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Agenda

• Definition of the Laplace Transform

• Laplace Transform of the Unit Step Function

• Laplace Transform of the Unit Impulse Function

• Functional Transforms

• Operational Transforms
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Definition of the Laplace Transform

ℒ 𝑓 𝑡 = 𝐹 𝑠 = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡 𝑑𝑡

A set of integro-differential equations in the time domain

↓
A set of algebraic equations in the frequency domain
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Laplace Transform of the Unit Step Function

ℒ 𝑢 𝑡 = න
0

∞

1𝑒−𝑠𝑡 𝑑𝑡 =
1

𝑠
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Laplace Transform of the Unit Impulse Function

ℒ 𝛿 𝑡 = න

0

∞

𝛿 𝑡 𝑒−𝑠𝑡 𝑑𝑡 = න
0

∞

𝛿 𝑡 𝑑𝑡 = 1
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Functional Transforms

Decaying exponential function:

𝑓 𝑡 = ቊ
𝑒−𝑎𝑡 , 𝑡 > 0
0, 𝑡 < 0

ℒ 𝑒−𝑎𝑡 = න

0

∞

𝑒−𝑎𝑡𝑒−𝑠𝑡 𝑑𝑡 = න
0

∞

𝑒− 𝑎+𝑠 𝑡 𝑑𝑡 =
1

𝑠 + 𝑎
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Functional Transforms

Sinusoidal function:

𝑓 𝑡 = sin 𝑤𝑡

ℒ sin 𝑤𝑡 = න

0

∞

sin 𝑤𝑡 𝑒−𝑠𝑡 𝑑𝑡 =
𝑤

𝑠2 +𝑤2
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Operational Transforms

Multiplication by a constant

ℒ 𝑓 𝑡 = 𝐹 𝑠 ⟹ ℒ 𝐾𝑓 𝑡 = 𝐾𝐹 𝑠

Addition (Subtraction)

ℒ 𝑓1 𝑡 = 𝐹1 𝑠 , ℒ 𝑓2 𝑡 = 𝐹2 𝑠 ,   ℒ 𝑓3 𝑡 = 𝐹3 𝑠 ⟹

ℒ 𝑓1 𝑡 + 𝑓2 𝑡 − 𝑓3 𝑡 = 𝐹1 𝑠 + 𝐹2 𝑠 − 𝐹3 𝑠
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Operational Transforms

Differentiation

ℒ
𝑑𝑓 𝑡

𝑑𝑡
= 𝑠𝐹 𝑠 − 𝑓 0− , 𝑓 0− : initial value of 𝑓 𝑡

Integration

ℒ න
0

𝑡

𝑓 𝑥 𝑑𝑥 =
𝐹 𝑠

𝑠
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Operational Transforms

Translation in the time domain

ℒ 𝑓 𝑡 − 𝑎 𝑢 𝑡 − 𝑎 = 𝑒−𝑎𝑠𝐹 𝑠 , 𝑎 > 0

Translation in the frequency domain

ℒ 𝑒−𝑎𝑡𝑓 𝑡 = 𝐹 𝑠 + 𝑎

Scale changing

ℒ 𝑓 𝑎𝑡 =
1

𝑎
𝐹

𝑠

𝑎
, 𝑎 > 0
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