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9.1 Waves 1n One Dimension
9.1.1 The Wave Equation

A wave is disturbance of a continuous medium that
propagates W|th a fixed shape at constant velocity.

fiz, 0) fiz, 1) Lets start from the
! simplest case to
write the wave
z equation. Obviously
there can be

: : absorption,
In the presence of absorption, the wave will e G

diminish in size as it moves. and the shape of the
wave 1s affected.

absorptive medium
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If the medium is dispersive different frequencies travel at
different speeds.

Red light travel faster than blue light

Standing waves (combination of two waves moving in opposite
directions, each having the same amplitude and frequency) do
not propagate.

Fundamental
ni=1

= Second harmonic
n=2

— e e = Third harmonic

—_ - —_— - —_ n=23

Fourth harmaonic
n=4

Light wave can propagate in vacuum.
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How to represent a “‘wave™
mathematically?

Once at =0, and again at some later time ¢ each point on
the wave form simply shifts to the right by an amount v¢,

where v is the velocity
Initial shape:  f(z,0) = g(z)
Subsequent form: f(Z,t) =7

A displacement at point z at time t is the same as the
displacement a distance V1t to the left back at time t=0:

f(z,0)= f(z—vt,0)
=g(z-vit)
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A
fz,0) flz, 1)
—s
vt

The function f(z,f) depends on them only 1n the very
special combination z-vz¢ (or z+v1)

Examples <

iz =de

£,(z,1) = Asin[b(z —vi)]
A
S
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Not a wave:

f4(z,t) _ Ae—b(zz+v1‘)

Not a wave:
f(z,t) = Asin(bz) cos(bvt)’

A standing wave:

fs(z,t) = Asin(bz) cos(bvt)

_ g[sin(b(z 1))+ sin(b(z —ve))]
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The Wave Equation of a String

Ditferential Form: Force = change of momentum Fu d (mv)
with change of time B dt
With mass constant: Force = mass X acceleration F=ma

Let’s apply Newton’s second law in the vertical y-direction.

l: mass per unit length

: , 0?
F, =Tsin(6,)—Tsin 6, =(ydx)872/
. : : oy
Small angle approximation: siné ~ tan 0 =
X
0, and 0,<15°
T| — —— = ( udx)—=
[ﬁx —, OX xxJ (1dx) o
a2l .
_'...x X X=X, X X=X _ lu@__y
dx ot’
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X=X

Acceleration is T 82 y
proportional to tension 7, - <
inversely proportional to L. U ox

Speed of a wave in a T
stretched string:

©
I
|

2 /o e y_
d Hor mmpy T—5=

Classical wave equation: | — < —

Note that y is a function dependent on x.
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The most general solution to the wave equation 1s the sum
of a wave to the right and a wave to the left:

f(z,t)=g(z—vt)+ h(z+vt)

Z

—

Sinusoidal Waves

wave speed

f(z,t)= Acos[k(z—vt)+ O]

/ W

amplitude wave number phase constant
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Amplitude: Maximum displacement from equilibrum
Phase: The argument of the cosine

Connl  }/GO)
\
/N /TN AN/
" w s J =z
e——

f(z,t)= Acoslk(z—vt)+ 0] = Acos(kz— wt + 0O)

;(:2_7"

, A: wave length

= kv = 2;ri=27rf

Angular frequency (in radians)
Is larger than

f: frequency regular frequency (in Hz) by a
factor of 21

@ : angular frequency

Dog¢.Dr. Fulya Bagci



(11) Complex notation

Euler's formula ¢ =cos@+isiné
Re[Ae"“ ") = Acos[k(z —vt)+ O]
Wave equation (sinusoidal)

Re[Afdej(kZ_mf)] e Re[gef(kz—a)f)]

D I

A= Ae” complex wave function

f(z,t)=Re[f(z,0)]

The advantage of the complex notation is that exponentials

are much easier to manipulate than sines and cosines.
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Example 9.1

Suppose you combine two sinusoidal waves, you simply add the

corresponding complex wave functions and then take the real
part.

f,=f,+f, =Re[f,]+Re[f,]1=Re[f, + f,]=Re[ f,]

In particular, if they have the same frequency and wave number,
1t 1S very easy.

Ji‘; — Alei(kz—wt) + A”Zei(kz—a)t) — A"3ei(kz—a)t)
where Ase'® = A€’ + A,e'™

Try Prob. 9.3.
Try solving Prob. 9.3 without complex notation to see the difference.
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Boundary Conditions: Reflection
and Transmission

When a wave propagates through a medium, 1t reflects when it
encounters the boundary of the medium. Waves will react

differently if the boundary of the medium i1s fixed in place or
free to move.

A fixed boundary condition exists when the medium at a
boundary 1s fixed in place so it cannot move.

- ¥,
Eefore

reflection

FITH
(NETIS

Fixed
boundary

condition
After

reflection

'l..il. Wlald

=
U

https://cnx.org/contents/5139byUz@3.2:atV-
gRHg@10/3-4-Interference-of-Waves

The reflected wave 1s reflected 180° out of phase with the incident
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A free boundary condition exists when the medium at the
boundary 1s free to move.

Before .

reflection

Freg
=* boundary
Vg condition
After
reflection

https://cnx.org/contents/5139byUz@3.2:atV-
gRHg(@10/3-4-Interference-of-Waves

The reflected wave 1s in phase with respect to the incident wave.
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In some situations, the boundary of the medium 1s neither
fixed nor free.

Incident wave

Before
reflection

After - V;
reflection f \
N Transmitted wave

Reflected wave

A low-linear mass density string 1s attached to a string of
a higher linear mass density.
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Incident wave

Before
reflection

After o
reflection R

==

Refiected wave

Transmitted wave

A high linear mass density string 1s attached to a string of a

lower linear mass density.
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Suppose that there 1s a knot between two strings at z=0 and
the oscillations are at the same frequency. How are the
reflected and transmitted waves in terms of the incident

wave? k.8 E k,,9,
Kntj‘?—? o
The incident wave, =0

fiz, 1) = Ajet®z=en (7 < 0)
The reflected wave,
fr(z,t) = Age’ThaoD (7 < 0)

The transmitted wave,

fr(z, 1) = Apei®z=ot (7 5 ()
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st boundary condition: At the join z=0, the displacement just slightly
to the left (z=0") must be equal the displacement to the right (z=07).
Mathematically f(z,t) 1s continuous at z=0.

fO )= f(@0",1)

fd
U1 < U] _..1}2
—
- A Z

(b) Reflected and transmitted pulses

(a) Incident pulse

2nd boundary condition: If the knot itself is of negligible mass,
then the derivative of f must also be continuous:

i

0z |o-

df

07

O+
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Since the 1imaginary part of the wave function differs from the real
part by replacing cosine with sine, the complex wave function
obeys the same rules:

~ . df of
Fom, 1) = fO*, 1), a_’; _af

0- 0+

Remember that the wavelengths, wave numbers and wave
velocities have the relationship:
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Ajei®i=o) 4 peithiz=on  forz <,

f(z,t)=l

Apelkz—on) forz > 0.

AVI+AUR :AT kl(A]_AR):kZAT

K (@+@)1 (2+w)’
. 2k ~ 2v ~
A — L A — 2 A

£ (k1+k2) 1= 2+v1) !
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The real amplitudes and phases then are related by,

AReiéR — '92 _‘91 A]ei51 ATei5T — 2'92 A]€i51
9, +9 9, +9

(1) If the second string 1s lighter than the first (u,< p,), all three waves

have the same phase angle (0x= 01 = 0y).
(11) If the second string 1s heavier than the first (u,> ), the reflected

wave 1s out of phase by 180°.
(111) If the second string 1s infinitely massive, A=A, and 4;=0.

Write the real Ay and real A; for the situations (i) and (ii).

Dog¢.Dr. Fulya Bagci



9.1.4 Polarization

Transverse waves: Displacement from equilibrum 1s perpendicular
to direction of propagation. For example, electromagnetic waves

Longitudinal waves: Displacement from equilibrum 1s along the
direction of propagation. For example, sound waves

LY
_h.

oy Q Q0 uoooision O O QO DHDDUKIIRG O © QO JOOUUIN
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Transverse waves occur in two independent states of polarization:
Vertical polarization (left-and-right) and horizontal polarization
(up-and-down):

f‘,(Z, t) . . [Zei(/{z—(r)r)i f/,(Z, t) _ /Zlei(kz_(m)j}

P ~ _i(kz—-wt) ~
General form:f(z,1) = Ae'"“ “"n,
where n = cos 6x +sin 0y

nz=0

f(z, 1) = (A cos 9)e' ki g 4 (A sin §)e! *kz—o0 y.
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Circular Polarization

Voo

https://en.wikipedia.org/wiki/Circular
_polarization

* A circularly polarized wave can be in one of two
possible states, right circular polarization in which the
electric field vector rotates in a right-hand sense with
respect to the direction of propagation, and left circular
polarization in which the vector rotates in a left-hand
sense.

* 0,-06,=90° for circular polarized light
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