

X (z m) ﬂ
FX(X):J; le e 20 dz—1(1+erf(fan

burada 5
| erf (y) :ﬁjo e‘dz wve erf(-y)=—erf(y)

Zaman zaman kullanilan baska bir hata fonksiyonu tanimu:

erfe(y)=_2_ ("e?dz= = — erf(y)
\/}jy 2

Bu tanim Q fonksiyonu ile ilgilidir:

Lol L
Q(y) = zerfc(ﬁj

Hem “erf” hem de “erfc” MATLAB da komut olarak mevcuttur
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Ornek:

X, ortalama degeri m=1, varyans1 6°=6.25 olan Gausyen bir
rastgele degiskendir.
(@) Pr[x <1.7] (b)Pr[X £0.2] (c)Pr[X >3.5]

2.5V2
(b) PrX <02]_jf (X)dx_l{l erf(02 1]}

(@) Pr[x <1. 7]__[f (x)dx—1{1+erf(l7 1)}:0.6103

2.5\2
1{1— f@ 5?F2H =0.3745

(c) Pr[X >3.5]=1-Pr[X <3.5]= 1_1{1 (35 1)}

2.5V2
1{1— f@:\/}ﬂzo.ws?



Kesikli Rastgele Degisken Gosterimi

0 (x) impalslar: sifir kalinlik sonlu olasilikl saglar

fy(x)
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Karisik Rastgele Degisken

oyf de impalslar vardir ve oyf bir ya da birden fazla zaman
araliginda streklidir.

Jx(x)

=
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